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Talk overview
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# What is known about scattering and resonances
In “guantum wire” systems?
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Talk overview

-

What is known about scattering and resonances
In “guantum wire” systems?

A model of “leaky” quantum wires and graphs,
Hyr=-A—-ad(z—-T)

Geometrically induced spectral properties

How to find spectrum numerically: an approximation
by point interaction Hamiltonians

A solvable resonance model: interaction supported by a
line and a family of points

Extension to higher dimension - plane and points
Open questions
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Usual graph resonance models

o N

Generally known: resonances in “ideal” graphs, e.g.

©
\

Hamiltonian in such models is a Schrodinger operator on
graph, with appropriate boundary conditions at the vertices
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Usual graph resonance models

- . -

Generally known: resonances in “ideal” graphs, e.g.

©
\

Hamiltonian in such models is a Schrodinger operator on
graph, with appropriate boundary conditions at the vertices

Search for spectral and scattering properties is thus an
ODE problem. Resonances typically appear if there are
finite edges, which have discrete spectra when
disconnected, embedded into the outer-leads continuum

Studied by many authors, for reviews see, for instance
%Kostrykin-SChrader, 1999; Kuchment, 2004, etc. J
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Finite-width effects
-

Less well known: A finite-width wire itself may produce
resonances. Take a smoothly bent hard-wall wire X of
width d, use natural curvilinear coordinates s, u

Rewrite the Hamiltonian H = —AZ% in the curvilinear
coordinates and expand it w.r.t. the transverse basis:

, 1
Hye = =0 [+ O(@)] 0+ (7%= (51 3+ 0(a),

where k1 := w/d and ~ is the curvature of bd X..
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Finite-width effects
-

Less well known: A finite-width wire itself may produce
resonances. Take a smoothly bent hard-wall wire X of
width d, use natural curvilinear coordinates s, u

Rewrite the Hamiltonian H = —AZ% in the curvilinear
coordinates and expand it w.r.t. the transverse basis:

, 1
Hye = =0 [+ O(@)] 0+ (7%= (51 3+ 0(a),

where k1 := w/d and ~ is the curvature of bd X..
Thus in leading order, transverse modes are decoupled:

2 2 2
K] 4K7 K7
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Finite-width effects

o N

The mode-coupling perturbation turns the embedded ev's
Into resonances, exponentially narrow w.r.t. d:

Theorem [Nedelec, 1997; Duclos-E.-Meller, 1998]:
Suppose that X is not straight and does not intersect itself.
Let the curvature satisfy |v(s)| < ¢(s)~!17¢ and extend
analytically to a “waisted sector”

{z € C:|arg(£z)| < agp, |Im z| < ng} for positive ag, g with
the same decay property. Then

0 S —Im Ej’n(d) S cj,ne_%m Qj_l/d
holds for all n < ng and d small enough.
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Finite-width effects

o N

The mode-coupling perturbation turns the embedded ev's
Into resonances, exponentially narrow w.r.t. d:

Theorem [Nedelec, 1997; Duclos-E.-Meller, 1998]:
Suppose that X is not straight and does not intersect itself.
Let the curvature satisfy |v(s)| < ¢(s)~!17¢ and extend
analytically to a “waisted sector”

{z € C:|arg(£z)| < agp, |Im z| < ng} for positive ag, g with
the same decay property. Then

0 S —Im Ej’n(d) S cj,ne_%m Qj_l/d

holds for all n < ng and d small enough.

Remark: The non-existence of embedded ev’s which
%survive curvature-induced perturbation is an open questionJ
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-

Drawbacks of these models

-

# Presence of ad hoc parameters in the b.c. describing
branchings. A natural remedy: use a zero-width limit in
a more realistic description

However, the answer is known so far only for
Neumann-type situations [Rubinstein-Schatzman,

2001; Kuchment-Zeng, 2001; E.-Post, 2003], the
Dirichlet case needed here is open (and difficult)
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Drawbacks of these models

o N

# Presence of ad hoc parameters in the b.c. describing
branchings. A natural remedy: use a zero-width limit in
a more realistic description

However, the answer is known so far only for
Neumann-type situations [Rubinstein-Schatzman,

2001; Kuchment-Zeng, 2001; E.-Post, 2003], the
Dirichlet case needed here is open (and difficult)

# Quantum tunneling is neglected: recall that a true
guantum-wire boundary is a finite potential jump J
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Leaky quantum graphs
-

We consider “leaky” graphs with an attractive interaction
supported by graph edges. Formally we have

Hoyr=-A—-ad(z—-1), a>0,

in L?(R?), where T is the graph in question.
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Leaky quantum graphs
- -

We consider “leaky” graphs with an attractive interaction
supported by graph edges. Formally we have

Hoyr=-A—-ad(z—-1), a>0,
in L?(R?), where T is the graph in question.

A proper definition of H, r: it can be associated naturally
with the quadratic form,

6 = |Vl — o [ o(a)Pda

which is closed and below bounded in W21 (R"); the second

term makes sense in view of Sobolev embedding. This
%definition also works for various “wilder” sets I' J
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Leaky quantum-graph Hamiltonians

o N

For I" with locally finite number of smooth edges and no
Cusps we can use an alternative definition by boundary

conditions: H, r acts as —A on functions from W' (R \ I),

loc

which are continuous and exhibit a normal-derivative jump,

oy oy

@) — )| =—av

_|_
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Leaky quantum-graph Hamiltonians

o - N

For I" with locally finite number of smooth edges and no
Cusps we can use an alternative definition by boundary

conditions: H, r acts as —A on functions from W' (R \ I),

loc

which are continuous and exhibit a normal-derivative jump,

o) o
il

= —ayi(x)
Remarks:

» for graphs in R? we use generalized b.c. which define a
two-dimensional point interaction in normal plane

# one can combine “edges” of different dimensions as
% long as codim I does not exceed three
!
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Geometrically induced spectrum

o N

(a) Bending means binding, i.e. it may create isolated
eigenvalues of H, 1. Consider a piecewise C'-smooth
I': R — R? parameterized by its arc length, and assume:
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Geometrically induced spectrum

o N

(a) Bending means binding, i.e. it may create isolated
eigenvalues of H, 1. Consider a piecewise C'-smooth
I': R — R? parameterized by its arc length, and assume:

® |['(s) —TI'(s")| > ¢|s — §'| holds for some ¢ € (0, 1)

» T is asymptotically straight: there are d > 0, u > 3
and w € (0,1) such that

I'(s) = I'(s")]
s —§'|

_1/2
}

1— <d[1+ s+

in the sector S, .= {(s, s)w< S < w! }

# straight line is excluded, i.e. |I'(s) — I'(s')| < |s — §/|
holds for some s, s’ € R J
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Bending means binding

-

Theorem [E.-Ichinose, 2001]: Under these assumptions, T
oess(Ha) = [—302,00) and H, r has at least one eigenvalue

below the threshold —1a?
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Bending means binding

-

Theorem [E.-Ichinose, 2001]: Under these assumptions, T
oess(Ha) = [—302,00) and H, r has at least one eigenvalue

below the threshold —7a?

® The same for curves in R3, under stronger regularity,
with —Xa? is replaced by the corresponding 2D p.i. ev

® For curved surfaces I' C R? such a result is proved in
the strong coupling asymptotic regime only

® Implications for graphs: let T O T in the set sense, then
H = < H,r. If the essential spectrum threshold is the

same for both graphs and I fits the above assumptions,
we have ogis.(Ho 1) # 0 by minimax principle
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More geometrically induced properties

o N

(b) Perturbation theory for punctured manifolds:
let T : R — R? be as above, C?-smooth, and let T, differ by
e-long hiatus around a fixed point zop € I'. Let ¢; be the ef of

H, r corresponding to a simple ev \; = \;(0) of H, 1.
Theorem [E.-Yoshitomi, 2003]: The j-thev of H,r_is

Aj(g) = X;(0) 4 alp;(zo)|*e +o(e"!) as &—0
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More geometrically induced properties

o N

(b) Perturbation theory for punctured manifolds:
let T : R — R? be as above, C?-smooth, and let T, differ by
e-long hiatus around a fixed point zop € I'. Let ¢; be the ef of

H, r corresponding to a simple ev \; = \;(0) of H, 1.
Theorem [E.-Yoshitomi, 2003]: The j-thev of H,r_is

Aj(g) = X;(0) 4 alp;(zo)|*e +o(e"!) as &—0

Remarks: Similarly one can express perturbed degenerate
ev's. Analogous results hold for ev’s for punctured compact,
(d—1)-dimensional, C''*+4/2l-.smooth manifolds in R?.
Formally a small hole acts as repulsive ¢ interaction with
coupling « times (d—1)-Lebesgue measure of the hole
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Strongly attractive curves

-

(c) Strong coupling asymptotics: letT' : R — R? be as
above, now supposed to be C*-smooth

Theorem [E.-Yoshitomi, 2001]: The j-thev of H,r is

1
)\j(a):—ZOzQ—k,uj—l—O(oz_llnoz) as o — 00,

where y; is the j-th ev of Sp := — 5 — 17(s)? on L?((R)
and ~ is the curvature of I'.
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Strongly attractive curves

-

(c) Strong coupling asymptotics: letT' : R — R? be as
above, now supposed to be C*-smooth

Theorem [E.-Yoshitomi, 2001]: The j-thev of H,r is

1
ANi(a) = —1042 +ui+0O(@tna) as a— oo,
where y; is the j-th ev of Sp := — 5 — 17(s)? on L?((R)
and v is the curvature of I'. The same holds if I is a loop;
then we also have

|T|ex
2T
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Further extensions

o N

o H,r with a periodicI" has a band-type spectrum, but
analogous asymptotics is valid for its Floquet
components H, r(0), with the comparison operator

St (0) satisfying the appropriate b.c. over the period cell.
It is important that the error term is uniform w.r.t. ¢
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o H,r with a periodicI" has a band-type spectrum, but
analogous asymptotics is valid for its Floquet
components H, r(0), with the comparison operator

St (0) satisfying the appropriate b.c. over the period cell.
It is important that the error term is uniform w.r.t. ¢

# Similar result holds for planar loops threaded by mg
field, homogeneous, AB flux line, etc.
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Further extensions

-

o H,r with a periodicI" has a band-type spectrum, but
analogous asymptotics is valid for its Floquet
components H, r(0), with the comparison operator

St (0) satisfying the appropriate b.c. over the period cell.
It is important that the error term is uniform w.r.t. ¢

# Similar result holds for planar loops threaded by mg

field, homogeneous, AB flux line, etc.

® Higher dimensions: the results extend to loops, infinite

and periodic curves in R?
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Further extensions

-

H, r with a periodic I" has a band-type spectrum, but

analogous asymptotics is valid for its Floquet
components H, r(0), with the comparison operator

St (0) satisfying the appropriate b.c. over the period cell.
It is important that the error term is uniform w.r.t. ¢

Similar result holds for planar loops threaded by mg
field, homogeneous, AB flux line, etc.

Higher dimensions: the results extend to loops, infinite
and periodic curves in R?

and to curved surfaces in R?; then the comparison
operator is —Arg + K — M?, where K, M, respectively,
are the corresponding Gauss and mean curvatures
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How to find the spectrum?

o N

The above general results do not tell us how to find the
spectrum for a particular I'. There are various possibilities:

® Direct solution of the PDE problem H, riy = Ay is
feasible in a few simple examples only
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How to find the spectrum?

o N

The above general results do not tell us how to find the
spectrum for a particular I'. There are various possibilities:

® Direct solution of the PDE problem H, riy = Ay is
feasible in a few simple examples only

# Using trace maps of R* = (—A — k?)~! and the
generalized BS principle

RF .= RIS + &Rﬁx,m[l — @an,m]—lan,dx )

where m IS ) measure on I', we pass to a 1D integral
operator problem, aRy, ¢ = ¢
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How to find the spectrum?

o N

The above general results do not tell us how to find the
spectrum for a particular I'. There are various possibilities:

® Direct solution of the PDE problem H, riy = Ay is
feasible in a few simple examples only

# Using trace maps of R* = (—A — k?)~! and the
generalized BS principle

R":= R{ +aRS, [ —aR), ] 'RE

m,dx >

where m IS ) measure on I', we pass to a 1D integral
operator problem, aRy, ¢ = ¢

® discretization of the latter which amounts to a
% point-interaction approximations to H, 1 |
&)
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2D point interactions

o N

Such an interaction at the point a with the “coupling
constant” « is defined by b.c. which change locally the
domain of —A: the functions behave as

0(x) = —5-log |z o] Lo, @) + La(,0) + O(|z )

where the generalized b.v. Ly(v,a) and Li(y, a) satisfy

Li(v,a) + 2ralg(y,a) =0, a€R
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2D point interactions

o N

Such an interaction at the point a with the “coupling
constant” « is defined by b.c. which change locally the
domain of —A: the functions behave as

0(x) = —5-log |z o] Lo, @) + La(,0) + O(|z )

where the generalized b.v. Ly(v,a) and Li(y, a) satisfy
Li(v,a) + 2ralg(y,a) =0, a€R

For our purpose, the coupling should depend on the set Y
approximating I'. To see how compare a line I" with the
solvable straight-polymer model [AGHH]

—— ) ) ) ) ) ) ) )

{/n J
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2D point-interaction approximation

o N

Spectral threshold convergence requires a,, = an which
means that individual point interactions get weaker. Hence
we approximate H, r by point-interaction Hamiltonians

H,, v, with a;, = a|Y,|, where |Y,,| .= tY,.
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2D point-interaction approximation

o N

Spectral threshold convergence requires a,, = an which
means that individual point interactions get weaker. Hence
we approximate H, r by point-interaction Hamiltonians

H,, v, with a;, = a|Y,|, where |Y,,| .= tY,.

Theorem [E.-Nemcova, 2003]: Let a family {Y,,} of finite
sets Y,, ¢ I' ¢ R? be such that

1
— fly) — [ fdm
HE -

holds for any bounded continuous function f : I' — C,
together with technical conditions, then H,_ y, — H,r

In the strong resolvent sense as n — oo.

" -
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Comments on the approximation

o N

# A more general result is valid: I' need not be a graph
and the coupling may be non-constant

|
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Comments on the approximation

-

# A more general result is valid: I' need not be a graph
and the coupling may be non-constant

# The result applies to finite graphs, however, an infinite I’
can be approximated in strong resolvent sense by a
family of cut-off graphs
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-

Comments on the approximation

-

# A more general result is valid: I' need not be a graph
and the coupling may be non-constant

# The result applies to finite graphs, however, an infinite I’
can be approximated in strong resolvent sense by a
family of cut-off graphs

#® Theideais due to Brasche, Figari and Teta, 1998, who
analyzed point-interaction approximations of measure
perturbations with codimI' = 1 in R?. There are
differences, however, for instance in the 2D case we
can approximate attractive interactions only
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Scheme of the proof

o N

Resolvent of H, v, is given Krein's formula. Given
k* € p(H,, y,) define |Y,| x |Y;,| matrix by

1 ik
A, v, (K% 2, y) = 7 [2W\Yn!a+ln (5) +vE] Oy

—Gr(r—y) (1—0zy)

for x,y € Y, where vg is Euler’ constant.
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Scheme of the proof

o N

Resolvent of H, v, is given Krein's formula. Given
k* € p(H,, y,) define |Y,| x |Y;,| matrix by

1 1k
Mo (W5,) = o= [2alYafa+1n () + 9 o
—Gr(z—y) (1—0day)
for z,y € Y, where v is Euler’ constant. Then

(Ha,y, —k°) 7 (=, ) Gr(r—y)
—1

+ > My, (K] (@ y)Grz—2) Grly—y)
'y €Yn
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Scheme of the proof
-

Resolvent of H, r is given by the generalized BS formula T

given above; one has to check directly that the difference of
the two vanishes as n — oo [
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Scheme of the proof
- -

Resolvent of H, r is given by the generalized BS formula
given above; one has to check directly that the difference of
the two vanishes as n — oo [

Remarks:

# Spectral condition in the n-th approximation, i.e.
det Ao, v, (k*) = 0, is a discretization of the integral
equation coming from the generalized BS principle
» A solution to A, v, (k*)n = 0 determines the
approximating ef by ¥ (z) = »_, v, 1jGr(z — y;)
# A match with solvable models illustrates the
convergence and shows that it is not fast, slower
than n~! in the eigenvalues. This comes from singular
% “spikes” in the approximating functions J
o)
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An interlude: scattering on leaky graphs
fLet " be a graph with semi-infinite “leads”, e.g. an T

infinite asymptotically straight curve. What we know
about scattering in such systems? Almost nothing!

® First question: What is the “free” operator? —A is not a
good candidate, rather H,, 1 for a straight line I". Recall
that we are particularly interested in energy interval
(—302,0), i.e. 1D transport of states laterally bound to T
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An interlude: scattering on leaky graphs

o N

Let I" be a graph with semi-infinite “leads”, e.g. an
infinite asymptotically straight curve. What we know
about scattering in such systems? Almost nothing!

® First question: What is the “free” operator? —A is not a
good candidate, rather H,, 1 for a straight line I". Recall

that we are particularly interested in energy interval
(—302,0), i.e. 1D transport of states laterally bound to T

# Existence proof for the wave operators is absent
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An interlude: scattering on leaky graphs

o N

Let I" be a graph with semi-infinite “leads”, e.g. an
infinite asymptotically straight curve. What we know
about scattering in such systems? Almost nothing!

® First question: What is the “free” operator? —A is not a
good candidate, rather H,, 1 for a straight line I". Recall

that we are particularly interested in energy interval
(—302,0), i.e. 1D transport of states laterally bound to T

# Existence proof for the wave operators is absent

o Conjecture: For strong coupling, o — oo, the scattering
is described in leading order by Sp := —4L; — 1y(s)?2
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An interlude: scattering on leaky graphs

o N

Let I" be a graph with semi-infinite “leads”, e.g. an
infinite asymptotically straight curve. What we know
about scattering in such systems? Almost nothing!

® First question: What is the “free” operator? —A is not a
good candidate, rather H,, 1 for a straight line I". Recall

that we are particularly interested in energy interval
(—302,0), i.e. 1D transport of states laterally bound to T

# Existence proof for the wave operators is absent
o Conjecture: For strong coupling, o — oo, the scattering
is described in leading order by Sp := —4; — Ly (s)?2

# On the other hand, in general, the global geometry of I'
% IS expected to determine the S-matrix J
!
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Finally, the resonances

-

Consider infinite curves I, straight outside a compact, and T
ask for examples of resonances. Recall the L*-approach: in
1D potential scattering one explores spectral properties of

the problem cut to a finite length L. It is time-honored trick
that scattering resonances are manifested as avoided
crossings in L dependence of the spectrum — for a recent
proof see Hagedorn-Meller, 2000. Try the same here:
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Finally, the resonances

-

Consider infinite curves I, straight outside a compact, and T
ask for examples of resonances. Recall the L*-approach: in
1D potential scattering one explores spectral properties of

the problem cut to a finite length L. It is time-honored trick
that scattering resonances are manifested as avoided
crossings in L dependence of the spectrum — for a recent
proof see Hagedorn-Meller, 2000. Try the same here:

® Broken line: absence of “intrinsic” resonances due lack
of higher transverse thresholds

® /Z-shapedT': if a single bend has a significant reflection,
a double band should exhibit resonances

# Bottleneck curve: a good candidate to demonstrate

% tunneling resonances J
o)
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Broken line

Resonances - from Physics to Mathematics and back, Dresden, January 30, 2004 — p.22/48



Broken line

-0.05

0.1

w —-0.15

-0.2 N

—-0.25 .

10 20 30 40 50 60

Resonances - from Physics to Mathematics and back, Dresden, January 30, 2004 — p.22/48



Z shape with 0 = 5

|
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Z. shape with 0 = %
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Z. shape with 0 = 0.327
fZLC — 10

a =295

@’7



Z. shape with 0 = 0.327
fZLC — 10

a =295

45 -
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A bottleneck curve

Consider a straight line defor-
mation which shaped as an
open loop with a bottleneck the
width a of which we will vary

|
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A bottleneck curve

Consider a straight line defor-
mation which shaped as an
open loop with a bottleneck the

width « of which we will vary \“

L L

If I" is a straight line, the transverse eigenfunction is
e~2ll/2 hence the distance at which tunneling becomes
significant is ~ 4a~!. In the example, we choose a = 1

b= \‘i
w Resonances - from Physics to Mathematics and back, Dresden, January 30, 2004 — p.25/48



Bottleneck with a = 5.2
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Bottleneck with a = 2.9

-0.05 i
—0.1} -

-0.2-

—-0.25
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Bottleneck with a = 1.9




Line and points — a solvable model

o N

Let us pass to a simple model in which existence of
resonances can be proved: a straight /leaky wire and a
family of /eaky dots.

|
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Line and points — a solvable model

o N

Let us pass to a simple model in which existence of
resonances can be proved: a straight /leaky wire and a
family of /leaky dots. Formal Hamiltonian

in L2(R?) with o > 0. The 2D point interactions at IT = {y()}
with couplings 6 = {31, ..., 8, } are properly introduced
through b.c. mentioned above, giving Hamiltonian H, g

) i
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Line and points — a solvable model

-

Let us pass to a simple model in which existence of
resonances can be proved: a straight /leaky wire and a

family of leaky dots. Formal Hamiltonian

in L2(R) with o > 0. The 2D point interactions at IT = {y(¥}
with couplings 6 = {31, ..., 8, } are properly introduced
through b.c. mentioned above, giving Hamiltonian H, g

Resolvent by Krein-type formula: given z € C\ [0, 00) we
start from the free resolvent R(z) := (—A — z)~1, also
interpreted as unitary R(z) acting from L? to W22, Then J
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Resolvent by Krein-type formula

f ® we introduce auxiliary Hilbert spaces, H, := L?(R) and T
H; := C", and trace maps 7; : W2#(R?) — H; defined
by 7of == fIxand i f := f In,

|
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Resolvent by Krein-type formula

f ® we introduce auxiliary Hilbert spaces, H, := L?(R) and T
H; := C", and trace maps 7; : W2#(R?) — H; defined
by 7of := f Isand 71 f := f In,
# then we define canonical embeddings of R(z) to H; by
Ri7L(Z) = TZ'R(Z) L2 — H;, RLﬂ'(Z) = [RZ"L(Z)}*, and
Rj,i(z) = TjRL,i(Z) H; — Hj, and

|
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Resolvent by Krein-type formula

f ® we introduce auxiliary Hilbert spaces, H, := L?(R) and T
H; := C", and trace maps 7; : W2#(R?) — H; defined
by 7of := f Isand 71 f := f In,
# then we define canonical embeddings of R(z) to H; by
Ri7L(Z) = TZ'R(Z) L2 — H;, RLﬂ'(Z) = [RZ"L(Z)}*, and
Rj,i(z) = TjRL,i(Z) H; — Hj, and

# operator-valued matrix I'(z) : Ho ® H1 — Ho & H1 by
[ij(2)g == —Ry;(z)g for i#j and ge€H;,
Foo(2)f == [a™ ' —=Roo(2)] f if f€Ho,
u(=)e = (5520 — G0,y ) (1=dw)) ¢,

% With s5(2) 1= 5+ 5(2) i= B + o= (In %2 — (1)) N
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Resolvent by Krein-type formula

o N

To invert it we define the “reduced determinant”

D(z) — FH(Z) — FlO(Z)FQO(Z>_1F()1(Z) . H1 — H1,

|
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Resolvent by Krein-type formula

-

To invert it we define the “reduced determinant”
D(z) = FH(Z) — Flo(z)Fgo(z)_lFm(z) . H1 — H1,

then an easy algebra yields expressions for “blocks” of
T'(2)]! in the form

T(2)y = D(2)7!,

T(2)]oe = T'o(2) 'Tia(2)D(z) " T10(2)loo(2) 7"
T(2)or = —Too(2) 'To1(2)D(z)"!

T(2)) = —D(2)” rm<z>roo<z>—1;

thus to determine singularities of [['(z)] " one has to find
the null space of D(z)

)
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Resolvent by Krein-type formula

o N

With this notation we can state the sought formula:

Theorem [E.-Kondej, 2003]: For z € p(H, g) WithImz > 0
the resolvent R, 5(z2) := (H, 5 — 2)~ ! equals

1,7=0

) i
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Resolvent by Krein-type formula

-

With this notation we can state the sought formula:

Theorem [E.-Kondej, 2003]: For z € p(H, g) WithImz > 0
the resolvent R, 5(z2) := (H, 5 — 2)~ ! equals

1,7=0

Remark: One can also compare resolvent of 4, 3 to that of
H, = H, x using trace maps of the latter,

Rap(2) = Ra(z) + Ra;Ll(Z>D(Z)_1Ra;1L<Z)

|
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Spectral properties of /1, 3

o N

It is easy to check that

1
Uess(Ha,ﬁ) — UaC(Hoz,ﬁ) — [_1&27 OO)

|
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Spectral properties of /1, 3
-

It is easy to check that

1
Uess(Hoz,ﬁ) — Uac(Hoz,ﬁ) — [_1&27 OO)

gaise 9iven by generalized Birman-Schwinger principle:

dimkerI'(z) = dimker R, (%),

1
Ha,ﬁgbz =20, & ¢, = Z RL,i(Z)ni,Za
1=0

where (1o ., m ) € kerI'(z). Moreover, it is clear that
0 € 0gisc(I'(2)) © 0 € g4isc(D(2)); this reduces the task
of finding the spectrum to an algebraic problem

) i
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Spectral properties of /1, 3
-

Theorem [E.-Kondegj, 2003]: (a) Let n = 1 and denote
dist (o, 1I) =: a, then H, g has one isolated eigenvalue

—x2. The function a — —«? is increasing in (0, co),
: 2 : 1 2
lim (—k7) = min {65, —7¢ } ,

a—=0

where ¢ := —4e?(=2m+¥v (1)) "while lim,_o(—x2) is finite.
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Spectral properties of /1, 3
B -

Theorem [E.-Kondegj, 2003]: (a) Let n = 1 and denote
dist (o, 1I) =: a, then H, g has one isolated eigenvalue

—x2. The function a — —«? is increasing in (0, co),

lim (—k;) = min « €g, GEE
where ¢ := —4e?(=2m+¥v (1)) "while lim,_o(—x2) is finite.
(b) Forany a > 0, 8 € R", and n € N, the operator H, 3

has N isolated eigenvalues, 1 < N < n. If all the point
Interactions are strong enough, we have N =n

" -
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Spectral properties of /1, 3
B -

Theorem [E.-Kondegj, 2003]: (a) Let n = 1 and denote
dist (o, 1I) =: a, then H, g has one isolated eigenvalue

—x2. The function a — —«? is increasing in (0, co),
lim (—x2%) = min{ e —1042
a—00 a G 4 7

where ¢ := —4e?(=2m+¥v (1)) "while lim,_o(—x2) is finite.
(b) Forany a > 0, 8 € R", and n € N, the operator H, 3

has N isolated eigenvalues, 1 < N < n. If all the point
Interactions are strong enough, we have N =n

Remark: Embedded eigenvalues due to mirror symmetry
w.r.t. X possible if n > 2

" -
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Resonance for n = 1

fAssume the point interaction eigenvalue becomes T
embedded as a — oo, i.e. that eg > —1a?
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Resonance for n = 1

fAssume the point interaction eigenvalue becomes T

embedded as a — oo, i.e. that eg > —1a?

Observation: Birman-Schwinger works in the complex
domain too (recall P Hislops's talk for regular potentials).
Thus it is enough to look for analytical continuation of D(-),

which acts for z € C\ [-7a? o) as a multiplication by

dal2) 1= 53(2) — 0u(e) = sp(2) — [ R ar
4

(Xe) (Og — Qi(z_t)l/Z) e2ia(z_t)1/2

iz, 1) = 167 t1/2(z—1)1/2

Thus we have a situation reminiscent of Friedrichs model,
%just the functions involved are more complicated J

)
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Analytic continuation

Take a region Q2_ of the other sheet with (—ioﬁ, 0) as a part
of its boundary. Put uY(\,t) := lim._o u(A+ic, t), define

o0 0
p(A )
]()\)::77/0 . i 2dt,

—aa

and furthermore, g, (%) := & (Zjlag)m.
4
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Analytic continuation

Take a region Q2_ of the other sheet with (—ioﬁ, 0) as a part
of its boundary. Put uY(\,t) := lim._o u(A+ic, t), define

o0 0
p(A )
]()\)::77/0 . i 2dt,

—aa

and furthermore, g, (%) := & (Zjlag)m.
4

Lemma: z — ¢,(z) is continued analytically to Q2_ as

AN = TN+ gaa() for A€ (-70%0).
Oq (2) = _/0 MZ’? S dt — 2gaqa(2), 2 € Q-

t—2z— z0Q J
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Analytic continuation

-

Proof: By a direct computation one checks

1
lim ¢=(\ £ ie) = ¢2(N), ——a* <\ <0,
e—0T 4

so the claim follows from edge-of-the-wedge theorem. [
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Analytic continuation

o | | N

Proof: By a direct computation one checks

1
lim ¢=(\ £ ie) = ¢2(N), ——a* <\ <0,
e—0Tt 4

so the claim follows from edge-of-the-wedge theorem. [

The continuation of d, is thus the function n, : M +— C,
where M = {z:Imz > 0} U (—%a?,0) UQ_, acting as

na(z) = s5(2) — 67 (2)

and our problem reduces to solution if the implicit function
problem n,(z) = 0.
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Resonance for n = 1

Theorem [E.-Kondej, 2003]: Assume ¢g > —1a?. For any a

large enough the equation 7,(z) = 0 has a unique solution
z(a) = u(b) +iv(b) € Q_, i.e. v(a) < 0, with the following
asymptotic behaviour as a — oo,

p(a) =5+ 0(™V79), v(a) = O™V ")

|
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Resonance for n = 1

Theorem [E.-Kondej, 2003]: Assume ¢g > —1a?. For any a
large enough the equation 7,(z) = 0 has a unique solution
z(a) = u(b) +iv(b) € Q_, i.e. v(a) < 0, with the following
asymptotic behaviour as a — oo,

p(a) =g+ 0(e™V"9) . v(a) = O(e” V™)

Remark: We have |¢, (z)| — 0 uniformly in a and
sg(2)] — oo as Im z — —oo. Hence the imaginary part z(a)

IS bounded as a function of «a, in particular, the resonance
pole survives as a — 0.

|
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Scattering for n = 1

o N

The same as scattering problem for (H,, 3, H,)

ﬁo

|
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Scattering for n = 1

o N

The same as scattering problem for (H,, 3, H,)

ﬁo

Existence and completeness by Birman-Kuroda theorem;
we seek on-shell S-matrix in (—1a?,0). By Krein formula,
resolvent for Im z > 0 expresses as

R@,ﬁ(z) = Ra(2) + 77@(2)_1('» Vz) Vs,

where v, := R.1,1(2)
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Scattering for n = 1

prpIy this operator to vector T

: L2 4\1/2 _
w)\+7j5(37) - ez()\—l—zs—l—a /4)" “xq o alxz|/2

and take limit e — 0+ in the sense of distributions; then a
straightforward calculation give generalized eigenfunction
of H, . In particular, we have
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Scattering for n = 1

prpIy this operator to vector T

: L2 4\1/2 _
w)\—i—ig(x) - ez()\—l—zs—l—a /4)" “xq o alxz|/2

and take limit e — 0+ in the sense of distributions; then a
straightforward calculation give generalized eigenfunction
of H, . In particular, we have

Proposition: Forany \ € (—ion, 0) the reflection and
transmission amplitudes are

e—OéCL

(A + 7a2)1/2 ;

RO) =T(\) — 1= an(\)!

they have the same pole in the analytical continuation
to (2_ as the continued resolvent J

)
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Resonances from perturbed symmetry

o N

Take the simplest situation, n = 2

Bo*

a

oﬁ()"‘b



Resonances from perturbed symmetry

o N

Take the simplest situation, n = 2

5o°
a
@7
a
° 50 _|_ b
Let ogise(Ho g,) N (—1a?,0) # 0, so that Hamiltonian Hy g,

has two eigenvalues, the larger of which, ¢,, exceeds —1a?.

Then H, 3, has the same eigenvalue ¢; embedded in the
negative part of continuous spectrum
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Resonances from perturbed symmetry

-

-

Take the simplest situation, n = 2

Bo*

a

a
oﬁ()"‘b

Let ogisc(Ho 5,) N (—3?,0) # 0, so that Hamiltonian Hy s,
has two eigenvalues, the larger of which, ¢,, exceeds —1a?.
Then H, 3, has the same eigenvalue ¢; embedded in the

negative part of continuous spectrum
One has now to continue analytically the 2 x 2 matrix
function D(-). Put k2 := /—¢2 and 35(k) := sg(—k?) J
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Resonances from perturbed symmetry

Proposition: Assume ¢, € (—1a?,0) and denote T
g(A) := —iga.a(N). Then for all b small enough the continued
function has a unique zero z2(b) = u2(b) + iva(b) € 22— with

the asymptotic expansion

Kkob

O(b”
S5(k2)+ K (2ak2) 007,

pa(b) = €2+

i) = — iag(e2)t” L O
308, (m2) + K (2an2)) ¥y ()~ o0(c2)

|

Resonances - from Physics to Mathematics and back, Dresden, January 30, 2004 — p.42/48

S



-

Unstable state decay, n = 1
-

Complementary point of view: investigate decay of unstable
state associated with the resonance; assume again n = 1.
We found that if the “unperturbed” ev ¢35 of Hgz is embedded

in (—ioﬁ, 0) and a is large, the corresponding resonance
has a long halflife. In analogy with Friedrichs model
[Demuth, 1976] one conjectures that in weak coupling case,
the resonance state would be similar up to normalization to
the eigenvector &, := Ko(,/—€g ) of Hg, with the decay law
being dominated by the exponential term

|
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Complementary point of view: investigate decay of unstable

Unstable state decay, n = 1
-

state associated with the resonance; assume again n = 1.
We found that if the “unperturbed” ev ¢35 of Hgz is embedded

in (—ioﬁ, 0) and a is large, the corresponding resonance
has a long halflife. In analogy with Friedrichs model

[
t

f

Demuth, 1976] one conjectures that in weak coupling case,
ne resonance state would be similar up to normalization to

ne eigenvector &y := Ko(,/—€5-) of Hg, with the decay law

being dominated by the exponential term

At the same time, H,, g has always an isolated ev with ef

which is not orthogonal to & for any « (recall that both
functions are positive). Consequently, the decay law
(&0, U (t)&0))% |0l 2 has always a nonzero limit ast — oo

|
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Extension: plane and points

B . -
s

° H..o

In a similar way one can treat a 3D model with interaction
supported by a plane and a family of points, formally

in L2(R3) with a > 0. The point interactions at IT = {y(9}
with couplings 6 = {f31,...,0,} are properly introduced

%through appropriate b.c., giving Hamiltonian H,, g J
A
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Extension: plane and points

o N

# The resolvent is given by a similar Krein-type formula
using the resolvent of —A in L?(R?)
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Extension: plane and points

o N

# The resolvent is given by a similar Krein-type formula
using the resolvent of —A in L?(R?)

< Uess(Hoz,ﬁ) — Uac(Hoz,ﬁ) — [—iaQ, OO)
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Extension: plane and points

o N

# The resolvent is given by a similar Krein-type formula
using the resolvent of —A in L?(R?)

< Uess(Hoz,ﬁ) — Uac(Hoz,ﬁ) — [—iaQ, OO)

® |f n=1thereis oneisolated ev —x2 < —7a?. If 3> 0 or

€z € [—1a% 00), Where &5 := —(473)?, then
: 2 ~
= Jim g = s,

otherwise we have

, 1
— lim k% = —=a*
a—00 4

% Recall that o4is.(Hp g) = 0 for > 0 J
o)
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Extension: plane and points

o .

# Indistinction to 2D situation we have —lim, g x; = —c©

|
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Extension: plane and points

o .

# Indistinction to 2D situation we have —lim, g x; = —c©

# In general there are 1 < N < n ev’s, in particular,
exactly » if all the —3; are large enough
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Extension: plane and points
» In distinction to 2D situation we have —lim, .o x> = —ooT

# In general there are 1 < N < n ev’s, in particular,
exactly » if all the —3; are large enough

-

® Letn=1andéz > —3a?. Forlarge enough a the
resolvent R, s has 2nd sheet pole z(a) = p(a) + iv(a),
v(a) < 0, which for « — oo behaves as

pla) = &+ O0(e™*?), v(a) = O(e™*)
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°

Extension: plane and points

.

In distinction to 2D situation we have — lim,_,g kK = —o0

In general there are 1 < N < n ev’s, in particular,
exactly » if all the —3; are large enough

Let n =1 and é5 > —1a?. For large enough a the
resolvent R, s has 2nd sheet pole z(a) = p(a) + iv(a),
v(a) < 0, which for « — oo behaves as

pla) = &+ O0(e™*?), v(a) = O(e™*)

The resonance pole exists even if the distance is not
large. In contrast to the two dimensional case, however,

the imaginary part of the pole position v(a) diverges

to —ocointhe limita — 0
Resonances - from Physics to Mathematics and back, Dresden, January 30, 2004 — p.46/48



Open questions

-

f ® Strong coupling asymptotics of ogis.(H, 1) 1S NOt known
for curves with open ends (manifolds with boundaries).
For smooth I', one conjectures similar asymptotics,
where St has Dirichlet b.c. For non-smooth I the
leading term is expected to be different
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Open questions

o N

® Strong coupling asymptotics of ogis.(H, 1) IS NOt known
for curves with open ends (manifolds with boundaries).
For smooth I', one conjectures similar asymptotics,
where St has Dirichlet b.c. For non-smooth I the
leading term is expected to be different

® Scattering on leaky graphs: existence and completess
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Open questions

o N

® Strong coupling asymptotics of ogis.(H, 1) IS NOt known

for curves with open ends (manifolds with boundaries).
For smooth I', one conjectures similar asymptotics,
where St has Dirichlet b.c. For non-smooth I the
leading term is expected to be different

® Scattering on leaky graphs: existence and completess
® Scattering on leaky curves: strong coupling asymptotics
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Open questions

-

Strong coupling asymptotics of ogis.(H, 1) IS not known

for curves with open ends (manifolds with boundaries).
For smooth I', one conjectures similar asymptotics,
where St has Dirichlet b.c. For non-smooth I the
leading term is expected to be different

Scattering on leaky graphs: existence and completess
Scattering on leaky curves: strong coupling asymptotics
Resonances: existence, properties in less trivial models
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Open questions

-

Strong coupling asymptotics of ogis.(H, 1) IS not known
for curves with open ends (manifolds with boundaries).
For smooth I', one conjectures similar asymptotics,
where St has Dirichlet b.c. For non-smooth I the
leading term is expected to be different

Scattering on leaky graphs: existence and completess
Scattering on leaky curves: strong coupling asymptotics
Resonances: existence, properties in less trivial models

Periodic 1", in one direction: absolute continuity (proved
so far only at the bottom of the spectrum)

|
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°

Open questions

-

Strong coupling asymptotics of ogis.(H, 1) IS not kKnown

for curves with open ends (manifolds with boundaries).
For smooth I', one conjectures similar asymptotics,
where St has Dirichlet b.c. For non-smooth I the
leading term is expected to be different

Scattering on leaky graphs: existence and completess
Scattering on leaky curves: strong coupling asymptotics
Resonances: existence, properties in less trivial models

Periodic 1", in one direction: absolute continuity (proved
so far only at the bottom of the spectrum)

More questions: random leaky graphs, adding magnetic

fields, justification of the L? approach for leaky-graph
resonances, etc.
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