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Francesco Dolce (Université Paris Est) Two-sided Rauzy Induction Leiden, 23th January 2014 1 / 23



Interval Exchange Transformations Rauzy Induction Natural Coding

Outline

1. Interval exchange transformations

◦ Interval exchange transformations
◦ Regular interval exchange transformations

2. Rauzy induction

◦ Right Rauzy induction
◦ Two-sided Rauzy induction

3. Natural coding

◦ Natural coding
◦ Regular interval exchange sets
◦ Return theorem
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Interval exchange transformations

Let (A, <) be an ordered set and let (Ia)a∈A be an ordered
partition of [ℓ, r [.
A interval exchange transformation is a function T : [ℓ, r [→ [ℓ, r [
defined by

T (z) = z + αz if z ∈ Ia.

γa γb γc

T (γb) T (γc) T (γa)

Ia Ib Ic

Jb Jc Ja

T
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Regular interval exchange transformations

T is said to be minimal if for any z ∈ [ℓ, r [ the orbit
O(z) = {T n(z) | n ∈ Z} is dense in [ℓ, r [.
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T is said to be minimal if for any z ∈ [ℓ, r [ the orbit
O(z) = {T n(z) | n ∈ Z} is dense in [ℓ, r [.

T is said regular if the orbits of the separation points 6= ℓ are
infinite and disjoint.

Theorem [Keane, 1975]

A regular interval exchange transformation is minimal.
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Ia Ib

Jb Ja
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0 1− α 1

α
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Regular interval exchange transformations

Proposition

Let T be a regular s-interval exchange transformation. Then T n is
a regular n(s − 1) + 1-interval exchange transformation.
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Let T be a regular s-interval exchange transformation. Then T n is
a regular n(s − 1) + 1-interval exchange transformation.

T

T

0 1− α 1

α

2α

Ia Ib

Jb = T (Ib) Ja = T (Ia)

T 2(Ia) T 2(Ib) T 2(Ia)
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0 1− α 1

α

2α

Ia Ib

Jb = T (Ib) Ja = T (Ia)

T 2(Ia) T 2(Ib) T 2(Ia)

Iaa Iab Iba

Jab Jba Jaa

1− 2α

T 2

Ja0a1···am−1 = T
m(Ia0 )∩T

m−1(Ia1 )∩ . . .∩T (Iba−1 ) and Iw = T
−|w|(Jw )
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Admissible semi-intervals

Let T be an interval exchange transformation on the semi-interval
[ℓ, r [.
For ℓ < t < r , the semi-interval [ℓ, t[ is right-admissible for T if
there is a k ∈ Z s.t. t = T k(γa) for some a ∈ A and :

(i) if k > 0, then t < T h(γa) for all 0 < h < k ,

(ii) if k ≤ 0, then t < T h(γa) for all k < h ≤ 0,
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Induced transformations

Let T be a minimal interval exchange transformation and I ⊂ [ℓ, r [.
The transformation induced by T on I is the transformation
S : I → I defined by

S(z) = T n(z) with n = min{k > 0 |T k(z) ∈ I}

The semi-interval I is called the domain of S , denoted D(S).
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The transformation induced by T on I is the transformation
S : I → I defined by

S(z) = T n(z) with n = min{k > 0 |T k(z) ∈ I}

The semi-interval I is called the domain of S , denoted D(S).

Theorem [Rauzy, 1979]

Let T be a regular interval exchange transformation and I a right-
admissible interval for T . The induced transformation is a regular
interval exchange transformation.
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Induced transformations

a b c

b c a

0 1− 2α 1− α 1

α 2αT

I = [0, 2α[ S(z) =

{

T 2(z) if 0 ≤ z < 1− 2α
T (z) otherwise

a b c

b c a

0 1− 2α 1− α 2α

α 4α− 1S
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Right Rauzy induction

Let T be a regular interval exchange transformation on [ℓ, r [. Set

Z (T ) = [ℓ,max
a

{γa,T (γa)}[.

We denote by ψ(T ) the transformation induced by T on Z (T ).
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Right Rauzy induction

Let T be a regular interval exchange transformation on [ℓ, r [. Set

Z (T ) = [ℓ,max
a

{γa,T (γa)}[.

We denote by ψ(T ) the transformation induced by T on Z (T ).

Theorem [Rauzy, 1979]

Let T be a regular interval exchange transformation.
A semi-interval I is right-admissible for T ⇐⇒ I = Z (ψn(T )) for
some n > 0.
In this case, the transformation induced by T on I is ψn+1(T ).

The map T → ψ(T ) is called the right Rauzy induction.
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Right Rauzy induction

a b c

b c a

0 1− 2α 1− α 1

α 2α

T (γa)

T

a b c

b c a

0 1− 2α 1− α 2α

α 4α− 1
ψ(T )

a c b

b c a

0 2− 5α 1− 2α 1− α

α 4α− 1
ψ2(T )
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Left Rauzy induction

The symmetrical notions of left admissible semi-interval and left

Rauzy induction, denoted ϕ, are defined similary.

a b c

b c a

0 1− 2α

γb

1− α 1

α 2α
T

a b c

b c a

1− 2α 2− 4α 1− α 1

α 2α
ϕ(T )
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Two-sided Rauzy induction

Let T be a regular interval exchange transformation. For
ℓ ≤ u < v ≤ r we say that the semi-interval I = [u, v [ is admissible

for T if u, v ∈ Div(I ,T ) ∪ r with

Div(I ,T ) =
⋃

a

{

T k(γa) | − ρ−(γa) ≤ k < ρ+(γa)
}

ρ
−(z) = min {n > 0 | T

n(z) ∈ ]u, v [} , ρ
+(z) = min

{

n ≥ 0 |T−n(z) ∈ ]u, v [
}

.
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}

ρ
−(z) = min {n > 0 | T

n(z) ∈ ]u, v [} , ρ
+(z) = min

{

n ≥ 0 |T−n(z) ∈ ]u, v [
}

.

Theorem [BDDPRR (i.e. us), 2013]

The transformation induced by T on I is a regular interval exchange transfor-
mation.

Theorem [BDDPRR (i.e. us), 2013]

I is admissible for T ⇐⇒ if I is the domain of a χ ∈ {ϕ,ψ}∗.
In this case, the transformation induced by T on I is χ(T ).
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Two-sided Rauzy induction

a b c

b c a

0 1− 2α 1− α 1

α

T (γc )

2α

T (γa)

T

a b c

b c a

0 1− 2α 1− α 2α

α 4α− 1ψ(T )

a b c

b c a

1− 2α 2− 4α 1− α 2α

α 4α− 1ϕ ◦ ψ(T )

a b c

c b a

α 2− 4α 1− α 2α

4α− 1 7α− 2ϕ2 ◦ ψ(T )
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Natural Coding
Let T be an interval exchange transformation relative to (Ia)a∈A.
The natural coding of T relative to z ∈ [ℓ, r [ is the infinite word
ΣT (z) = a0a1 · · · ∈ Aω defined by

an = a si T n(z) ∈ Ia.
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Francesco Dolce (Université Paris Est) Two-sided Rauzy Induction Leiden, 23th January 2014 17 / 23



Interval Exchange Transformations Rauzy Induction Natural Coding

Natural Coding
Let T be an interval exchange transformation relative to (Ia)a∈A.
The natural coding of T relative to z ∈ [ℓ, r [ is the infinite word
ΣT (z) = a0a1 · · · ∈ Aω defined by

an = a si T n(z) ∈ Ia.

Example

The Fibonacci word is the natural coding of the rotation of angle
α = (3−

√
5)/2 relative to the point α, i.e. T (z) = z + α mod 1.

Ia Ib

Jb Ja

T

α

ΣT (z) = a b a a b a · · ·

T (α)

ΣT (z) = a ba a b a · · ·
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The natural coding of T relative to z ∈ [ℓ, r [ is the infinite word
ΣT (z) = a0a1 · · · ∈ Aω defined by

an = a si T n(z) ∈ Ia.

Example

The Fibonacci word is the natural coding of the rotation of angle
α = (3−

√
5)/2 relative to the point α, i.e. T (z) = z + α mod 1.

Ia Ib

Jb Ja

T

α

ΣT (z) = a b a a b a · · ·

T (α)

ΣT (z) = a ba a b a · · ·

T 2(α)

ΣT (z) = a b a a b a · · ·

T 3(α)

ΣT (z) = a b a a b a · · ·

T 4(α)

ΣT (z) = a b a a b a · · ·

T 5(α)

ΣT (z) = a b a a b a · · ·
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Regular interval exchange sets

Proposition

If T is minimal, L
(

ΣT (z)
)

does not depend on z .

When T is regular (minimal), L(T ) = L
(

ΣT (z)
)

is said a regular

(minimal) interval exchange set (linear complexity, neutrality, tree

set 1, finite index basis, etc.).

1. See Valérie Berthé’s talk next week.
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Regular interval exchange sets

Proposition

If T is minimal, L
(

ΣT (z)
)

does not depend on z .

When T is regular (minimal), L(T ) = L
(

ΣT (z)
)

is said a regular

(minimal) interval exchange set (linear complexity, neutrality, tree

set 1, finite index basis, etc.).

Proposition

If T is minimal, w ∈ L(T ) ⇐⇒ Jw 6= 0.

Proposition

If T is regular, Jw is admissible for every w ∈ L(T ).

1. See Valérie Berthé’s talk next week.
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Return Theorem

The set of right return words to a word w (w.r.t. L(T )) is

ΓL(T ) =
{

u ∈ L(T ) | wu ∈ A+ ∩ L(T )
}

while the set of first right return words is

RL(T ) = ΓL(T ) \ ΓL(T )A
+

Theorem [BDDPRR (i.e. us), 2013]

Let T be a regular interval exchange transformation on A. For any
w ∈ L(T ), the set of first right return words to w is a basis of the
free group on A.
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Return Theorem

0 1− α 1

αIa Ib

Jb Ja

T

b 7→ ba

α 1− α 1

2α
a b

b a

ϕ(T )

The set of first right return
words to a is

RL(T )(a) = {a, ba}

x = abaababaabaababaab · · ·
And we can find it via the
automorphism

θ :

{

a 7→ a

b 7→ ba
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Return Theorem

0 1− α 1

αIa Ib

Jb Ja

T

b 7→ ab

0 1− 2α 1− α

α
a b

b a

ψ(T )

a 7→ ab

0 1− 2α α

3α− 1
a b

b a

ψ2(T )

The set of first right return
words to b is

RL(T )(b) = {aab, ab}

x = abaababaabaababaab · · ·
And we can find it via the
automorphism

θ :

{

a 7→ ab 7→ aab

b 7→ b 7→ ab
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Conclusions

• Two-sided version of :
• admissible semi-intervals,
• Rauzy induction,
• two Rauzy’s theorems ;

• Regular interval exchange set ;

• Return theorem.
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