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Abstract

We study Hardy–Rellich–Birman type inequalities for an integer power ℓ of
the discrete Laplacian on the half-line. Starting from a parameter sequence
satisfying suitable sufficient conditions, we construct an optimal weight for
these inequalities in a new unified way.

For suitable choices of the parameter sequence, this method produces
infinitely many explicit optimal weights. In particular, for ℓ = 1 we recover
the optimal Hardy weight of Keller–Pinchover–Pogorzelski, while for ℓ = 2 we
obtain new optimal discrete Rellich weights that improve upon the previously
best known results of Gerhat–Krejčǐŕık–Štampach and Huang–Ye. For ℓ ≥ 3,
we prove a conjecture of Gerhat–Krejčǐŕık–Štampach and identify the optimal
discrete Birman weights, improving earlier results of Huang–Ye.

The approach extends to the general ℓp setting for all p > 1 and also yields
the classical p-Birman inequality in both discrete and continuous settings,
which appears to be new.

This talk is based on joint work with F. Štampach.
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