
Řetězové zlomky
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Ćıl

Pro α ∈ R lze

α = a0 +
1

a1 +
1

a2 +
1

a3 + · · ·

=: [a0, a1, a2, · · · ], kde ai ∈ Z ;

Plat́ı: [a0, a1, a2 · · · ] je konečný ⇐⇒ α ∈ Q.

Zobecněńı: ai ∈ Zβ

Otázka: Pro která α je [a0, a1, a2 · · · ] konečný?
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Otázka: Pro která α je [a0, a1, a2 · · · ] konečný?



Algebraicko-geometrické aspekty
β-numerace



β-rozvoje

β-reprezentace:

x =
k∑

i=−∞
biβ

i , bi ∈ {0, 1, 2, . . . , dβe − 1}

β-rozvoj: lexikograficky nejvěťśı β-reprezentace
źıská se hladovým algoritmem

Značeńı:
(x)β = bkbk−1 · · · b1b0 • b−1b−2 · · ·

Př́ıpustné rozvoje: podle Rényiova rozvoje jedničky dβ(1).
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Konečné β-rozvoje

β-celá č́ısla:

Zβ = {±x | (x)β = bk · · · b1b0•, k ∈ N0}

Konečné β-rozvoje:

Fin(β) =
∞⋃

k=0

1

βk
Zβ

Aritmetika: Zβ okruh pouze pro β ∈ N
Fin(β) obecně taky neńı okruh

Def: β má finiteness property, když Fin(β) je okruh, ekvivalentně,

Fin(β) = Z[β−1] := Z +
1

β
Z +

1

β2
Z + · · ·
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Aritmetika

Nutná podḿınka (Frougny, Solomyak):

β má finiteness property =⇒ β je Pisotovo č́ıslo

Postačuj́ıćı podḿınky na tvar dβ(1) = t1t2 . . . tm :

t1 ≥ t2 ≥ · · · ≥ tm (Frougny, Solomyak)

t1 > t2 + · · ·+ tm (Hollander)

Mı́ra ‘složitosti’ aritmetických operaćı:

L⊕ := min{k ∈ N | Zβ + Zβ ∩ Fin(β) ⊂ 1
βk Zβ}

L⊗ := min{k ∈ N | Zβ · Zβ ∩ Fin(β) ⊂ 1
βk Zβ}
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Př́ıklad: zlatý řez τ = 1
2
(1 +

√
5)

Zτ =

{
±

k∑
i=0

xiτ
i

∣∣∣∣ xi ∈ {0, 1}, xixi+1 = 0

}

Zτ = ±{0, 1, τ, τ2, τ2 + 1, τ3, τ3 + 1, τ3 + τ, τ4, τ4 + 1, . . . }

1︷ ︸︸ ︷ 1/τ︷︸︸︷ 1︷ ︸︸ ︷ 1︷ ︸︸ ︷ 1/τ︷︸︸︷ 1︷ ︸︸ ︷ 1/τ︷︸︸︷ 1︷ ︸︸ ︷ 1︷ ︸︸ ︷
0 1 τ τ2 τ2+1 τ3 τ3+1 τ3+τ τ4 τ4+1

Kódováńım délek vzdálenost́ı 1 7→ a, 1/τ 7→ b vznikne slovo

abaababaa · · ·

Fibonacciho řetězec, sturmovské slovo generované substitućı

a 7→ ab , b 7→ a
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Geometrická reprezentace τ -celých č́ısel

Plat́ı:

Z≥0
τ =

{
a + bτ

∣∣ a, b ∈ Z, a− b
τ ∈ (−1, τ)

}
∩ [0,+∞)

Algebraický popis:

τ = 1
2 (1 +

√
5), τ ′ = 1

2 (1−
√

5) = − 1
τ kǒreny x2 − x − 1

Z + τZ =: Z[τ ] okruh celých č́ısel
tělesa Q(

√
5) = {a + b

√
5 | a, b ∈ Q}

Zobrazeńı x = a + bτ ∈ Z[τ ] 7→ x ′ = a + bτ ′

je automorfismus tělesa Q(
√

5), tj. (x + y)′ = x ′+ y ′, (xy)′ = x ′y ′.
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τ = 1
2 (1 +

√
5), τ ′ = 1

2 (1−
√

5) = − 1
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Geometrická reprezentace τ -celých č́ısel
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Zobrazeńı x = a + bτ ∈ Z[τ ] 7→ x ′ = a + bτ ′

je automorfismus tělesa Q(
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Geometrie obecně

β > 1 Pisotovo č́ıslo řádu d , tj. algebraické celé
se sdruženými kǒreny β(i), i = 2, . . . , d , kde |β(i)| < 1.

Vhodná projekce Zd dává

Z[β] := Z + βZ + · · ·+ βd−1Z ,

což je podokruh tělesa Q(β) (= Q + βQ + · · ·+ βd−1Q).

Isomorfismus těles Q(β) 7→ Q(β(i))

x = a0+a1β+· · ·+ad−1β
d−1 7→ x (i) = a0+a1β

(i)+· · ·+ad−1(β(i))d−1

Pro β-celá č́ısla plat́ı: Zβ ⊂ Z[β] , tj. lze provést Z(i)
β .
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Isomorfismus těles Q(β) 7→ Q(β(i))

x = a0+a1β+· · ·+ad−1β
d−1 7→ x (i) = a0+a1β

(i)+· · ·+ad−1(β(i))d−1
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Rauzyho fraktál

Je-li x =
∑k

j=0 bjβ
j ∈ Zβ, pak

|x (i)| =
∣∣∣ k∑

j=0

bj(β
(i))j

∣∣∣ < ∞∑
j=0

(dβe − 1)|(β(i))|j =
dβe − 1

1− |(β(i))|
,

tj. množina
{
|x (i)|

∣∣∣ x ∈ Zβ
}

je omezená pro každé i = 2, . . . , d .

→ tzv. Rauzyho fraktál



Rauzyho fraktál pro β = τ

(Z≥0
τ )′ = {x | (x)β = bk · · · b1b0•}′ = [−1, τ ]

Podle suffix̊u rozvoje:

{x ′ | (x)β = bk · · · b200•} =
(
τ2Z≥0

τ

)′
=

1

τ2
(Z≥0

τ )′ ∈ (−1/τ2, 1/τ)

{x | (x)β = bk · · · b201•}′ =
(
τ2Z≥0

τ + 1
)′

=

=
1

τ2
(Z≥0

τ )′ + 1 ∈ (1/τ, τ)

{x | (x)β = bk · · · b210•}′ =
(
τ3Z≥0

τ + τ
)′

=

= − 1

τ3
(Z≥0

τ )′ − 1

τ
∈ (−1,−1/τ2)

−1 −1/τ2 1/τ τ

(Z≥0
β 10•)′ (Z≥0

β 00•)′ (Z≥0
β 01•)′
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Dlážděńı prostoru

Pro Tribonacci č́ıslo β > 1, kǒren x3 − x2 − x − 1, je β(2) = β(3).

Rauzyho fraktál {x (i) | x ∈ Z≥0
β } ⊂ C

Obrázky...



β -̌retězové zlomky



Řetězové zlomky - klasické

Polož α0 = α. Pak pro j ∈ N0 dělej

αj = aj +
1

αj+1
, kde aj = [αj ] .

Konec pro αj ∈ Z.

Znač́ıme α = [a0, a1, . . . , an] , resp. α = [a0, a1, . . . , aj , . . . ].

Snadno:

α = [a0, a1, . . . , an] = a0 +
1

a1 +
1

· · ·+
1

an

=⇒ α ∈ Q.

α = [a0, . . . , ak , ak+1, . . . , ak+l ] =⇒ α je kvadratické nad Q.

Opačné implikace trochu hořśı.
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αj = aj +
1

αj+1
, kde aj = [αj ] .

Konec pro αj ∈ Z.
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Opačné implikace trochu hořśı.
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Znač́ıme α = [a0, a1, . . . , an] , resp. α = [a0, a1, . . . , aj , . . . ].

Snadno:

α = [a0, a1, . . . , an] = a0 +
1

a1 +
1

· · ·+
1

an

=⇒ α ∈ Q.

α = [a0, . . . , ak , ak+1, . . . , ak+l ] =⇒ α je kvadratické nad Q.
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Eukleid̊uv algoritmus pro řetězový zlomek r
s

Polož r0 := r , s0 := s, a0 := [r0/s0]. Pak

r0 = a0s0 + t0 , tj .
r0

s0
= a0 +

t0

s0
= a0 +

1
s0
t0

.

Polož r1 := s0, s1 := t0 = r0 − a0s0, a1 := [r1/s1]. Pak

r1 = a1s1 + t1 , tj .
r0

s0
= a0 +

t0

s0
= a0 +

1
s0
t0

.

Pro i ≥ 1 dělej:

(ri , si ) 7→ (ri+1, si+1) := (si , ri − ai si ) , kde ai =

[
ri
si

]
.

Protože s0 > s1 > · · · ≥ 0, algoritmus skonč́ı,
tj. r

s = [a0, a1, . . . , an] pro nějaké n ∈ N.
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Polož r0 := r , s0 := s, a0 := [r0/s0]. Pak

r0 = a0s0 + t0 , tj .
r0

s0
= a0 +

t0

s0
= a0 +

1
s0
t0

.
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Řetězové zlomky - zobecněné

Polož α0 = α. Pak pro j ∈ N0 dělej

αj = aj +
1

αj+1
, kde aj = [αj ]β .

Konec pro αj ∈ Zβ.

Znač́ıme α = [a0, a1, . . . , an]β , resp. α = [a0, a1, . . . , aj , . . . ]β.

Snadno???:

α = [a0, a1, . . . , an]β = a0 +
1

a1 +
1

· · ·+
1

an

=⇒ α ∈???.

Co je {x/y | x , y ∈ Zβ, y 6= 0} =: Zβ/Zβ zač???



Řetězové zlomky - zobecněné
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Polož α0 = α. Pak pro j ∈ N0 dělej
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Pod́ıl β-celých č́ısel

Pro algebraické celé č́ıslo β je Zβ ⊂ Z[β]. Proto

Zβ
Zβ
⊂ Z[β]

Z[β]
= Q(β) .

(Přesně: x
y pro x , y ∈ Zβ paťŕı do pod́ılového tělesa okruhu Z[β],

což je minimálńı těleso obsahuj́ıćı Q a β.)

Naopak:

Každé α ∈ Q(β) lze zapsat jako α = x
y , kde x , y ∈ Z[β], y 6= 0.

Pokud Z[β] ⊂ Fin(β), pak existuje j ∈ N tak,že

xβj , yβj ∈ Zβ , tj. α =
xβj

yβj
∈

Zβ
Zβ

.

Proto Zβ/Zβ = Q(β) jen pro β s finiteness property!
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Naopak:
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Konečnost β-̌retězového zlomku

V́ıme tedy: α = [a0, . . . , an]β =⇒ α ∈ Q(β).

Otázka (smysluplná jen pro β s finiteness property):

Je-li α ∈ Q(β), je β -̌retězový zlomek α konečný?

Jak ho v̊ubec poč́ıtat?

Jako ďŕıve pro i ≥ 1:

(ri , si ) 7→ (ri+1, si+1) := (si , ri − ai si ) , kde ai = [ri/si ]β ?

Ne! Pozor! ri − ai si /∈ Zβ.

Ale: ∃M : tak, že βM(ri − ai si ) ∈ Zβ.
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β-Eukleid̊uv algoritmus

Pokud r = as + t, kde a = [r/s]β, t = r − as,

r

s
= a +

t

s
= a +

1
s
t

= a +
1
βM s
βM t

= atd.

Fajn, takže pro i ≥ 1:

(ri , si ) 7→ (ri+1, si+1) :=
(
βMsi , β

M(ri−ai si )
)
, kde ai = [ri/si ]β .

Jenže! Neklesaj́ı jmenovatelé. Bude to konečné?



β-Eukleid̊uv algoritmus

Pokud r = as + t, kde a = [r/s]β, t = r − as,

r

s
= a +

t

s
= a +

1
s
t

= a +
1
βM s
βM t

= atd.

Fajn, takže pro i ≥ 1:

(ri , si ) 7→ (ri+1, si+1) :=
(
βMsi , β

M(ri−ai si )
)
, kde ai = [ri/si ]β .

Jenže! Neklesaj́ı jmenovatelé. Bude to konečné?



Př́ıklady pro τ

Necht’ r = τ3, s = τ2 + 1. Pak

τ3

τ2 + 1
=
τ2 + τ

τ2 + 1
= 1 +

τ−1

τ2 + 1
= 1 +

1

τ2 + 1

τ−1

= 1 +
1

τ3 + τ
.

V prvńım kroku [r/s]τ = 1. Proto

t = r − as = τ3 − (τ2 + 1) = τ − 1 =
1

τ
.

Nutno volit M = 1, tj.

(r , s) = (τ3, τ2 + 1) 7→
(
τs, τ(r − as)

)
= (τ3 + τ, 1) .

V daľśım kroku (τ3 + τ, 1) 7→ (1, 0).

Řetězový zlomek
τ3

τ2 + 1
= [1, τ3 + τ ]τ .
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V prvńım kroku [r/s]τ = 1. Proto

t = r − as = τ3 − (τ2 + 1) = τ − 1 =
1

τ
.

Nutno volit M = 1, tj.

(r , s) = (τ3, τ2 + 1) 7→
(
τs, τ(r − as)

)
= (τ3 + τ, 1) .
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Př́ıklady pro τ

Necht’ r = τ7 + τ5 + τ , s = τ4 + τ2 + 1. Pak

τ7 + τ5 + τ

τ4 + τ2 + 1
= τ2 + 1 +

τ2 + 1 + τ−3

τ4 + τ2 + 1
.

Máme [r/s]τ = τ2 + 1, t = r − as = τ2 + 1 + τ−3, a proto M = 3,

(r , s) = (τ7 + τ5 + τ, τ4 + τ2 + 1)

↓
(τ3s, τ3(r − as)) = (τ7 + τ5 + τ3, τ5 + τ3 + 1) .

Pozor! jmenovatel neklesá!
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τ -Eukleid̊uv algoritmus

Plat́ı: Pro všechna 0 < r , s ∈ Zτ je τ3
(
r − [r/s]βs

)
∈ Zτ .

důkaz pomoćı
(
Z≥0
τ

)′ ∈ (−1, τ).

Do p̌redpisu

(ri , si ) 7→ (ri+1, si+1) :=
(
τMsi , τ

M(ri − ai si )
)
, kde ai = [ri/si ]τ

voĺım vždy nejmenš́ı možné M ∈ {0, 1, 2, 3}.

Jak zjistit konečnost, když neklesaj́ı jmenovatelé?
(někdy τM(ri − ai si ) > si )



τ -Eukleid̊uv algoritmus
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τ -Eukleid̊uv algoritmus

Pro x ∈ Zβ s rozvojem (x)β = xk · · · x1x0 • x−1 · · · x−k̃ označme

`(x) := k + k̃ + 1 .

Pro r , s ∈ Zβ označme

`(r , s) := `(r) + `(s)− 1 .

Pro páry (ri+1, si+1) :=
(
τMsi , τ

M(ri − ai si )
)

pak plat́ı

`(ri+1, si+1) ≤ `(ri , si ) + 2M ≤ (ri , si ) + 2(L⊕ + L⊗) .

Pro β = τ je obecně `(ri+1, si+1) ≤ (ri , si ) + 6, ale lze detailněji
analyzovat.
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`(r , s) := `(r) + `(s)− 1 .
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Změna `(ri, si) v τ -Eukleidově algoritmu
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`(ri , si ), i ≥ 0, je omezené, je tedy pouze konečně mnoho možnost́ı
na hodnotu ri/si .

=⇒ r/s má konečný nebo posléze periodický τ -̌retězový zlomek.

Konečnost · · · ještě věťśı patlačka, ale plat́ı!
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Shrnut́ı

I β -̌retězový zlomek lze definovat pro všechna β > 1.

I Pro β alebraické celé plat́ı:
Je-li β -̌retězový zlomek č́ısla α konečný, pak α ∈ Q(β).

I Aby {x/y | x , y ∈ Zβ, y 6= 0} = Q(β), muśı platit finiteness
property.

I Pro β = τ plat́ı:
Je-li α ∈ Q(τ), pak τ -̌retězový zlomek č́ısla α je konečný.

I Neuḿıme zobecnit. Rozhodně neplat́ı pro všechna β s
finiteness property.
Př́ıklad: β kǒren x2 − 4x − 1, β = 2 +

√
5 = τ3.

Máme Q(β) = Q(τ) = Q(
√

5).
β -̌retězový zlomek zlatého řezu je τ = [ 1 ]β . . . nekonečný!

I Je aspoň β -̌retězový zlomek č́ısla z Q(β) vždy posléze
periodický, když ne konečný?
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I Aby {x/y | x , y ∈ Zβ, y 6= 0} = Q(β), muśı platit finiteness
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I Aby {x/y | x , y ∈ Zβ, y 6= 0} = Q(β), muśı platit finiteness
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Neńı mi jasné

I Jednoznačnost.

I Konvergence.

I Algoritmus hledáńı β-celé části č́ısla z Q(β) = Zβ/Zβ.

I Pro která β je ještě β -̌retězový zlomek zlatého řezu roven
τ = [ 1 ]β?
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Děkuji za pozornost.


