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Leaky quantum graphs and their generalizations @

The first main object of interest in this talk are singular Schrodinger
operators that can formally written as

Hor =-A—-ad(x-T), a>0,
in L2(R"), where T is a graph understood as a subset of R”.

Motivation: (a) Interesting mathematical objects, in particular, since
their spectral properties reflect the geometry of T

(b) an alternative model of quantum graphs and generalized graphs
with the advantage that tunneling between edges is not neglected

Here we shall consider the simplest situation where I is a smooth
manifold in R™ having in mind three important cases:
curves in R2, surfaces in R3, and curves in R3

We can regard them as waveguides of a sort, with a finite size of the
transverse localization, and building blocks of more complicated structures
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The talk outline

We will be concerned with the discrete spectra of such operators, in @
particular, with asymptotic expansions of the eigenvalues with respect to
the parameters of the model.

Setting the scene: definition of the operators

Discrete spectrum induced by the singular interaction

Strong coupling eigenvalue asymptotics

Closed manifolds

» Curves with ends

» Surfaces with a boundary
» ¢’ interactions

v

A digression: Robin billiard counterparts

A geometric perturbation asymptotics

Asymptotic distribution of eigenvalues

Some open questions
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Definition of the Hamiltonian

@)
The easiest way to introduce a d-interaction in the case codim [ = 1 @
is to employ the quadratic form,

0o 96 e —a [ 1000,

which is closed and below bounded in W12(R9), d = 2, 3; the second
term makes sense in view of the standard Sobolev embedding.
For smooth manifolds we can use an alternative definition by boundary

conditions: H, r acts as —A on functions from W (Rd \ T), which are
continuous and exhibit a normal-derivative jump,

oY oy
To00| - Goe| =avo)

+

Moreover, for codim " = 1 one can consider other, more singular
interactions. The prime example is a o'-interaction supported by T in
which the roles of 7/ and g—f are switched; more about that a bit later.
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The case codim[ =2

This is more complicated but one can use again boundary conditions,
appropriately modified. Furthermore, for an infinite curve I' corresponding
to a map v : R — R3 we have to assume in addition that there is a
tubular neighbourhood of I which does not intersect itself

We employ Frenet’s frame (t(s), b(s), n(s)) for I'. Given £, n € R, we set
r = (247?42 and define family of “shifted” curves

=T = {q0(s) = 77"(s) = (s) + &b(s) + nn(s) }
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The case codim[ = 2, continued

C )
MNODI
7/,

The restriction of £ € W>*(R3\ T) to I, is well defined for small r;

loc
we say that f € W2?(R3\ ) N L%(R3) belongs to T if
— .1
=()(s) = _rll—rPO mffr,(s)a

(F)(s) = lim [Flr,(s)+=(F)(s)n7]

exist a.e. in R, are independent of the direction %(5,77), and define
functions from L2(R).

Then the operator H, r has the domain

{geT: 2ra=(g)(s) = Qg)(s) }
and acts as

—Horf =—Af for xeR3\T

Note that absence of the interaction corresponds ov — oo !
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Spectrum of H,r

Consider first the d-interaction with a finite support, |I'| < oco.
In this case it is easy to check that oess(Ha,r) = R4 holds.

On the other hand, the existence of a negative discrete spectrum is
dimension dependent. For d = 2 bound states exist whenever || > 0, in
particular, we have a weak-coupling expansion [Kondej-Lotoreichik'14]

Ma) = (CGr+o(1)) exp (—;ﬁ) as «af|l| — 0+

On the other hand, for d = 3 the singular coupling must exceed a critical
value. As an example, let I be a sphere of radius R > 0 in R3, then by
[Antoine-Gesztesy-Shabani'87] we have

Udisc(Ha,F) 7& 0 if aR>1
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Critical coupling for codim[ =2 @

The interaction is more singular but still it behaves with respect to weak
coupling as a regular potential in three dimensions:

Theorem (E-Kondej'08)

For a fixed a € R there exists a L, > 0 such that the H, r has no discrete
spectrum for || < L. On the other hand, if || > 27 e2™*~%(}) then
there is at least one bound state.

The existence is easy, one has to consider a straight ' and use Dirichlet
bracketing. The nonexistence is a bit more involved and requires to
estimate the norm of the generalized Birman-Schwinger operator.
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The ¢’ interaction in the plane @

This case is more involved because the answer depends on the topolo
of I'. In particular, it is easy to see that the corresponding Hamiltonian
Hgr has always a discrete spectrum if [ /s 2 Joop.

On the other hand, consider nonclosed monotone curves, piecewise C1,
i.e. those one can parametrize by a piecewise C! map ¢ : (0,R) — R as

= {xo + r(cos(r),sinp(r)) : r € (0,R)}

Theorem (Jex-Lotoreichik'16)
We have o(Hpr) C Ry if 8> 2mwry/1+ (r¢'(r))? holds for all r € (0, R). J

Recall that /arge 7 means weak coupling for the ¢ interaction. The proof
is based on a minimax estimate and the claim extends to a wider class of
curves obtained form the above on by /inear fractional transformations.

Question: Is o(Hgr) C Ry for any non-closed I and 3 large enough?
According to Monique Dauge, the answer seems to be positive.
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0 interaction supported by infinite curves

A geometrically induced spectrum may exist even if [ is infinite and
inf 0ess(Ha,r) < 0. As an example, consider a non-straight, piecewise
Clsmooth curve T : R — R? parameterized by its arc length, assuming

e [[(s)—T(s")] > c|s — §| holds for some ¢ € (0,1)

o [ is asymptotically straight: there are d > 0, u > %
and w € (0,1) such that

M) =1(s)

-1/2
|s — | }

Sd[1+|s+s’]2“
in the sector S, := {(5,5") : w< & <w™!}

S

Theorem (E-Ichinose’'01)

Under these assumptions, 0ess(Ha,r) = [—%az, 00) and Hyr has at least

one eigenvalue below the threshold —%a2.
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Geometrically induced bound states, continued 6

The result is obtained via (generalized) Birman-Schwinger principle
regarding the bending a perturbation of the straight line

the crucial observation is that — in view of the 2D free resolvent
kernel properties — this perturbation is sign definite and compact

The analogous result holds for curves in 2%, under slightly stronger
regularity hypotheses, with —%az replaced by the corresponding 2D
point-interaction eigenvalue

For curved surfaces T C R3 such a result is proved at present in the
strong coupling asymptotic regime only

Implications for graphs: let T D T in the set sense, then H., ¢ < Har-
If the essential spectrum threshold is the same for both graphs -
which is often easy to establish — and [ fits the above assumptions,
we have ggisc(Ha,r) # 0 by the minimax principle
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Strong 0 interaction asymptotics
@)
If the attraction is strong the motion is strongly localized transversall @
and the geometry of I is manifested. Again, we exclude self-intersections.

Consider a a C* smooth curve in R? without ends, either infinite or a
closed loop. In the limit o — oo the j-th eigenvalue of H, r behaves as

2
A(a) = _% + i+ O(a tna)
where p; is the j-th eigenvalue of
d 1 5
Sr = _@ — ZKJ(S)

on L2((0,|r])) for dimT = 1, where & is curvature of T.
Under similar hypotheses on smoothness and absence of boundaries, the
claim extends to higher dimensions, specifically

e for a curve in R? we replace —%2 by €, = —4 ¢2(—2mati(1)

e for a surfaces in R3 we replace the above S by Sp = —Ar + K — M?,
where —Ar is Laplace-Beltrami operator on [ and K, M, respectively,
are the corresponding Gauss and mean curvatures

P. Exner: Singular Schrédinger operators ... Operators, Operator Families ... May 16, 2016 -12 -



Strong 0 interactions, continued

C )
There are various extensions of these results including, in particular,
asymptotic expansions for periodic manifolds, connected or disconnected,
or loops pierced by a magnetic flux — cf. [Ex'08] for a review

How these expansions are demonstrated: the argument has three essential
ingredients. The first is Dirichlet-Neumann bracketing at a boundary ¥, of
a tubular neighbourhood of I of radius a, here sketched for a loop in R3

X,

We have to care about the tube part only because the Dirichlet/Neumann
Laplacian in the remaining part of RY is positive
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Strong 0 interactions, continued

@)
The second step we use inside the tube natural curvilinear coordinates@
sometimes named Fermi and estimate the coefficients to squeeze the
operator between those with separated variables. For a curve in R2?, eg.,
they are

Hf, =Uf@l1+1® TS

a,x
where

o, d?
) 2@ + Vi (s)

K

Uf=—(17a

with PBC in the case of a loop, where V_(s) < 212(s) < V/(s) with an
O(a) error. In other words, the U are ()(a) close to Sr.

The transverse operators are associated with the forms

dalf] = [ 1) du = alf()?

—a

and t,[f] =t [f] = [ K[ (F(2)” + |f(~2)) defined on Wy?(~a, a)
and W12(—a, a), respectively.
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Strong 0 interactions, continued

Next we observe that for large « the presence of the boundaries cause
just an exponentially small error:

Lemma

There is a positive cy such that Tgf’a has for a large enough a single
negative eigenvalue ni o satisfying

a2 2 2

—aa/2 — o o —aa/2
—T(l—i-CN(‘ ></€a,a<—7<,‘£;a<—7<1—8<\ )

| the final step relate the tube radius with the coupling constant choosing
a = 6! In o which yields the result

In the other dimension/codimension cases the argument is analogous. If
codim " = 2 the transverse operator describes the Dirichlet/Neumann disc
of radius r with the point interaction in the centre; the error is again
exponentially small as « — —o0.
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Curves with ends _
We have seen that the described method yields for or @

curves gives the asymptotics for the number of bound states, but fails to
do that for individual eigenvalues — the difference between Dirichlet and
Neumann conditions imposed on the comparison operator is too big.

One conjectures that the ‘correct’ boundary conditions are . For
a finite planar curve we can prove it:

Theorem (E-Pankrashkin'14)

Suppose 7 is a C* smooth open arc in R? of length L with
then the strong-coupling limit of the j-th negative eigenvalue of H,  is

’

1 Ina
where i is the j-th eigenvalue of the operator —% — %5(5)2 on L?(0,L)
with , where k(s) is as before the signed curvature of ' at

the point s € (0, L).
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Curves with ends, continued @

The proof starts again from bracketing estimates but no it has to be
modified. The upper (Dirichlet) bound works as before, while for the lower
(Neumann) we use the fact that I has by assumption regular ends, i.e.
can be extended smoothly in the vicinity of the endpoints.

7

This allows us to take an ‘extended

tubular neighbourhood, at each endpoint

longer by a := 2Ina. Now we loose the

T a
advantage of variable separation and the
task is to show that the Neumann con-
dition imposed at this distance from the

curve end will have an effect which can
An extended neighbourhood

be included into the error term.
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Curves with ends, continued

The way to find such an estimate is to employ again the (generalized)
Birman-Schwinger principle.

It says, in particular, that the eigenfunction of H, r corresponding to

an eigenvalue \; = —/'ij? can be written — see, e.g. [Posilicano’04] — as

0 = 5= [ Kolrlx =T f(s) ds.

where f; is the corresponding eigenfunction of the Birman-Schwinger
operator acting on L2(I',ds).

The claim of the theorem then follows from simple geometric estimates
combined with the exponential decay of the Macdonald function Ky at
large distances. [J
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Curves with ends, codim[ =2 @
A similar result can be obtained for a curve arc in R3: =
Theorem (E-Kondej'16)

Let H,  correspond to a finite, non-closed C 4 smooth curve in R3 with
regular ends having length L and the global Frenet frame.
(i) The cardinality of the discrete spectrum behaves asymptotically as

fodisc(Ha,r) = L (—ea)Y?(1+ O(e™)) as a— —oc.
Y

(ii) Furthermore, the jth eigenvalue of H, 1 has the expansion
Ai(Har) = €a+pj +O(e™) for a— —oo,

where 1 corresponds to same the operator S on L2(0, L) as above.

is technically slightly more demanding but it follows the same basic
idea as in the previous case. [
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Let I C R3 be now a C*-smooth relatively compact orientable surfac
with a compact Lipschitz boundary dI'. In addition, we suppose that '
can be extended through the boundary, i.e. that there exists a larger
C*-smooth surface 'y such that T C Is.

Surface with a boundary =\

As in the case of surfaces without a boundary we consider the operator
Sr=—AP + K — M?, where —AP is Laplace-Beltrami operator on T,
now with at JI', and K, M, respectively, are the
corresponding Gauss and mean curvatures.

We denote eigenvalues of this operator as ,ujD, Jj € N, then we have

Theorem (Dittrich-E-Kiihn-Pankrashkin'16)
Let [ be as above, then for any fixed j € N we have

2
[0
/\j(Ha,F) = —T + MJ'D = 0(1) as o — 0.

If, in addition, T has a C? boundary, then the remainder estimate can be
replaced by O(a~tIn a).
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100Dl
7,

Surface with a boundary, comments on the proof®
As before, the upper bound is easy because one can take a layer
neighbourhood of the surface I itself and impose the ‘right’, that is,
Dirichlet conditions at its boundary. Using then an estimate with

separated variables, we get the result.

The lower bound can be done in two different ways. One is to construct
an explicit family of operators — cf. [Dittrich-E-Kiihn-Pankrashkin’16] for
details — using the projection to the lowest transverse mode and its
orthogonal complement, and to employ its monotonicity to prove the
convergence. This gives the result but without an explicit error term; the
advantage is that it requires only the Lipshitz property for OI.

An alternative is to use the same idea as for the curves with ends based
on Birman-Schwinger principle. This yields an error term, but since the
boundary is not a more complicated object now, we have to require a C?
smoothness in order to be able to perform the needed geometric estimates.
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Planar curves supporting a ¢’ interaction @
nSss

If codim [ = 1 the manifold can also support more singular interactio
One possibility is the ¢’-interaction. Using the curvilinear coordinates (s, u)
we can define the corresponding operator Hg r through the quadratic form

horl] = [Vl — B /r (s,04) — 1b(s,0_) ds

defined on functions 1 € H}(R2\ ) as ¥(s, u).
Alternatively, one can use boundary conditions: the operator acts as
Laplacian outside the interaction support,

(Hs.ry)(x) = =(A¢)(x)

for x € R2\ T, with the domain D(Hsr) = {¢ € H3(R2\T) |
O h(x) = O—ntb(x) =2 ()|, =BY (X)[r = P(x) o, — (x)lo_r},

where nr is the outer normal to ' and (x)|s,r are the appropriate traces.

Note that the strong-coupling limit in this case is § — 0+.
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Strong coupling on a ¢’ loop

Theorem (E-Jex'13)

Let T be a C*-smooth closed curve without self-intersections. Then
0ess(Ha,r) = [0,00) and to any n € N there is a 3, > 0 such that

#04isc(Har) > n holds for 5 € (0, 8,). Denoting by \j(B) the j-th
eigenvalue of Hg r, counted with multiplicity, we have the expansion

Aj(5)=;+uj+0(ﬁ|lnﬁ|), j=1,...,n,

valid as 3 — 04, where p; is the j-th eigenvalue of the comparison
operator S, the same as before. Moreover, for the counting function
B +— #o4(Hpr) we have

fodisc(Hp,r) = i; +0O(]InB|) as B—04.

A similar result holds for infinite curves, cf. [Jex'14], and for strong &’
interaction supported by surfaces without boundary, cf. [E-Jex'14]

P. Exner: Singular Schrédinger operators ... Operators, Operator Families ... May 16, 2016

- 23-




A digression: Robin ‘billiards’

Let Q be an open, simply connected set in R? with a closed C* Jorda @

boundary 9Q =T : [0,L] > s+ (I'1,T2) € R?, with v : [0, L] — R being
the signed curvature of . We consider the boundary-value problem

g:ﬁf onl,
n

—Af =)Af inQ
in Q, 3

with 3 > 0, where % is the outward normal derivative.

The corresponding self-adjoint operator Hg is associated with the
quadratic form

qslf] = HVf”%?(Q) - 5/ 1£(x)|?ds
r

defined on Dom(qg) = H(R).

As before we consider S = —f—; — 142(s) on L2(0, L) with periodic b.c.,
d furth , we denote v* = d v = mi .
and furthermore, we denote ~y r[gi)]( v(s) and . Fg}lﬂ v(s)
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A large parameter asymptotics

D)
Since the Robin problem can be regarded as a ‘one-sided version’ of @
our singular Schrodinger operators, one can try to employ the same
technique. Its naive use, however, yields only a much weaker result,

log 3 log 8
B B

The reason is that passing to curvilinear coordinates in the vicinity of the
boundary we get in the one-sided case a boundary term containing ~y. If
we want estimates with separated variables we have to employ rough
bounds with v* and .. However, the lower bound can be improved by a
variational technique; this yields at least the first term in the expansion:

—(ﬁ+§)2+un+0( )éAn(ﬁ)S*(ﬁ+%>2+Mn+O( )-

Theorem (E-Minakov-Parnovski'14)

In the asymptotic regime 3 — +o0o the j-th eigenvalue behaves as

N(B) = =B — "B+ O(827).
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A proof sketch

We employ variational estimate with trial functions ~—
@(S, u) _ X&(S) (e—au . e—2aa+ua)’

where x. is a smooth function on [0, L] with the support located in an
e-neighborhood of a point s* in which y(s*) = v*.
We consider functions of the form

(s) (5 -5+ 5)

s)=xl—),

Xe X 2

where x(x) is a fixed smooth function on R supported in the interval (0, 1).

Optimizing the bound by choosing ¢ = 871/3, we get
b2slel

18117200y ~

<—(8+2) +o().
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Proof sketch, continued

This proves the result for the ground state eigenvalue A\1(f).

For the higher eigenfunctions we proceed in the same way, using trial
functions of the form

—au —2aa+ua)

Pi(s,u) = xej(s) (e —e

)

where the longitudinal part is constructed from a shifted function y, for
instance

s—s*+(2j—1)5).

WERNE

The estimates remain essentially the same, up to the values of the
constants involved. By construction, the functions . ; with different
values of j have disjoint supports, hence ¢; is orthogonal to ¢;,
i=1,...,j—1, and by the min-max principle the eigenvalue \;(/3)
has again the stated upper bound. [
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Improvements and generalizations

The technique can be further refined using quasimodes for the lower
bounds. Moreover, the result can be extended to Robin domains in RY:

Theorem (Pankrashkin-Popoff'15)

Let Hg be the Robin Laplacian in open, connected domain 2 C R,
d > 2. Its j-th the eigenvalue behaves in the limit f — oo as

Aj(B) = =2 + Ei(=As — f(d — 1)H + O(log ),

where —As is the Laplace-Beltrami operator on S := 0N and H is the
mean curvature of the boundary, (d —1)H =K1+ -+ + Kg—1. In
particular, if Q has a compact C? boundary, then

Ai(B) = —B% — B(d — 1)Hmax + o(B).

The error term can be further improved if OSQ) is more regular.
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Note that for d = 3 the

is seen: in the Robin case the ‘effective potential’ is given by the
mean curvature only, while for Schrodinger operators it is a combination of
Gauss and mean curvatures, K — M2.

Improvements and generalizations G

The error term in the above result is still too large to allow to distinguish
individual eigenvalues. This can be changed, for d = 2 at least, if stronger
assumptions are imposed:

Theorem (Helffer-Kachmar'15)

Consider Q C R? with a C* smooth boundary, possibly infinite. Suppose
that the curvature k attains its maximum Kmax at a unique point, and the
maximum is non-degenerate, i.e. ky := —~r"(0) > 0. Then for any positive
n there exists a sequence {(j n} such that, for any positive M, the n-th
eigenvalue has for 3 — oo the following asymptotic expansion

M j 1-M
)\n(/B) - _ﬁ2 — Kmaxf3 + (2[7 - 1)\/§|5|1/2 + ZCJ,n‘/B|% + |/B|TO(1)
Jj=0

v
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A detour from the detour

(o
N ODI
We note that a part of theses results can be extended to nonlinear

eigenvalue problems, specifically to the question about the spectral bottom
of the p-Laplacian with Robin boundary conditions,

~Apu=AulP?u inQ, |VulP~ 2 Ou = BlulPu  at 0Q,

where A, is the p-Laplacian, Ap,u =V - (]Vu]””Vu) and n is the
outer unit normal. We ask about the smallest A satisfying the above
equation, i.e.

VulPdx — Pd
NQp8) = i AelVuldx=BlaglulPdo.
0£uEWLP(Q) Jo lulPdx
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The detour from the detour, continued

We call a domain Q C R¥, v > 2, admissible if @

e the boundary 0Q is C11, i.e. is locally the graph of a function
with a Lipschitz gradient

@ the principal curvatures of 9 are essentially bounded

@ the map 9Q x (0,0) 3 (s, t) — s —tn(s) € {x € Q : dist(x,00Q) < 0}
is bijective for some § > 0

The mean curvature H of 912 is, as above, the arithmetic mean of the
principal curvatures, and we set Hpax = Hiax(Q2) := supess H

Theorem (Kovatik-Pankrashkin'16)
For any admissible domain Q C R” | v > 2 and any p € (1,00) we have
AR, p,8) = —(p — 1)8P/ P~ — (v — 1) Hnax(2) + 0(6)

as 8 — oo.
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Back to the main topic: weakly bent curves

GS)
The strong coupling regime is not the only asymptotic problem the @
leaky structure can offer. Let us turn to geometric perturbations.

——

The simplest example is a broken /ine I' = I'g with a small angle (.

By the above mentioned result the Hamiltonian has an eigenvalues, a
single one for small 3, and by a simple scaling argument together with
an analogy with bent Dirichlet tubes lead us to conjecture that

MHr,) = —302 + a8* + o

with some a < 0 for § — 0+.

The question now is (a) what is the coefficient a, and (b) whether a
similar formula holds for more general slightly bent curves.
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Weakly bent curves, continued @

Let us first specify the class of curves we shall consider: I will be a
continuous and piecewise C2 infinite planar curve without self-intersections
parametrized by its arc length, i.e. the graph of a piecewise C?-smooth
function T : R — R2 such that |5§(s)| = 1. Moreover,
o there exists a ¢ € (0,1) such that [[(s) — ['(s")| > ¢|s — | holds
fors,s’ € R,
@ there are real numbers s; > s, and straight lines ¥;, i = 1,2, such
that I coincides with 21 for s > s; and with X5 for s < s»,
@ one-sided limits of 74 exists at the points where the function 7 is
discontinuous.
In particular, the signed curvature k(s) = 42(s)71(s) — J1(s)y2(s) is
piecewise continuous and the one-sided limits of 4, i.e. tangent vectors
to the curve at the points of discontinuity exist. We denote them as
Mn= {Pi}?gl and shall speak of them as of vertices. Consequently, I’
consists of §l1+ 1 simple arcs or edges, each having as its endpoints
one or two of the vertices.
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Weakly bent curves, continued

a3
The curvature integral describes bending of the curve. Specifically, @
the angle between the tangents at the points I'(s) and I'(s’) equals

o) = 3 )+ [ ke,

P,’E(S,S/) (S,s’)\n
where ¢(p;) € (0, 7) is the exterior angle of the two adjacent edges
of ' meeting at the vertex p;.

Alternatively, we can understand ¢(s, s’) as the integral over the interval
(s,s') of k : k(s) = k(s)+ > pen €(p) 3(s — p). By assumption k, k are
compactly supported, thus ¢(s,s’) has the same value for all s < s, and
s; < s’ which we shall call the total bending.

One can reconstruct I from k, uniquely up to Euclidean transformations,

M(s) = </0 cos b(u, O)du,/ossin¢(u,0)du> .
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Weakly bent curves, continued @

Now we introduce the one-parameter family of ‘scaled’ curves I'g,

M(s) = (/oscos,f¢(u70)du,/ossinA5¢(u,0))du>, 8 € (0.1].

Note that depending on (non)vanishing of the total bending of I' the limit
B — 0+ may have a different meaning, say ‘straightening’ or ‘flattening’.

Next we define an integral operator A: L?(R) — L?(R) through its kernel,
a4 o ) s 2 s )
N . ! [ <! _ _
A(s,s') == 3277K0<2‘S s|> |s—s </s, <;5> /s/(b .

Lemma
Under the stated assumptions, we have [, o A(s,s")dsds’ < co. J
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Weakly bent curves, the result 6
Now we are in position to state the weak-bending result.

Theorem (E-Kondej'16)

There is a fo > 0 such that for any 3 € (—f,0)U(0, Bo) the operator Hr
has a unique eigenvalue \(Hr,) which admits the asymptotic expansion

o?

2
MHry) = =7 = ( A, s’)dsds’) B+ o(8%).

Proof is laborious but the idea is simple. It is based again on application
of the Birman-Schwinger principle which says that

—K? €0a(Hr,) < ker(l —aQr,(r)) #0,
where Qr,(x) is the integral operator with the kernel

Or,(k;s,s') = %Ko(ﬁlw(S) —75(s));

moreover, we have dim ker(Hr, + x?2) = dim ker(/ — aQr,(r)).
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Weakly bent curves, continued

One has to compare with the Birman-Schwinger operator corresponding
to the straight line which has the kernel Ko (%|s — s'|) in the vicinity of
the point k = %a corresponding to threshold of the essential spectrum.

Let us return to the broken-line example: in this case A(s,s’) can be
found easily, it vanishes if s, s’ have the same sign, being otherwise

4
« ! |ss’|
A(s,s') = 32771-K6 (§|s - s’|> o] xa(s,s),
where xq(-,-) is the characteristic function of the set €, the union of
the second and fourth quadrant. The integral of A(s,s’) over the both
variable can be computed explicitly giving

1
1,2 = —Wﬁél +o(8%).
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Systems with infinite discrete spectrum @

One can encounter still another type of asymptotic formula in situations
when fogisc(Ha,r = 00. The eigenvalues then typically accumulate at the
bottom of the essential spectrum and one can ask how fast this
accumulation proceeds for a given geometry.

The first question is whether an infinite discrete spectrum may exist. In
examples such as the the broken line in the plane T'g considered above it
is not the case: the number of the bound state can be made large for a
sharp break, m — 3 sufficiently small, but it remains finite.

Nevertheless, examples of infinite discrete spectrum exist. This happens,
for instance if d = 3 and ' = Cy is the conical surface of the opening angle
26, in other words

T A )
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The conical layer spectrum

Theorem (Behrndt-E-Lotoreichik'14)

For any 6 € (0, 77) and « > 0 the essential spectrum of the operator

Hac, is [—3a2, oo), the discrete spectrum is infinite and accumulates
to —%az.

Proof sketch: The argument proceeds in several steps
@ Using the cylindrical symmetry one can perform a partial-wave
decomposition and observe that only the s-wave component is
important, the spectra of the components with nonzero angular
momentum are contained in [—foz 00).

@ The problem is thus reduced to two dimensions in a halfplane,
. . w(r,z
(r,z.) € Ry x R, using redu.ced wave functions, w(r., 0, z) = %
We introduce rotated coordinates, s along the halfline representing

the surface and t perpendicular to it.
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Proof sketch, continued @

o To check that oess(Ha,c,) D [—2a?,00) we construct a suitable Weyl
sequence. It can be done, e.g., using

wnp(s,8) = = (xa(3) exp(ips) ) (xa( L) exp(~51¢))

where x1, X2 are suitable C5° functions.

@ The check the opposite inclusion, one uses Neumann bracketing
taking a symmetric surface /ayer neighbourhood of the width 2/n
cut at a distance from the cone tip, s > n. Its complement does not
contribute to the essential spectrum; choosing n large enough, one
can make the influence of the term —(4r(z))~! in the Hamiltonian
small and to prove in this way that inf oess(Hac,) > —1a2 — ¢ holds
for any € > 0 which yields the result.

4
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Proof sketch, continued @

@ For the discrete spectrum part we chose suitable trial functions, e,g.,
wa(s, ) = pxa (5 xa(J7) exp(—5t]) € Hy(RY),

where X1, X2 are again suitable C5° functions.

@ Choosing the indices n appropriately, we can construct a sequence
of functions with disjoint supports and prove in this way that the
discrete spectrum is infinite and the eigenvalues Ay satisfy

2
o<l 7(6) ’

4 nﬁ
where v(6) > 0 with ngy1 := ni + ng and n; = N with N e N
sufficiently large. [

ke N,

Remarks: o The claim remains true if the cone is /ocally deformed.
e 0gisc(Hac,) = 0 holds if d > 4, cf. [Lotoreichik-Ourmiéres-Bonafos'16].
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Accumulation asymptotics

We denote conventionally Ng(T) = #{k € N: A\(T) < E}, i.e. the
counting function of eigenvalues of the operator T below the threshold
of its essential spectrum.

Theorem (Lotoreichik—-Ourmieres-Bonafos'16)

For the conical layer the discrete spectrum accumulates as

cot 0

N a2_E(Ha,CG)NH|InE|7 E—>O+

1
4

Proof idea is to estimate the discrete spectrum from above and below
using a suitable one-dimensional operator, in this case —dd—; — 45#129 712
on the interval (1,00) the spectral asymptotics of which is known. This
is combined with the estimates on the §-interaction eigenvalue on an
interval with Dirichlet or Neumann boundary similar to those used in

the discussion of the strong coupling asymptotics above.
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Open questions @
In my view, the main challenge concerns the strong-coupling behavior

in situations with /ess regularity, in the first place such a behavior for
Hamiltonians of branched leaky graphs.

Conjecture: In the ‘two-sided’ situation the strong coupling limit of broken
curves/branched graphs behaves similarly to shrinking Dirichlet networks
or tubes, i.e. a nontrivial limit with the natural energy renormalization can
be obtained provided the system exhibits a threshold resonance.

The ‘one-sided’ case is different: recall also that if the ‘attractive’ Robin
billiard has corners of angles 20;, the ground state behaves in the limit
B — oo as —32 max; (sin26;) — cf. [Levitin-Parnovski'08]. Tunneling
between the corners was discussed recently by Helffer and Pankrashkin.
Other problems: for periodic manifolds: absolute continuity of the
spectrum not proven generally, strong-coupling asymptotic behavior of
gaps, magnetic fields: how do they influence curvature-induced bound
states? We conjecture they may destroy them. Furthermore, where does
the mobility edge lies if I is randomized?, etc., etc.
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The talk was based, in particular, on
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as well as the other papers mentioned in the course of the presentation.
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It remains to say 6
7/

Thank you for your attention!
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