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One of the crucial properties of a quantum system is the existence of bound
states. The existence of eigenvalues outside the essential spectrum is well un-
derstood. Their eigenfunctions exhibit exponential decay, and their existence is
linked to the energy gap. However, the situation at the threshold is much more
subtle. There are two challenging problems for the states at the threshold-their
existence and asymptotic behaviour. In this talk we address the existence.

We present necessary and sufficient conditions for discrete Schrédinger op-
erators to have a zero-energy bound state. Our sharp criteria show that the
existence and non-existence of zero-energy ground states depends strongly on
the dimension and the asymptotic behaviour of the potential. There is a spec-
tral phase transition with dimension four being critical. Furthermore, we show
how the situation changes for the upper edge of the essential spectrum.



