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Elements of Poisson—Lie T—plurality

Elements of Poisson—Lie T—duality of c—models

The o—models (without spectators) are given by the action

Slel =5 [ dxLle)- E(@)- L' () = ; [ dx 01 Eu(e)o_r
(1)
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Elements of Poisson—Lie T—duality of c—models

The o—models (without spectators) are given by the action

Slel =5 [ dxLle)- E(@)- L' () = ; [ dx 01 Eu(e)o_r
(1

where the map g maps V C R? into the group G whose Lie
algebra has basis { T,},

Li(g)’ = (g '0+8)° g '0:g=1Ls(g) T
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Elements of Poisson—Lie T—duality of c—models

The o—models (without spectators) are given by the action

1 1
Slel =5 [ dxLle)- E(@)- L' () = ; [ dx 01 Eu(e)o_r
(1)
where the map g maps V C R? into the group G whose Lie
algebra has basis { T,},

Li(g)’ = (g '0+8)° g '0:g=1Ls(g) T

"V C R? — RY™C s the same map as g but written in
some group coordinates,

Li(g)=0+¢-e"- T
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Elements of Poisson—Lie T—duality of c—models

The o—models (without spectators) are given by the action

Slel =5 [ dxLle)- E(@)- L' () = ; [ dx 01 Eu(e)o_r
(1

where the map g maps V C R? into the group G whose Lie
algebra has basis { T,},

Li(g)" == (g '0:8)", g '0:g=1Ls(g)- T
"V C R? — RY™C s the same map as g but written in
some group coordinates,

Li(g)=0+¢-e"- T

and x,, x_ are the light—cone coordinates on Minkowski R?
T=Xy+X_, 0=X4 —X_.
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Elements of Poisson—Lie T—plurality

The basic idea of Poisson—Lie T—duality

C. Klim¢ik and P. Severa, Phys. Lett. B 351 (1995) 455.

Under certain conditions the equations of motion of the
o—model can be written as equations on
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Elements of Poisson—Lie T—plurality

The basic idea of Poisson—Lie T—duality

Under certain conditions the equations of motion of the
o—model can be written as equations on

Drinfel'd double

(G|G) - Lie group D whose Lie algebra 9 admits a
decomposition 9 = g + § into a pair of subalgebras maximally
isotropic with respect to a symmetric ad-invariant
nondegenerate bilinear form (. .).
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Elements of Poisson—Lie T—plurality

The matrices E(g) for the dualizable c—models are of the form

E(g) =[E* +N(g)] ™"
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Elements of Poisson—Lie T—plurality

The matrices E(g) for the dualizable c—models are of the form
E(g) = [E& "+ NI
where Eq is a constant matrix,
N(g) = b'(g) - alg) = —N(g)",

and a(g), b(g) are submatrices of the adjoint representation of
the subgroup G on the Lie algebra of the Drinfel'd double D.
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Elements of Poisson—Lie T—plurality

The matrices E(g) for the dualizable c—models are of the form
E(g) = [E& "+ NI
where Eq is a constant matrix,
N(g) = b'(g) - alg) = —N(g)",

and a(g), b(g) are submatrices of the adjoint representation of
the subgroup G on the Lie algebra of the Drinfel'd double D.

The dual model

is obtained by the interchange

GHGa g<—>§7 n(g)Hﬁ(lg_)a E0<_>E071'
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Elements of Poisson—Lie T—plurality

The equations of motion of the dualizable c—model can be
formulated as the equations on the Drinfel'd double

(I7Y0,1,E%) =0,
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Elements of Poisson—Lie T—plurality

The equations of motion of the dualizable c—model can be
formulated as the equations on the Drinfel'd double

(I70.1,E7) =0,
where = hge D, he G, g € G and

5+:span<T—|—Eo-7'>, 5_:span<T—E0t-7'>

are two orthogonal subspaces in ?.
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Elements of Poisson—Lie T—plurality

The equations of motion of the dualizable c—model can be
formulated as the equations on the Drinfel'd double

(I70.1,E7) =0,
where = hge D, he G, g € G and

5+:span<T—|—Eo-7'>, 5_:span<T—E0t-7'>

are two orthogonal subspaces in 9. (The unique decomposition
| = hg on D exists for a general Drinfel'd double only in the
vicinity of the group unit. For the so—called perfect Drinfel'd
double s it is defined globally and we shall consider only these.)
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Poisson—Lie T—plurality

R. von Unge, J. High En. Phys. 02:07 (2002) 014.
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Poisson—Lie T—plurality

R. von Unge, J. High En. Phys. 02:07 (2002) 014.

Main idea:

In general there are several decompositions (Manin triples) of
a Drinfel'd double.
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Main idea:

In general there are several decompositions (Manin triples) of
a Drinfel'd double.

Let § + g be another decomposition of the Lie algebra 9 into
maximal isotropic subalgebras.
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Elements of Poisson—Lie T—plurality

Poisson—Lie T—plurality

R. von Unge, J. High En. Phys. 02:07 (2002) 014.

Main idea:

In general there are several decompositions (Manin triples) of
a Drinfel'd double.

Let § + g be another decomposition of the Lie algebra 9 into
maximal isotropic subalgebras. The dual bases of g, and §, g
are related by the linear transformation

H-E90
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Elements of Poisson—Lie T—plurality

The duality of both bases (i.e. (T,, T?) = 6?) requires

K Q\ ' (St @
R s) ~\r kKt)
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Elements of Poisson—Lie T—plurality

The duality of both bases (i.e. (T,, T?) = 6?) requires

K Q\ ' (st @

R S ~ \R" K')~
Besides that, the matrices K, @, R, S are chosen in such a way
that the structure constants of the Lie algebra 0

[Taa Tb] - fabc TCa
[7‘-37 7—b] — ?abc 7—c7
[7_37 Tb] = fbca:,l_c - ?acb T,
transform to similar ones where the structure constants f, f of

g and g are replaced by the structure constants lA‘, fofgandg
and T — T, T —T.
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Elements of Poisson—Lie T—plurality

The o—model related by the Poisson—Lie T—plurality

to (1) is defined analogously to (1) but with

E@) = (&'+N@)™,
@) = b'(8)-3&) = -N(&)"
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Elements of Poisson—Lie T—plurality

The o—model related by the Poisson—Lie T—plurality

to (1) is defined analogously to (1) but with

E@) = (&'+N@)™,
@) = b'(8)-3&) = -N(&)"

0o = (K+E R (Q+E-S)

Relation between the classical solutions of the two o—models is
obtained from two possible decompositions of / € D

| = hg = hg.
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T—plurality transformation of extremal left—invariant fields

T—plurality transformation of extremal left—invariant fields

We derive the formulae for transformation of left—invariant
fields evaluated on solutions of equations of motion (hence
extremal).
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T—plurality transformation of extremal left—invariant fields

T—plurality transformation of extremal left—invariant fields

We derive the formulae for transformation of left—invariant
fields evaluated on solutions of equations of motion (hence
extremal).
This will enable us to get

e Transformation of boundary conditions for the classical

solutions of the c—models (a generalization of Cecilia
Albertsson, Ronald A. Reid-Edwards, [hep-th/0606024]).
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T—plurality transformation of extremal left—invariant fields

T—plurality transformation of extremal left—invariant fields

We derive the formulae for transformation of left—invariant
fields evaluated on solutions of equations of motion (hence
extremal).

This will enable us to get

e Transformation of boundary conditions for the classical
solutions of the c—models (a generalization of Cecilia
Albertsson, Ronald A. Reid-Edwards, [hep-th/0606024]).

e Transformation of canonical variables of the c—models.
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T—plurality transformation of extremal left—invariant fields

T—plurality transformation of extremal left—invariant fields

We derive the formulae for transformation of left—invariant
fields evaluated on solutions of equations of motion (hence
extremal).
This will enable us to get
e Transformation of boundary conditions for the classical
solutions of the c—models (a generalization of Cecilia
Albertsson, Ronald A. Reid-Edwards, [hep-th/0606024]).
e Transformation of canonical variables of the o—models.
We write the left—invariant field /=19, / on the Drinfel'd double

10,1 = (hg)(0:(hg)) = L+(g) - T+ Li(h)-g ' Tg
= Li(g) T+Lu(h)- |b(g) T+a"(g)- T
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T—plurality transformation of extremal left—invariant fields

Using the equations of motion in the form

L(h)- T=h"0.h=L.(g) E(g)-a'(g)- T
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T—plurality transformation of extremal left—invariant fields

Using the equations of motion in the form
L(h)-T=h"'oh="L,(g) E(g)-a'(g)- T

and the definition of E(g) we get

1000 =Li(g) - E(g) - [ T+ T]. (3)
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T—plurality transformation of extremal left—invariant fields

Using the equations of motion in the form
L(h)-T=h"'oh="L,(g) E(g)-a'(g)- T

and the definition of E(g) we get

1000 =Li(g) - E(g) - [ T+ T]. (3)

Similarly, from the decomposition | = hg
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T—plurality transformation of extremal left—invariant fields

Using the equations of motion in the form
L(h)-T=h"'oh="L,(g) E(g)-a'(g)- T

and the definition of E(g) we get

1000 =Li(g) - E(g) - [ T+ T]. (3)
Similarly, from the decomposition | = hg
o0 =1(8)-E@)- B T+T]. (4)

Comparing coefficients of T and T in (4) and those in (3)
after transformation of the basis 2) we obtain
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T—plurality transformation of extremal left—invariant fields

the formula for transformation of the left—invariant fields under

the Poisson—Lie T—plurality
L(&)="Li(e) E(e) [S+E*-Q-E@) (5)
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T—plurality transformation of extremal left—invariant fields

the formula for transformation of the left—invariant fields under

the Poisson—Lie T—plurality
L(&)="Li(e) E(e) [S+E*-Q-E@) (5)

In the same way we can derive

L(&)=L(g) E'g) [S—E* Q) E*(g).
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Transformation of canonical variables

Transformation of canonical variables

The canonical momentum is found from the action (1)

0L 1 v v
Py == W = E ((c:‘uyﬁf(b + (c;l/,ua+¢ ) (6)
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Transformation of canonical variables

Transformation of canonical variables

The canonical momentum is found from the action (1)

0L 1 v v
Py == W = E ((c:‘uyﬁf(b + (c;l/,ua+¢ ) (6)

We shall use the momentum in local frame P, = vt *(g)P,,
where vt = (e!)~! and write it as the column vector P

P==(E(g) L' (g)+E(g) Li(g))-

1
2
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Transformation of canonical variables

Transformation of canonical variables

The canonical momentum is found from the action (1)

0L 1 v v
Py == W = E ((c:‘uyﬁf(b + (c;l/,ua+¢ ) (6)

We shall use the momentum in local frame P, = vt *(g)P,,
where vt = (e!)~! and write it as the column vector P

P==(E(g) L' (g)+E(g) Li(g))-

1
2
We also define

L= 5 (Li(g) ~ L (9))
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Transformation of canonical variables

Using the similar expressions for the canonical variables after
T—plurality transformation and the formulae for transformation
of L+(g) (5) we find the generalization of the transformation

found in T—duality case in

to the T—plurality case, i.e.

Poisson—Lie T—plurality as Canonical Transformation

Ladislav Hlavaty and Libor Snobl



Transformation of canonical variables

Using the similar expressions for the canonical variables after
T—plurality transformation and the formulae for transformation
of L+(g) (5) we find the generalization of the transformation
found in T—duality case in

to the T—plurality case, i.e.

Transformation of canonical variables

(QF-M(g)+S%)-P+ Q- L, (7)
Pt [(S—N(g)- @) - N(&) + R—N(g) - K]

—I—LJ-(Q-ﬁ(§)+K>.

hv))
Il

~)
q
I
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Poisson—Lie T—plurality as canonical transformation

Poisson—Lie T—plurality as canonical transformation

In order to show that (7) is really a canonical transformation
we shall use the expressions for Poisson brackets of P, and

J? = L+N(g)*Py, J=LE+N(g) P (8)
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Poisson—Lie T—plurality as canonical transformation

Poisson—Lie T—plurality as canonical transformation

In order to show that (7) is really a canonical transformation
we shall use the expressions for Poisson brackets of P, and

J° = L+N@)*P,, T =L,+N(g) P (8)
{ja’ jb} _ "]éabcjccs(o_ _ 0_/)’
{7)37 7)b} - f:abcpc(s(o- - O-/)J
{T*,Pp} = (foT° — ?acbpc)(S(a — ')+ 038 (0 — o).
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Poisson—Lie T—plurality as canonical transformation

Poisson—Lie T—plurality as canonical transformation

In order to show that (7) is really a canonical transformation
we shall use the expressions for Poisson brackets of P, and

J? = L4+N(g)*Ps,  J=L;+N(g)-P (8)
{ja’ jb} _ "]éabcjccs(o_ _ 0_/)’
{7).37 7)b} = f:abcpc(s(o- - O-/)J
{T*,Pp} = (foT° — ?acbpc)(S(a — ')+ 038 (0 — o).
These Poisson brackets are equivalent to the canonical ones

{Puvpy} = {aa¢u> aa¢u} = 07
{0,0",P,} = 6Md'(c —0'). (9)
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Poisson—Lie T—plurality as canonical transformation

We find that the Poisson brackets can be written in the
compact form

{Va, Vs} = Fug"Vy0(0 — ') + Bopd' (0 — o) (10)
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Poisson—Lie T—plurality as canonical transformation

We find that the Poisson brackets can be written in the
compact form

{Va, Vs} = Fug"Vy0(0 — ') + Bopd' (0 — o) (10)

where o, 3,7 =1,...,dim 0,

y=<§>,

Fap” are structure constants of the Drinfel'd double and B,
are matrix elements of the bilinear form (.,.) in the basis
T,, T?of 0.

Ladislav Hlavaty and Libor Snobl Poisson—Lie T—plurality as Canonical Transformation



Poisson—Lie T—plurality as canonical transformation

We rewrite the T—plurality transformation as

P =S P+Q T, (11)

J = R-P+K'-TJ

which reminds of the transformation of the basis elements of
the Drinfel'd double

(7)- (& %))
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Poisson—Lie T—plurality as canonical transformation

We rewrite the T—plurality transformation as

P =S P+Q T, (11)

J = R-P+K'-TJ

which reminds of the transformation of the basis elements of
the Drinfel'd double

T\ (St Q) (T

T)  \Rt Kt)\T)"
Consequently, Poisson brackets (10) are form—invariant under
the transformation (11). Therefore,
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Poisson—Lie T—plurality as canonical transformation

We rewrite the T—plurality transformation as
P =S P+Q T, (11)
J = R-P+K-J

which reminds of the transformation of the basis elements of
the Drinfel'd double

TN _(S" @\ (T

T)  \Rt Kt)\T)"
Consequently, Poisson brackets (10) are form—invariant under
the transformation (11). Therefore, the canonical Poisson
brackets are invariant, i.e. (9) is transformed by Poisson—Lie
T—plurality to

{PMPV} = {&,gb“, 80¢V} =0,
{0,0", P} = 0Ld'(0 o).
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Poisson—Lie T—plurality as canonical transformation

The preservation of the Hamiltonian density

Finally, we compute the Hamiltonian density
H = 0.¢"P,—%Z

_ % (L_(g) E(g)- L' (g) + Li(g) - E(g) - L'.(g))

where L1 (g) are expressed in terms of P, L,.

Ladislav Hlavaty and Libor Snobl Poisson—Lie T—plurality as Canonical Transformation



Poisson—Lie T—plurality as canonical transformation

The preservation of the Hamiltonian density

Finally, we compute the Hamiltonian density
H = 0.¢"P,—%Z

_ % (L_(g) E(g)- L' (g) + Li(g) - E(g) - L'.(g))

where L (g) are expressed in terms of P, L,. Similarly,

~

(L-(0)-E@) [ (@)+Lu(8) - E@) - 1(2)).
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Poisson—Lie T—plurality as canonical transformation

The preservation of the Hamiltonian density

Finally, we compute the Hamiltonian density
H = 0.¢"P,—%Z

_ % (L_(g) E(g)- L' (g) + Li(g) - E(g) - L'.(g))

g) are expressed in terms of P, L,. Similarly,

—

where [

~ ~

H =7 (L&) E@) T9@) + L (8)- E(@) - [L(2))

=

Using the transformation of L. (g) we find that
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Poisson—Lie T—plurality as canonical transformation

The preservation of the Hamiltonian density

Finally, we compute the Hamiltonian density
H = 0.¢"P,—%Z

_ % (L_(g) E(g)- L' (g) + Li(g) - E(g) - L'.(g))

where [

—

g) are expressed in terms of P, L,. Similarly,

~ ~ ~

H =7 (L&) E@) T9@) + L (8)- E(@) - [L(2))

=

Using the transformation of L. (g) we find that the
Hamiltonian density is preserved under Poisson—-Lie T—plurality

transformation, i.e. S = .
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Poisson—Lie T—plurality as canonical transformation

Thank you for you attention
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