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Introduction

We consider integrable and superintegrable systems in three spatial
dimensions.
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We consider integrable and superintegrable systems in three spatial
dimensions.

Integrability

A classical system in n degrees of freedom is integrable if it admits
n functionally independent integrals of motion in involution.
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Introduction

We consider integrable and superintegrable systems in three spatial
dimensions.

Integrability

A classical system in n degrees of freedom is integrable if it admits
n functionally independent integrals of motion in involution.

Superintegrability

A classical system in n degrees of freedom is polynomially
superintegrable if it admits n + k functionally independent
integrals of motion (where k < n— 1), that are polynomial in the
momenta and out of which n are in involution.
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Introduction, cont’'d

Due to A.A. Makarov, J.A. Smorodinsky, K. Valiev, P. Winternitz,
Il Nuovo Cimento LIl A, 8881 (1967) when quadratic integrability
is considered and the Hamiltonian involves only a kinetic term and
a scalar potential, there are 11 classes of systems admitting pairs
of commuting quadratic integrals, each uniquely determined by a
pair of commuting quadratic elements in the enveloping algebra of
the 3D Euclidean algebra.
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Introduction, cont’'d

Due to A.A. Makarov, J.A. Smorodinsky, K. Valiev, P. Winternitz,
Il Nuovo Cimento LIl A, 8881 (1967) when quadratic integrability
is considered and the Hamiltonian involves only a kinetic term and
a scalar potential, there are 11 classes of systems admitting pairs
of commuting quadratic integrals, each uniquely determined by a
pair of commuting quadratic elements in the enveloping algebra of
the 3D Euclidean algebra.

These in turn correspond to a coordinate system in which the
Hamilton-Jacobi equation separates.
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Introduction, cont’'d

When systems involving vector potentials are considered,
quadratic integrability no longer implies separability.
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Introduction, cont’'d

When systems involving vector potentials are considered,
quadratic integrability no longer implies separability.

In J. Bérubé, P. Winternitz. J. Math. Phys. 45 (2004), no. 5,
1959-1973 the structure of the gauge—invariant integrable and
superintegrable systems involving vector potentials was considered
in two spatial dimensions. It was shown there that under the
assumption of integrals being of at most second order in momenta,
no superintegrable system with nonconstant magnetic field exists
in two dimensions.
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Introduction, cont’'d

Approaches to the problem in three spatial dimensions:
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Introduction, cont’'d

Approaches to the problem in three spatial dimensions:

m A. Marchesiello, L. §nob|, P. Winternitz, J. Phys. A: Math.
Theor. 48, 395206 (2015): possibilities for integrability and
superintegrability arising from first order integrals. 3D
maximally superintegrable systems with nonconstant magnetic
field were found. Among them magnetic monopole with
Coulomb like potential is second order maximally
superintegrable.
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Introduction, cont’'d

Approaches to the problem in three spatial dimensions:

m A. Marchesiello, L. §nob|, P. Winternitz, J. Phys. A: Math.
Theor. 48, 395206 (2015): possibilities for integrability and
superintegrability arising from first order integrals. 3D
maximally superintegrable systems with nonconstant magnetic
field were found. Among them magnetic monopole with
Coulomb like potential is second order maximally
superintegrable.

m A. Marchesiello, L. énobl, J. Phys. A: Math. Theor. 50,
245202 (2017): superintegrable systems which separate in
Cartesian coordinates in the limit when the magnetic field
vanishes, i.e. possess two second order integrals of motion of
the so-called Cartesian type.
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Outline

Here we study integrable systems involving vector potentials when
two commuting quadratic spherical-type integrals

X1 = (1)?+ lower order terms,

Xo = L?+ lower order terms, 12 = Z(l,-)2

are present.
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Outline

Here we study integrable systems involving vector potentials when
two commuting quadratic spherical-type integrals

X1 = (1)?+ lower order terms,

Xo = L?+ lower order terms, 12 = Z(l,-)2

are present.

We find four classes of such integrable Hamiltonian systems. One
of them is minimally quadratically superintegrable, the properties
of the others are currently under investigation.
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General structure of the integrals of motion

We consider the classical Hamiltonian describing the motion of
a particle in three dimensions in a nonvanishing magnetic field

-,

H= 55+ A + W), (1)

where [ is the linear momentum, A is the vector potential and W
is the electrostatic potential.
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General structure of the integrals of motion

We consider the classical Hamiltonian describing the motion of
a particle in three dimensions in a nonvanishing magnetic field

-,

H= 55+ A + W), (1)

where [ is the linear momentum, A is the vector potential and W
is the electrostatic potential. The Newtonian equations of motion
are gauge invariant — they are the same for the potentials

—

A(R)=AR) +Vy, W(X) = W(x)

—

for any choice of the function x(X). Thus, the physically relevant
quantity is the magnetic field B =V x A.
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General structure of the integrals of motion

We consider the classical Hamiltonian describing the motion of
a particle in three dimensions in a nonvanishing magnetic field

H= 55+ A + W), 1)

where [ is the linear momentum, A is the vector potential and W
is the electrostatic potential. The Newtonian equations of motion
are gauge invariant — they are the same for the potentials

A(X) = A(R) + Vx, W'(X) = W(X)

for any choice of the function X( X). Thus, the physically relevant
quantity is the magnetic field B=V xA. B isassumed to be
nonvanishing so that the system is not gauge equivalent to a
system with only the scalar potential.
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The general structure of the integrals of motion, cont'd

Let us consider integrals of motion which are at most second order
in the momenta. Since our system is gauge invariant, we express
the integrals in terms of gauge covariant expressions (velocities)

pi = pj+ Ai(X) (2)

rather than the momenta themselves.
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The general structure of the integrals of motion, cont'd

Let us consider integrals of motion which are at most second order
in the momenta. Since our system is gauge invariant, we express
the integrals in terms of gauge covariant expressions (velocities)

pi = pj+ Ai(X) (2)

rather than the momenta themselves.

We write a general second order integral of motion as

X:Zhl pJpJ+ Z |6Jk"n] )picp] +ZSJ 'DJ +m(X),
j=1 Jok,I= 12
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The general structure of the integrals of motion, cont'd

Let us consider integrals of motion which are at most second order
in the momenta. Since our system is gauge invariant, we express
the integrals in terms of gauge covariant expressions (velocities)

pi = pj+ Ai(X) (2)

rather than the momenta themselves.

We write a general second order integral of motion as

X:Zhl pJ pJ T Z |6Jk"n] )picp] +ZSJ 'DJ +m(X),
=1 Jok,I= 12
(3)

where €y is the completely antisymmetric tensor with €123 = 1.
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The general structure of the integrals of motion, cont'd

The condition that the Poisson bracket

3
{a(7,5), b(%, )} po. = 3 ( (4)

Bo 000 da)

of the integral (3) with the Hamiltonian (1) vanishes
{H.X}pB. =0 (5)

leads to terms of order 3,2,1 and 0 in the momenta. The third
order ones are the same as for the system with vanishing magnetic
field and their explicit solution is known - they imply that the
highest order terms in the integral (3) are linear combinations of
products of the generators of the Euclidean group

p1, P2, P3, 1, b, I3 where [; = Z,,k €jkIXkpy, 1.€. h, i can be
expressed in terms of 20 constants ap, 1 < a < b < 6.
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Spherical-type integrals

Let us now turn our attention to the situation when the
Hamiltonian is integrable in the Liouville sense, with at most
quadratic integrals. That means that in addition to the
Hamiltonian itself there must be at least two independent integrals
of motion of the form (3) which commute in the sense of Poisson

bracket.
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Spherical-type integrals

Let us now turn our attention to the situation when the
Hamiltonian is integrable in the Liouville sense, with at most
quadratic integrals. That means that in addition to the
Hamiltonian itself there must be at least two independent integrals
of motion of the form (3) which commute in the sense of Poisson
bracket.

We assume such integrals to be of spherical type,

X1 = (') + lower order terms,
Xo = (L*)? + lower order terms, (6)

A A (] AY2 3 (A2 i
where /f' = D1<ki<s Ekxkprs (L7)7 =271 (I7")7. For vanishing
magnetic field, these integrals would correspond to separation in
spherical coordinates.
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Spherical coordinates

Thus, we expect the problem to be most tractable in the spherical
coordinates which we assume in the form

x = Rsin(0) cos(¢), y = Rsin(f)sin(¢), z = Rcos(#). (7)

The momenta and the vector potential transform as the
components of differential 1-forms, e.g.

cos(0) cos(¢) sin(¢)
R Po — Rsin(@)p¢’
el 1 b (@)

px = sin(f)cos(¢)pr +

py = sin(0)sin(¢)pr +

sin(6)
R

pz = cos(0)pr — Po-
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Magnetic field in spherical coordinates

The components of the magnetic field are components of the

magnetic field 2-form B = dA,

B = Bi(X)dy Adz+ By(X)dz A dx + B,(X)dx A dy 9)
= Bgr(R,0,¢)df Ado + By(R,0,9)do AdAR + By(R, 0, p)dR A d6.

Consequently, the relation between the components of the
magnetic field in Cartesian and spherical coordinates is

cos(o) cos() cos(o) B _ sin(¢)

B(X) = —gs Brt Rsin(d) ° R By,

8%) = g,y PO g )
. cos(0) 1

BZ(X) = Wﬂ(@) R—EBQ.
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Hamiltonian in spherical coordinates

The Hamiltonian (1) expressed in spherical coordinates reads

2
H = ;((PR+AR(R,9,¢))2+(p€+AelgR’0’¢)> +

+ (pd’ +A“’(R’0’¢)>2> + W(R,0,9). (1)

R sin(0)

The equations of motion as well as the determining equations for
the integrals are derived using the Poisson brackets,

3
_ N~ (Of 08 08 O\ _ of 9 _ 98 Of
{ﬁg}P.B—Z(axjapj axjapj)_ Z <8aapa Oou?pa)

Jj=1
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Spherical-type integrals

In spherical coordinates we again introduce covariantized momenta

pé = PR+AR(R7 97 d))? p/€4 = p9+A0(R7‘9a¢)7 pé = p¢+A¢(R705¢)

(13)

and express the spherical-type integrals in the following form
X1 = (p})?+sf(R.0,¢)pk + s (R, 0,)ps +

+s7(R,0,0)pf + mi(R,0, ), (14)

2 A\ 2
_ A ¢ R 0 A

X2 = (P@) + <sm(9)> +5 (R79>¢)pR+S2(R"97¢)p0 +

+55 (R, 0. 0)pt + ma(R, 0, 9). (15)
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The determining equations in spherical coordinates

The determining equations for the functions 5,’3, sf, SZ) and m become:

m second order in momenta

aRS/j = n089 — nfB(b,

sk = R?(ngBy —2hBys — Orsf) — nj,Br + 2h By,
1

Dps) = nfB¢ — nfBg — ﬁsf,

Oy, = sin?(0) (nBy — 2h{ B — Oys{) + 2h\Br — n{ By, (16)

1
Ors? = 2h'Bp—nfBy+ —— (n¢3 —2hRBy — 0 sR) ,
Rk Kk 20 k B¢ stin2(9) kPR k 20 $>k

cos(6) 1

8¢5f = nfBR — HZBQ — msf — ESE,
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The determining equations in spherical coordinates, cont'd

m first order in momenta

Ormi = s¢Bg —siBy+ n0sW + nl W + 2hFOrW,
domi = R2(nRO4W + n{ORW +2h[0y W) — ) Br + sF By, (17)
dymi = R2sin?(0) <2hf6¢W + nRopW + nZaRW) +s!Bg — KBy,

m zero order in momenta

SRORW + 500 W + sP0,W = 0, (18)
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The determining equations in spherical coordinates, cont'd

m first order in momenta

Ormi = s¢Bg —siBy+ n0sW + nl W + 2hFOrW,
domi = R2(nRO4W + n{ORW +2h[0y W) — ) Br + sF By, (17)
domi = RZsin?(0) <2hf8¢W + nROpW + nkaRW) +s!Bg — KBy,

m zero order in momenta

SRORW + 500 W + sP0,W = 0, (18)

where

W =1, A =0, h{ =0, ng =0, ng =0, ng =0,
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X1 and X5 in involution

The involutivity of the integrals

{Xl,XQ}p_B_ =0 (19)

order by order implies more conditions:
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X1 and X5 in involution

The involutivity of the integrals

{Xl,XQ}p_B_ =0 (19)

order by order implies more conditions:

m second order in momenta

1 1
Br = = (045! —0ps? — —5—0,s" ),
R 2 ( ¢52 o%1 sin2(0) #%1
1 cos(6) .
Dpsd = Dys? + sV, 945K = sin?(0)9,sE,
$=2 sin2(0) $>1 sin3(9) 1 »1 in“(0) »>2
dosk = 0, 9ps? =0, (20)
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X1 and X5 in involution

m first order in momenta

sfa¢s§ —5296955 —sfaqbsf+sff)gs§—s2RaRsf+sfaRs§ = 0,
—20gm — 251¢BR + 2553(;) + SfaRSQQ + Sfagsg + 5?84)5297
75586519 — sfaRsf - sj’@d)sf = 0,
2
20pmy — —5——0gpm — sB+2sB+s@s+sBs 21
M2 sin2(9)¢1 2(0)19 > Bo + s1 Ors, + 5109 (21)
2
——5 51 UBr — 25Y Br — 5§ 0oy + 5705y — 530457 — sKdrs? = 0,
sin®(0)

m zero order in momenta

(stf —5s3)Br + (s{'sy — st'sy)Bo + (sf $5 —s7s5)By— (22)

—sROrmy — s20gmy — sf8¢m1 + sROrmo + s 8gmo + sf8¢m2 = 0.
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Solution of conditions (20) and (24)

All second order conditions (20) and (24) can be easily solved,
leading to the following structure of the functions

sf,sf,sf,sf,sg,sf and the magnetic field Bg, By, By

S = 0 sl =0,0(0), s = sn2(O)e(R) + 7(6) - o olo).
s = cos(h)S, sg:—sin(e)%, s;j:w(R),

. 1 a§>¢0(¢) + (o)
Br = —sm(G)cos(Q)w(R)—5897(6’)— 2502(0) (23)
By = Sinz(e)aR (R), By,=0

In the solution (27) the functions o(¢), 7(0),w(R) are arbitrary
functions of the specified variables, S is an arbitrary constant.
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Solution of lower order conditions

Once we know the general solution (27) of the second order
conditions we need to consider the lower order condition (21)
and (22) together with (25) and (26). We observe that the
functions m1(R, 0, ¢) and ma(R, 0, ¢) show up in them only
through their first derivatives. Their compatibility conditions

8u(8ymk) = au(aumk)v N7V2R767¢7 (24)

after substituting the relations (21) for the derivatives of m; and
my, give conditions independent of m; and my. We also
substitute (21) into (25) and (26), obtaining equations
independent of the functions m; and my as well. Once these
equations together with the compatibility conditions (28) are
solved, the (local) existence of the functions m; and my follows.
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Solution of lower order conditions, cont'd

This is the stage at which our calculation starts to split into
various subcases. The major splitting is based on the equation

sin(0)Sd,0(¢) = 0 (25)

which arises as one of the first order terms (25) in {X1, Xo}p 5.
after using equations (27), (21). Thus we have to consider
separately
m Case A S =0 and o(¢) is assumed to be a nonconstant
function,

m Case B o(¢) = sp = const.
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In this case we immediately find that the conditions (25), the
compatibility conditions (28) and the equations (21) for the
integral X5 imply

W(R)=0. W(R.0.0)= U(R) + V02 m(R.0.6) =2v(0.0),
(26)

thus we have s = s = 52 = 0 and the condition (22) for X is

satisfied trivially. To be able to solve the remaining equations in

a closed form we introduce 7(f) via

7(0) = sin®(0)d7(6). (27)
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The magnetic field (27) becomes

Be(R.0.0) = — (2 (PO 70) + o (o) + () ).

BG(Raea(b) = 07 B¢(Ra97¢) =0. (28)
Solving the compatibility conditions (28) we find

o ()0 (sin(0)0s7(0 7(0)05,0(¢) — 4G(¢)
Vo0 = GG ( ) .

(0162 + 306 (0(0u0(6) ) + FO). (29

_

4sin*(0)

It must satisfy the only remaining condition (26) which becomes

sin3(0)0y7(0) — cos(0)a ()
sin(0)

Dy V(0,8 + 9y0(6)0V (6, ¢) = 0.
(30)
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Case A, cont'd

Thus we need to solve the sole remaining equation (34) into which
the function V/(0, ¢) expressed in terms of four single-variable
functions 7(0), F(0), G(¢), (), i.e. (33), is substituted.
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Case A, cont'd

Thus we need to solve the sole remaining equation (34) into which
the function V/(0, ¢) expressed in terms of four single-variable
functions 7(0), F(0), G(¢), (), i.e. (33), is substituted.

We find two solutions, presented as Class | and Class |l below.
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Case B

In this case we have two subcases: S # 0 and S = 0.
S #0. We find

Br(R,0,6) = k1R*cos(0)sin(f), By = —k1Rsin*(0), B, =0,
2
A1

K
W(R,0,¢) = —-L(Rsin(9))> - ——+—. 31
(R00) = (RO ~ =ty ()
In Cartesian coordinates the system has constant magnetic
field
B()_() = (07 07 K’l) (32)

and the potential reads
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Case B, cont'd

This system has two first order integrals
1,2, .2
5 (4,

)
X = cos()oh— N pf = pf. (34)

X = pg\ 2 (Rsm( =14

The integral X can be expressed in terms of X; as quadratic
polynomial thus we can replace Xj by the first order integral Xj.
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Case B, cont'd

This system has two first order integrals
~ K
X1 = PQ 2 * (Rsin(0))* = ?1(’(2‘“’2)’

)
X = cos()oh— N pf = pf. (34)

The integral X can be expressed in terms of X; as quadratic
polynomial thus we can replace Xj by the first order integral Xj.

On the other hand, the integral X3 is independent of H, X; and
Xo, i.e. the system defined by (35) is (at least) minimally
superintegrable.

Spherical Type Integrable Systems in a Magnetic Field



Case B, cont'd

Looking for additional integrals at most quadratic in momenta, we
find only one more integral, namely

A k1 R? sin?(0) 2
X, — cos(0) (pﬁ)2 N cos(0) (P¢> - ) + sin(0)plpt — 2\ cos(6)
‘T R Rsin?(0) PRPO ™ "R sin?(6)
2
A A A | K1 Az
= pX/y—pyl — kazl] + 4(x +yHz -2 oy (35)

However the integral (39), similar to the z—component of the
Laplace-Runge—Lenz vector, is not independent of H, X1, X5, X3. It
satisfies the relation

X42 =2H (X2 — )?12 + 2)\1) *sz:)? + K1 (;(13 - )?1X2> — 2/61)\1)?1.

Thus we conclude that the system with the magnetic field (36)
and the electrostatic potential (37) possesses four independent
integrals at most quadratic in momenta, i.e. it is minimally but not
maximally quadratically superintegrable.
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Case B, cont'd

m S =0. We find

Br = —sin(8)x(R)R?cos(f) — %897’(0),
By — Rsin( lRé?RX +x(R)>, B, =0, (36)
W= RS (OX(RY — grOX(R) + Fi(R) + 3 Fal0).

This case for a particular choice of the arbitrary functions
X(R) = % and 7() = k1 cos?(0) + 2r2 cos(f) + k3 contains the
magnetic monopole field, i.e.

R2

Br = rasin(@), Bp=0, By=0, ie B(X)= e

(37)
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Results — integrable system with spherical-type integrals

Four classes of second order spherical type integrable
systems exist. For all of them the Hamiltonian H has the

form (15) and the two further integrals in involution have the form
X1, X2 as in (18) and (19). To specify them completely we must
specify the functions B, (R, 6, ¢) and W(R, 0, ¢) describing the
system, (and the functions s/*(R, 6, ¢) and m;(R, 0, ¢) for each
integral where & = R,0,¢ and j = 1,2 - cf. our paper).
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Results — integrable system with spherical-type integrals

Four classes of second order spherical type integrable
systems exist. For all of them the Hamiltonian H has the

form (15) and the two further integrals in involution have the form
X1, X2 as in (18) and (19). To specify them completely we must
specify the functions B, (R, 6, ¢) and W(R, 0, ¢) describing the
system, (and the functions s/*(R, 6, ¢) and m;(R, 0, ¢) for each
integral where & = R,0,¢ and j = 1,2 - cf. our paper).

In order to make their structure easier to comprehend we present
them in Cartesian coordinates.

We denote R = \/x2 + y2 + z2.
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Results — integrable system with spherical-type integrals

m Class |.

(ﬁ - 3%2%) X, (m1,k2) #(0,0), (38)

W(K) = U(R) + 35 + 20lltrd) | mlaridecng) | A
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Results — integrable system with spherical-type integrals

m Class I.
B =  -3(B-3mE)% () #(0,0), (38)
_ 2_4 2 2 —
WR) = U(R) + G + i) 4 melerpeiisd o gy,
m Class Il.
o )
B(x) = (4'?“2 23) ;X, K1+ k2 >0, dr1ko > K3,
164/ k1x2+roy?+rRaxy
S A
W(x) = U(R) - 51X2+H2}1/2+H3Xy' (39)
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Results — integrable system with spherical-type integrals

m Class Il
3(2 & K, 2, 2 A1
B(x)=(0,0,1), W(X)=-2("+y )—ﬁ, k1 # 0.
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Results — integrable system with spherical-type integrals

m Class Ill.

. 2

B®) = (0.0m), WE)=-"2(2+y)~ 1 m#o
m Class IV.

. 1/z 1

B(X) = 3 <R8RX(R) R3 sin(0) 97(9)) g

B() = 5 (F00R)~ ) v (40)

B.(X) = % (;aRX(R) - 73 sin(9)897(9)> z — SROrxX(R) = x(R);

W(x) = %Rﬂ sin?(0)x(R)? — %T(e)X(R) + Fi(R) + %Fg(@)
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Future outlook

Further work on spherical type integrable systems in a magnetic
field is in progress in two directions:
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Future outlook

Further work on spherical type integrable systems in a magnetic
field is in progress in two directions:
m To determine which subclasses of the 4 classes found above
can be extended to superintegrable systems, to find the
additional integrals and particle trajectories.
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Future outlook

Further work on spherical type integrable systems in a magnetic
field is in progress in two directions:
m To determine which subclasses of the 4 classes found above
can be extended to superintegrable systems, to find the
additional integrals and particle trajectories.

m To find all quantum integrable and superintegrable systems of
spherical type and analyze them. In particular to verify
whether the conjecture, that all maximally superintegrable
systems are exactly solvable, holds also in the presence of
magnetic fields.
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