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Abstract

Generalized principal models on non-semisimple groups are defined. An ansatz
for the Lax form of the equations of motion is chosen and models on two- and
three-dimensional non-semisimple groups that admit this Lax formulation are
classified. Only one of these models has truly nonlinear equations of motion,
and the Lax pair is explicitly given. The equations of motion of all the other
models can be brought to linear partial differential equations.

PACS numbers: 02.20.1a, 02.30.1k, 02.30.Jr, 02.30.Zz, 02.40.—k, 11.30.Rd

1. Introduction

Integrable models in two dimensions are important theoretical laboratories for investigating
possible phenomena of nonlinear theories in higher dimensions. Principal chiral models are
examples of nonlinear relativistic field theories on the group manifolds. It is well known that
they are classically integrable in 1 + 1 dimensions (see [1]).

Until now, the principal models were investigated mainly on semisimple groups because
the bilinear forms used for the construction of the field actions were actually taken as the
ad-invariant Killing metrics on the corresponding Lie algebras. As the forms should be non-
degenerate, these models were defined on semisimple groups only. A few years ago Sochen
[2] suggested a generalization of the principal models for metrics that are not ad-invariant (see
also [3] and [4] for a different point of view). It opened up the possibility of defining the
principal models on non-semisimple groups as well. An example of such model, including the
Lax formulation of equations of motion was formulated in [5] but the parameters in the Lax
pair could be transformed off, so that there remained no free spectral parameters, necessary
for the inverse spectral method. We use a more general ansatz for the Lax operators in this
paper that enables us to introduce such a free parameter.

The main topic of this paper is classification of models on the two- and three-dimensional
non-semisimple groups that admit Lax formulation of a form given below.
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2. Generalized principal models
Generalized principal chiral models [2] are given by the action

el = [ a2 L) 720! ®
where G is a Lie group, £(G) its Lie algebra,

Ju=(¢70u8) € £(G) @)
g:R? > G, pu,v € {0,1}, n = diag(1, —1), L is a G-dependent symmetric non-degenerate
bilinear form. We consider the bilinear form L as a metric on the group manifold and the
generalization of principal models from ad-invariant Killing form on £(G) to more general

case enables us to introduce the principal models on non-semisimple groups also.
Lie products of elements on the basis of £(G) define the structure coefficients

[tav tb] = Cahctc (3)
and on the same basis we define the coordinates of the field J,
By =g tog = Jbn,. @)

Fields automatically satisfy the Bianchi identities
Oty —0vJyu +[Ju, L] =0. (5)

Varying the action (1) we obtain the equations of motion for the generalized principal chiral
models

8 J 1 + g b e = 0 (€)
where the connection I' is a sum of two parts
The = Spe * Vie: (7

S5, is a so-called flat connection

1 _
Spe =75 (Ch.+C)  Cho=(L7H7Pc])Lge (8)
and y;. are Christoffel symbols for the metric L., (g)
1
Ype = E(L_l)“d(Uchd +UcLpg — UgLype). %)
The vector fields U, are defined in the local group coordinates 9; as
. 0
U,=U (0)— 10
0= Ug( )a 9{ (10)
where the matrix U is the inverse of the matrix V of vielbein coordinates
) ) 9o \¢
Ul®) = (VH0) Vi = <glajf> . (11)
i

Note that the connection (7) is symmetric in the lower indices

re, =T, (12)
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2.1. Lax pairs

Itis evident from (6) and (2) that the equations of motion of generalized principal chiral models
may form highly nonlinear systems of PDEs. One of the most powerful method for solving
nonlinear PDEs is the so-called inverse scattering method that transforms the PDEs to solvable
system of ODEs. The inverse transform requires solving the Riemann-Hilbert problem of
determining a complex function from their values at a curve (for a detailed explanation, see,
e.g., [6]).

The first step of the method consists in writing the system of PDEs in terms of a
commutator of two differential operators Xo, X1 containing a free parameter that is later
used as the independent variable in the associated Riemann—Hilbert problem. These operators
are called Lax pair and serve to define an associated linear spectral problem defining the
(direct) transform. Finding such a Lax pair for a given system of PDEs is a rather nontrivial
problem.

The ansatz that we are going to use for the Lax operators Xg, X1 of the generalized
principal chiral models is

Xo=20p+ Pabjé]ta + QabJ]l_]ta + Aty (13)
Xl:al+QabJ(l)7ta+ﬁabeta+Bata (14)
where P, Q, P, Q are four arbitrary constant dimG x dim G matrices and A, B are two

arbitrary constant vectors.
By explicit evaluation of the zero curvature condition

[Xo, X1]1 =0 (15)
using the equations of motion (6) and Bianchi identities (5), and equating the coefficients of

different powers and derivatives of J, one finds the following necessary conditions that the
operators X, X1 must satisfy in order to form a Lax pair:

P=P,0=0 (16)
(Php ch - pr ch)ch = ahcl;,q (17)
3644 (PepQag + Pog Qap) = QubT), (18)
C‘cld(Pchd +Ac de) =0 (19)
ng(Qchd + Acpdp) =0 (20)
¢t A:B; = 0. (21)

Equation (16) is the reason for originally counterintuitive notation in equations (13) and
(14). In the following we always immediately replace P by P and Q by Q.

In order to guarantee the equivalence between equation (15) and the equations of
motion (6) one needs further restrictions on P, O, A, B (otherwise consider e.g. P = Q =
A = B = 0). Such a condition can be found quite easily by rewriting the left-hand side of the
equation (15) and using equations (16)—(21) and the Bianchi identities (5), one gets

[Xo, X1] = Qu (a,lﬂ%b i1t J;’JM) . (22)

It is now clear that equation (15) is equivalent to the equations of motion (6) if and only if the
matrix Q is invertible.

To sum up, the Lax formulation (13)—(15) is equivalent to the equations of motion if and
only if the equations (16)—(21) hold and Q is invertible.

Moreover, the previous equations impose a condition on I'. Hence, we can express (18)
in an equivalent form

1
5 (07l (Pep Qug + Peg Qup) =T, (23)
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and conclude that only the generalized principle models with the constant connection I admit
the Lax formulation (13)—(15) because the left-hand side of the previous equation is constant.

3. Abelian groups

The case of the principal models on Abelian groups having the Lax formulation (15) can
be investigated rather quickly by the following method. Because in this case ¢, = 0,
equation (17) is satisfied identically and equation (18) simplifiesto 0 = Qabl"’;,q. This equation
represents for any given pair p, g a set of dim G linear equations for dim G variables Ff,q withan

invertible matrix of coefficients (=Q); therefore only the trivial solution Ff;q = 0 is possible,
leading to the model

9, 0" = 0. (24)

Because we may choose coordinates 0:g(6) = exp (2?21 Oiti), and the corresponding
expression for the fields is Jﬁ = 9,64, We have in such coordinates a free model

3,0"6; = 0. (25)

In the following we shall systematically explore the generalized principal models on non-
semisimple two- and three-dimensional Lie groups.

4. Two-dimensional solvable group

Every non-Abelian two-dimensional connected Lie group is isomorphic to the group of affine
transformations of real line. Let us denote it by Af(1). This group can be conveniently realized
as a matrix group consisting of matrices

(g i’) a>0. (26)

A suitable parametrization of this group is

0 0
§(61.602) = (eXpé 1) f)

where 01, 62 € R. The basis of the corresponding Lie algebra can be chosen from

10 0 1
n = <0 0> = (0 0) . (28)
The nonzero structure coefficients for this choice of basis are

3 =1 5 =1 (29)

The coordinates of vector fields J,, in this basis are (3,61, e%9,,62). The differential operators
U, in this case are

(27)

d d
=— Up =e"t—.
001 062
The equations of motion are

320, 926 301\%> [ 961\? 301 90, 96y 90
0= 20 Ty (_1) _<_1> +orlet <_1_2__1_2)
axg 0x] 0x0 0x1 0xg dxg  0x1 0x1

30,\% [ 962\?
+Tpe 2% ((aﬁ) _ (a_xi) ) (31)

Uy (30)
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320, 920, 96, 90, 96y 90 301\%> [ 961\?
=g (P P 9000 0006, g <_1> _(_1) 4212t
0xg 0x] dxp 0xg 0x1 0x1 9xg 0x1

30, 90, 96y 90 30,\% [ 967\?
w (201302 900302 | pp oan (027 _ (002)7) 32)
dxp 0xg  0x1 0x1 0x0 0x1

These equations were already investigated in [5] but only for diagonal metric L and less general
ansatz of Lax operators.

To find models admitting Lax formulation one can proceed in the following way. Equation
(17) is equivalent to two equations

P12 =0 Pr(P11 — 1) = 011022 — 021012 (=det Q). (33)
Because the matrix Q is invertible, i.e.det Q # 0, the second condition can be rewritten
det Q
Py = . 34
2= 51 (34)

Equation (18) should be considered first for a = 1. Then the left-hand side of (18) vanishes
and one finds

0= Qul}, + Qnl?, vp.q. (35)
We divide our investigation into two cases depending on the value of Q1.

4.1. Case Q12 #0

In this case we immediately find that 2. = KT} . Vp, g (where K = —Q11/Q12) and the
defining equations (7) for I" can be rewritten in an equivalent form

dL11

—=— =2} (L1 + KL1p) (36)

001

oL

Wn —e <2F%2L11 + 2KF%2L12 — L12> (37)
2

dL12 1

3—91 = F%ZLll + KF]1_1L22 + F%lLll + KF%1L12 + ELIZ (38)

0L12 g0l

0 = 2 <2F%2L11 +20(K Loy + L1p) + 2KT3,L15 — L22> (39)

oL

WZZ = 2F]]:2L12 + Loo + ZKF]]_'ZLQQ (40)
1

oL

37222 = 2677, (L2 + K L) (41)

where K and I'’s are constants. From these equations it is rather easy to calculate following
necessary conditions for the existence of the metric L. Using the equations (36)—(41) one
evaluates the difference of second derivatives
a 0 d d

29. 3, Lii ~ 50> 50 Lii

001 00 062 061
in terms of L. Since this difference must be zero, one obtains a set of three (for
i, j)=(1,1),(1,2),(2,?2)) linear equations for Ly;. In order to have a nontrivial (nonzero)
solution, the matrix of this set of equations must have a zero determinant, i.e.,

(42)

1 2 2 2
—5e ¥ (kT3 +Th) [41{21“}1 (r%) - 4Kk?(rh) r5 +8KThrErs, — 8k (1)

2 2 2
1 1 1 1 1 1 (1 1
=3Iy +4 (Fn) Iy =Ty — 4y (Flz) +4 (Flz) } =0.
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As this must hold for all 61, we get either
i, =—KT3 (43)
or
201 (p1 )2 2 (1 \% 1 11 1 1\2 1 1\% 1
4K“T'1 (Fzz) —4K (F12> ['7; +8KT'j M5 — 8K (FIZ) -3y +4 (Fn) '3,

2 2
It can be found by careful investigation that if (44) holds, then the only possible metrics L are
singular (for all values of 01, 65).

The remaining possibility is that (43) holds. In this case, from (42) one obtains further
conditions on L’s and I"’s, namely that either
1

1 _
My =-3

> ri,=T3=0 (45)

or
(—2K?T} T3, + 2T} +AK*T3, + 1+ 4K?T',) L
1 1 1
2r}, (2K2r}, — 211, +3)

Lig=—KLyp, L1 = (46)
Otherwise the metric L is singular.

In case (45) one can compute the metric L and the connection I' from the equations
(36)—(41) and the matrices P, Q from equations (18)—(21), but the resulting matrix Q is not
invertible, i.e. the Lax formulation (15) is not equivalent to the equations of motion (6).

In case (46) we can again solve equations (36)—(41). The resulting connection and the
metric are

1
1 211 1 1
'y = 57 KI5 Iy =—KT% (47)
Fl
Ly = 3t ae™ L1y = —K a® Lo = ae™ (48)
2

where F%Z, a € R\{0}, K € R are parameters of the model. In the following we will denote
r}, =—«?%/2
2= :
The resulting equations of motion can be found substituting the above given I' into
equations (31) and (32). To get the Lax operators for this model we still have to solve
equations (18)—(21). The solutions in this case depend on three arbitrary parameters i, p, o

whereo # 0

1
5 0
— 2
P <61(KKO’ +p) —610’/() (49)
e K €1
=( 2% 7T2F =41 50
0 (U K _Kp) @ (50)
A = (&, 2)(e1p — €20)) (51)
B = (e2), 2A(e1620 — 0)) € = +£1. (52)

The Lax operator Xg then reads (for simplicity we set € = ex = +1)

X0:<3o+%go+/\, 0Y1+pY08‘:)2)»(,0—0)> (53)
where Y, are linear functions of the fields J;,

Yo=J§ —«JE+KkJi (54)

Y1 =J} — kI + Kk I} (55)

The expression for X1 can be obtained from (53) by an interchange of indices 0, 1 in (53).
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We can transform the Lax operators to the form with one parameter only by the similarity
transform X, = 7X, T~ with

T— (é 2;’) . (56)

The transformed Lax operator then is of the form

. (ao+ IYo+r, 1 —2,\)

Xo= 0 % (57)

An analogous expression is obtained for X 1.

From the formula (57) it is clear that if the ansatz (13) and (14) is chosen without the
constant terms A,t,, B,t, (cf. [5]) then A = 0 and there is no free parameter for the inverse
scattering method.

4.2. Case Q12 =0
If Q12 = 0, then the invertibility of Q leads to Q11 # 0 and equation (35) simplifies to

_ il
0=T},. (58)
It is clear that equation (31) is then just the wave equation
320, 9%
-t~ (59)
9xg 0x7

Using the same approach as before for Q12 # 0, one finds that the defining relation of " (7)
can be reformulated in the following way

0L11

L
% —e (—1 + 21“%2) L1y (61)
2
dL12 1 2 2
30, Ele Tl +Tpplaz (62)
oL12 1 _o, 2 2
e _ = + _
20, 2e (2F22L12 2I'7, L2 Lzz) (63)
oL
8722 = (1 + 21"%2> Lo (64)
1
oL
e _ 2e 0 F§2L22- (65)
06>

The interchangeability of the ordering of partial derivatives of 9; (equation (42)) leads to
conditions
1

2
Mp=-3

By solving (60)—(65) one finds all possible metrics in the form

2
L1 = e201 (Fil) o +2e% F%:[,B +y (67)

L = Fflaezel + ,3601 Loy = ae®
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where «, 8, y, Ffl € R are parameters such that det L # 0. By evaluation of I" we arrive at
the explicit form of equations of motion

3%, 0% 3%, 020 361\% [ 961)?
o e (P T () (2)) e @
ax 0x] axg 0x] 0x0 0x1

The equations of motion are in fact two coupled linear wave equations; the first one is
homogeneous, i.e. explicitly solvable (61 = F(xp — x1) + G(xp + x1)), and the second one
contains nonlinear terms in already known 61 only, it is therefore just the inhomogeneous

wave equation. That is why the application of the inverse spectral method is questionable in
this case.

5. Three-dimensional solvable Lie groups

Structure of all three-dimensional solvable real Lie algebras can be written in the following
form (see e.g. [7]):

[r2, 3] = b11r1 + b1ot2
[13,11] = bainy + boot2
[t1.22] =0 (69)

where the 2 x 2 matrix B = (b;;) is one of the following
00 10 10 01
0 0)° 0 0)° 0 1)’ 1 0/
0 1 1 1 o 1 o 1
-1 0)° -1 0)’ -1 o)’ -1 —o

o is a positive real number. Each of these algebras can be realized as a matrix algebra in the
form

(1+b21)z —buz x
b2z (1—-b12)z y||x,y,z€R}. (70)
0 0 z

For convenience, in the following we will denote by capital letters indices going from 1 to 2
only (e.g. A € {1, 2}), other index conventions remain unchanged.
The structure coefficients are

122 =0 caz® =0 (71)
cat = by 312 = b 23t = b1t 2% = by (72)

Considering the equations (17) for « = 3 one finds ngcqu =0, i.e. for (p,q) =(3,1)and
(p.q) =(2,3)

P31bp1 + P3oby =0 P31b11 + P3ob1p = 0. (73)

We divide our investigation into two possibilities, first det B # 0 (= P31 = P32 = 0) and
second detB = 0.
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5.1. Three—dimensional solvable groups with det B # 0
Considering the case of detB = 0 (i.e. all cases in the previous classification except the

Abelian algebra (B = (8 8)) the nilpotent Heisenberg algebra (B = <(1) 8)) and the

1 1
case B = (_1 _1)), we can conclude that

P31 = Py = 0. (74)
Furthermore, considering equations (17) for (p, ¢) = (1, 2) one finds

¢15(031012 — 011032) + ¢55(031022 — 021032) = 0. (75)

Using the relations between the structure constants and the matrix B, one finds that the linear
set of equations (75) for Q31012 — Q11032 and 031022 — Q21032 has only trivial solution
(for det B # 0), i.e.

011032 = 031012 021032 = 03102. (76)

It follows that det O = Q33(Q11 022 — Q12Q21) and if Q31 % 0 or Q32 # 0 then Q1102 =
021012 and detQ = 0.
We are therefore led to

Q31 = Q032 =0. (77)
Using equations (18) one finds for a = 3 that
0= QI = 0xnl’, ie. IS =0 (78)
andforp=A,g=B8B
1
0= EC%D(PCA Ops + PcsOpa) = Qw2 (79)

leading together with (78) to

0= Qull;+ 0123,

0= 0l + 020, (80)
Since det O = 033(Q11022 — Q12021) # 0, we have

Iip=T3;=0. (81)
The corresponding equations of motion (6) have the following form

du A+ 20 pa s B3+ T3 43 = 0 (82)

duJ"3 =0. (83)

To gain more insight into these equations one should explicitly write the fields J#-¢. First,
one needs a suitable realization of the Lie group G. It can be obtained by exponentiation of
the elements of the algebra (70)

(1+Db2)z —b11z X
g(x,y,z) =exp baoz 1-b12)z y| |- (84)

0 0 Z
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After a reparametrization we can write a general group element in the form

01
D6
sO1.02.09 = [P 6 € R (85)
0 0 exp(®)
di1 di 1+ b21)03 —b1103
where D(03) = = ex .
(©s) <d21 dzz) ( b2203 (1- b12)93)
Then
D-1(6y SXP(—ba)(det D7) (d1202 — d2261)
161,62, 63) = exp(—63)(det DY) (d1162 — d2161) (86)
00 exp(—063)
and
d,01
9, D6 ’
dug(Or.00.09 = [P g6 . (87)

00 (0,03) exp(63)
The fields J,, = g*laﬂg can then be computed

(det D) "1(d228,61 — d128,02 + €7%(8,,03) (d1202 — d2261))
(det D)"H(da18,61 — d119,02 +€77(8,03) (d1162 — d2161)) (88)
00 aMQS

where F (03, 0,03) = D*1(93)8,4D(93). Reading off the coordinates of the fields J,, in the
basis (1, 12, 3) one concludes that

7= F (03, 0,,63)
L=

0] de: 9,03, i.e. the equation of motion (83) for 63 is just the wave equation 9,,0"63 = 0
an

(i) Jl}, Jlf are linear in 61, 6, and their derivatives, i.e. the equations of motion (82) for 61 »
after substitution of the explicit form of 63 turn out to be a system of two coupled linear
PDEs for unknown 61, 6,.

Because inverse scattering method is usually not applied to linear PDEs, we do not study
this case further.
5.2. Three—dimensional solvable groups with detB =0
The condition det B = 0 allows three possibilities:
(i) three-dimensional nilpotent group, i.e. Heisenberg group,
(i) centrally extended Af (1) group (B = (_11 _11>) and
(iii) three-dimensional Abelian group (already considered, see section 3).

5.2.1. Heisenberg group. The Heisenberg group is a nilpotent three-dimensional group. It
can be realized as a matrix group of upper triangular 3 x 3 matrices with unit diagonal. We
choose parametrization

1 61 93*'Q%2
g(61,62,63) =0 1 62 . (89)
0 O 1
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The basis of the corresponding Lie algebra is then

010 0 00O 0 01
n=10 0 0 p=10 0 1 n=1|0 0 0 (90)
0 00 0 00 0 00
and the nonzero structure coefficients are
c123 =1 0213 = -1. (91)
The coordinates of the vector fields J,, evaluated in the given basis are
0 0
Iy = <a,L91, 3,02, 9,03 + ?Zaﬂel - 513,192) . (92)
The differential operators U, are in this case
d 6o 0 0 61 0 0
YT 900 2 06 27 90, 2 903 ST ®3)
Equation (17) is in this case equivalent to a set of equations
P13 = P3=0 Q13=023=0 (94)
P11P2 — Q11022 = 012021 — P12 P21 = Ps3.
Equation (18) fora =1, 2 is
Quil, + Q1al'5, =0 01T, + 02l =0. (95)
- . _ A il Ou QO
Invertibility of Q together with Q13 = Q23 = 0 implies det 0 0 # 0 and
21 22
consequently
ri =r2 =o. (96)

Also it follows that lel"lgq =0, QZbFlg’q = 0. Similarly, equation (18) for a = 3, p = 3 leads
to ngl“é’q = 0. All these equations imply

M =0 @)
and
l:‘dgc = thrgc =0. (98)

After expressing this equality in coordinates using definition of I" (7) and some simple algebra,
one finds

UsL;j =0 (99)
Ui1L3z3 =0 (100)
UsL33 =0 (101)
L33 =Ly 1 — L132 = UiLy3 — UsL33. (102)

Similarly, for b, ¢ # 3 we find using (96)
ﬁjbc = Ljdl“;;’c = ngl"gc (103)
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leading to
UrL11 = L13l'3, (104)
Liz+UzL11 = 2L13F%2 (105)
2Ly3+2UyL1p — ULy = 2L13F:232 (106)
—2L13+2U1L12 — UsL11 = 2L23F%1 (207)
—Lo3 + ULy = 2Lyl (108)
UsLyy = 2L23F§2 (109)
2U1L13 = 2L33F%1 (110)
U1Lpz + UpL1z = 2Lg3ls, (111)
2UsLp3 = 2L33F§2. (112)

Using the last three equations together with (99)-(102) to express Ffj and substituting it into
the remaining equations one finds a set of coupled first-order differential equations. Using the
fact that nothing depends on 63 (see (99), Us = 3%3) one can solve these equations:

L1z = af1 + BO2 + K13 (113)
Loz = y01+862 + Ko3 (114)
Lyz=y—B (115)
12
Lll = Z13 + Kll (116)
L33
L13L
Lip = 2828 4 ko (117)
L33
12
_ L3
Ly =—=+Kp» (118)
L33

where «, 8,y,8,K;; € R, B # y are parameters such that K11 Ky — Kfz # 0. The
corresponding equations of motion are of the following form

R )
-2 =0 (119)
8x0 8x1
820, 920
T2t 20 (120)
8x0 8x1
9203 920
2 T2 4 F(61.602) =0 (121)
8x0 8x1

where F (01, 02) is a certain function of 01, 6> and their derivatives. It is clear that the
homogeneous wave equations (119) and (120) can be solved explicitly and then (121) is an
inhomogeneous wave equation. A corresponding Lax pair can be found by solving equations
(18)—(21). To sum up, the only possible generalized principal chiral model for the Heisenberg
group expressible by the Lax operators (13) and (14) is again equivalent to the inhomogeneous
wave equation.

5.2.2. Centrally extended Af (1) group. \We consider a2 x 2 matrix realization of this group
with the parametrization
exp (—91593) exp (%1) 2

g(61,02,03) =
0 exp (—91;93>

(122)
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In the corresponding Lie algebra we choose a basis

1 1 1
5 0 0 5 -5 0
fn=|2 th = 2 n=| 2 . 123
1<0%> 2(00> 1(0%) (123)
The nonzero structure coefficients for this choice of basis are
32 =1 e’ = —1. (124)
The coordinates of the vector fields J,, in this basis are
_% 1
Ju = <8M91, e 2 <8M92 — 5928”93) , 8M93> . (125)
The differential operators U, are in this case
d 0 1 0 d
Up=— Up = e ~%/2 — Us=-0p— + —. 126
1~ %6, 2 965 7 27%%6, 063 (126)

We have used an approach rather similar to the one used in the case of Af(1). First we
have used equation (18) with « = 1, 3 to derive a linear relation between F;.k:

0=0ulh,  0=03l", (127)
reducing (together with the invertibility of Q) the possible values of T" to
T, =K' Apg (128)

where k', A,q = Agp € R

In the next step we put the above given expressions for ' into the definition of the
connection (7) and solve it with respect to derivatives of the metric L.

Using those PDEs for L we calculate a necessary condition for the existence of a Lax pair.
We evaluate the difference of second derivatives

a 9 a 9 L
360, 06, 7 96, 00, "
in terms of L. Since this difference must be zero, we obtain a set of 18 (for i, j € {1, 2, 3}
and (a, b) = (1, 2), (1, 3), (2, 3)) equations for six components of the metric L;; and nine
constants k7, A .

We have solved equations (129) using Maple VV computer algebra system only, neither
Mathematica 4 nor Reduce 3.6 were able to solve it. Therefore we have to rely on the results
of Maple and we are not able to independently check the completeness of the solution.

All possible connections allowing invertible metric L and Lax formulation of equations
of motion (13)—(15) appear to be of one of the following two forms (we recall that Jﬁ =

% 1 )
"2 (062 — Qezaﬂeg)).

(129)

(i) 1}, =13, =0T% =T%,=0,T%= —1, T2, € R. The corresponding equations of
motion are

1
9,0"61 =0 92 — EJ”’Z 3,03 + '330,,030"03 = 0 9,0"03 =0  (130)
i.e., the equations of motion for 61, 63 are the wave equations and can be solved explicitly.

The equation of motion for 65 is linear after substitution of the solution 63 because J/*-2
is linear in 5.
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(i) I3, =T, =0,T'{; =0,T}, I'y;, ['3; € R. The equations of motion are

3,0"01+ F(62,63) =0 3 I =0 3,0"03 =0 (131)

where F (62, 63) is a certain given function of 65, 03 and their derivatives. In this case
we have again the wave equation for 63. After substituting the solution of this equation
into aﬂjﬂ*z = 0 we have a linear PDE for 0, and finally substituting both 65, 63 into an
equation of motion for 61 we have an inhomogeneous wave equation for 61:

8M3M91 + F(62,63) =0.
This case also includes the model with ng =0.

To conclude, in the case of centrally extended group Af (1) we have found no intrinsically
nonlinear model but one should be aware that the completeness of this result relies on the
computation done only in one computer algebra system.

6. Conclusions

We have analysed generalized principal chiral models given by the action of the form (1)
where the target manifold of the fields are two- and three-dimensional connected and simply
connected non-semisimple Lie groups. We have found that in these cases all but one equations
of motions admitting Lax formulation (13)—(15) can be brought to linear PDEs.

The only truly nonlinear system of equations comes from the generalized principal model
on the two-dimensional solvable group with the non-constant metric

—1+K%2% 01 61
L(91,92)=<7K2 oe Kae

132
—Kaeh aefl (132)

where K € R, o, k € R\{0}. Its equations of motion read
1 1
9,0°61 + 50,6101 — Si? (K28U918”91 —2Ke %19,610"0, + e—zelavezavez) —0 (133)

9,002 — Ke?9,0"61 = 9,610"6> (134)

and the Lax pair is

o+r+s(JF+Kedlt—xJ?), —2a+ U} —kJZ+KeJt
Xo = 0 ) (135)
0
d+a+ (I Kedt—«dE), —2a+ I} —kJZ+ Kk}
X1 = 0 o (136)

where Jj = 9,01, Jlf =e 0 9,02 and A is a free parameter that can be used for the inverse
scattering method.
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