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Motivation

flsoperimetric problems are traditional in mathematical T
physics. Recall, e.qg., the Faber-Krahn inequality for the

Dirichlet Laplacian —A#%! in a compact M c R?: among all

regions with a fixed area the ground state is uniquely
minimized by the circle,

M|

infa(—A%) > 77]8,1

similarly a ball is a minimizer for a compact M c R, d > 3
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Motivation

flsoperimetric problems are traditional in mathematical T
physics. Recall, e.qg., the Faber-Krahn inequality for the

Dirichlet Laplacian —A#%! in a compact M c R?: among all

regions with a fixed area the ground state is uniquely
minimized by the circle,

M|

infa(—A%) > 77]8,1

similarly a ball is a minimizer for a compact M c R, d > 3

Another classical example is the PPW conjecture proved
by Ashbaugh and Benguria: in the 2D situation we have

Ao(M) (511"
A (M) . <j0,1) J
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Notice that topology is important
-

It M is not simply connected, rotational symmetry may T
again lead to an extremum but its nature can be different.
Recall a a strip of fixed length and width [E.-Harrell-Loss 99]

ground state of Q , < ground state of @

whenever the strip is not a circular annulus
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Notice that topology is important
- -

It M is not simply connected, rotational symmetry may
again lead to an extremum but its nature can be different.
Recall a a strip of fixed length and width [E.-Harrell-Loss 99]

ground state of Q , < ground state of @

whenever the strip is not a circular annulus

Another example is a circular obstacle in circular cavity
[Harrell-Kroger-Kurata’01]

ground state of @ < ground state of @

%whenever the obstacle is off center J
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Singular Schrodinger operators

fSimiIar results can be proven if the confinement is due to T
a (regular or singular) potential. Two models with singular
coupling were analyzed recently [E'05a, E'05b, EHLO5]:
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Singular Schrodinger operators

fSimiIar results can be proven if the confinement is due to T
a (regular or singular) potential. Two models with singular
coupling were analyzed recently [E'05a, E'05b, EHLO5]:

In the simplest possible example the interaction has the
form of a closed array of o potentials, so the Hamiltonian
can be written formally as

N
—A+a) dx—y) in LX(RY), d=2,3,
j=1
where the y;’s are vertices of an equilateral polygon Py
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Singular Schrodinger operators

fSimiIar results can be proven if the confinement is due to T
a (regular or singular) potential. Two models with singular
coupling were analyzed recently [E'05a, E'05b, EHLO5]:

In the simplest possible example the interaction has the
form of a closed array of o potentials, so the Hamiltonian
can be written formally as

N
~A+ay dx—y;) in LA(R?*), d=2,3,
j=1
where the y;’s are vertices of an equilateral polygon Py

In the same vein one can analyze an attractive § potential
supported by a closed loop I' of fixed length, i.e.

—~A—ad(z—T) in L*(R?) B
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Polymer loops

o N

Consider a problem related to both the above ones;
following [AGHH'88, 05] we can call it a polymer loop
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Polymer loops

-

Consider a problem related to both the above ones;
following [AGHH'88, 05] we can call it a polymer loop

It is an extension of the “discrete” problem to a more
general class of curves: we take a closed loop I' and
consider a class of singular Schrodinger operators in

L*(RY), d = 2,3, given formally by the expression

N—-1 jL
HY. = A +a Bl
N ()

We are interested in the shape of I which maximizes
the ground state energy provided, of course, that the

%mscrete spectrum of H - IS non-empty. J
)
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Charged necklaces

o N

We will consider at the same time another problem which
concerns a charged necklace. It comes from classical
electrostatics and at a glance it has a little in common
with the quantum mechanical question posed above
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-

We will consider at the same time another problem which
concerns a charged necklace. It comes from classical
electrostatics and at a glance it has a little in common
with the quantum mechanical question posed above

Let I': [0, L] — R’ be again a loop and suppose that N
identical charges are placed at the points I'(kL/N),
k=0,1,...,N — 1. We ask about the shape which this
constrained family of point sources will take in absence
of external forces, i.e. about minimum of the potential
energy of the Coulombic repulsion
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Charged necklaces

-

We will consider at the same time another problem which
concerns a charged necklace. It comes from classical
electrostatics and at a glance it has a little in common
with the quantum mechanical question posed above

Let I': [0, L] — R’ be again a loop and suppose that N
identical charges are placed at the points I'(kL/N),
k=0,1,...,N — 1. We ask about the shape which this
constrained family of point sources will take in absence
of external forces, i.e. about minimum of the potential
energy of the Coulombic repulsion

We are going to show that both these problems reduce
essentially to the same geometric question

|

EPSRC Gregynog Workshop Computation and Analytic Problems in Spectral Theory; July 25, 2005 — p.7/28



A reminder: 2D point interactions

fFixing the site y; and “coupling constant” o we define them T
by b.c. which change locally the domain of —A: we require

0(2) = o log |z — | Lo(w. ) + Li(t0.5) + Olz — 1),

where the generalized b.v. Ly(¢,y;) and Li(v, y,) satisfy

Li(¢,y;) — alo(¥,y;) =0, a€R
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A reminder: 2D point interactions

fFixing the site y; and “coupling constant” o we define them T
by b.c. which change locally the domain of —A: we require

0(2) = o log |z — | Lo(w. ) + Li(t0.5) + Olz — 1),

where the generalized b.v. Ly(¢,y;) and Li(v, y,) satisfy
Ly(¢,yj) — aLo(y,y;) =0, a€R
For Yy := {y; == T (%) . j=0,...,N — 1} we define in this
way —A, v in L2(R?). It holds ogise (—Anyi) # 0, €.
e1 = €1, Yp) :==info (—Auy) <0,

%which Is always true in two dimensions — cf. [AGHH'88, 05] J
&)
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A reminder: 3D point interactions

fSimiIarIy, for y; and “coupling” oo we define them by b.c. T
which change locally the domain of —A: we require

B 1
A|x — y;|

U(z) Lo(v¥,yj) + L1(¥,y5) + Ol — ;)

where the b.v. Lo(v,y;) and Li(, y;) satisfy again

Ll(way])_&LO(qvb?y]) :Oa OKER,

|
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A reminder: 3D point interactions

fSimiIarIy, for y; and “coupling” oo we define them by b.c. T
which change locally the domain of —A: we require

B 1
A|x — y;|

U(z) Lo(v¥,yj) + L1(¥,y5) + Ol — ;)

where the b.v. Lo(v,y;) and Li(, y;) satisfy again
Li(¥,y;) — aLo(¥,yj) =0, a€R,

giving —A, y;. in L*(R?). However, ogisc (—Aayi) # 0, i.€.
e1 = €1(a, Yp) :=info (—Auy) <0,

IS now a nontrivial requirement; it holds only for o below
%some critical value o — cf. [AGHH’88, 05] |
o)
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A local maximum

fTo begin with, let us formulate the assumptions: T

I is a continuous, piecewise C' function, [0, L] — R?, such
thatT'(0) = I'(L) and |I'(s)| = 1 holds for any s € [0, L]

In fact that we consider R — R? (mod L), i.€. ¥j = ¥ (mod N);

an argument shift means a trivial reparametrization.

Spectra of —A, v, and —A, y, corresponding Euclidean
related I" and IV are the same; speaking about curves we
have naturally in mind such equivalence classes
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A local maximum

fTo begin with, let us formulate the assumptions: T

I is a continuous, piecewise C' function, [0, L] — R?, such
thatT'(0) = I'(L) and |I'(s)| = 1 holds for any s € [0, L]

In fact that we consider R — R? (mod L), i.€. ¥j = ¥ (mod N);
an argument shift means a trivial reparametrization.
Spectra of —A, v, and —A, y, corresponding Euclidean

related I" and IV are the same; speaking about curves we
have naturally in mind such equivalence classes

Theorem: Under the stated assumptions, the (nontrivial)
ground state ¢ (a, Y7) is for fixed o« and L > 0 locally

sharply maximized by a regular planar polygon, T' = Py.
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A geometric reformulation

fo Krein’s formula, the spectral condition is reduced to an

algebraic problem. Using k& = ik with « > 0, we find the ev’s
— 2 of our operator from

detI'y, =0 with (F/{;)ij = (a — fk)(sz] — (1 — 5@])95 ;

where the off-diagonal elements are gfj = Gy —y;), Or

equivalently

1

k
9i5 = %KO(“\% — Yl)

and the regularized Green’s function at the interaction site is

1

Y
= =5 (n5 +m)
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Geometric reformulation, continued

fThe ground state refers to the point where the lowest ev T
of I';, vanishes. Using smoothness and monotonicity
of the k-dependence we have to check that

~

min o(Iz, ) < mino(Tyz,)

~

holds locally for I # Py, where —&? := ¢ (a, Py)
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Geometric reformulation, continued

fThe ground state refers to the point where the lowest ev T
of I';, vanishes. Using smoothness and monotonicity
of the k-dependence we have to check that

min o(Tyz,) < mino(Dyz,)
holds locally for ' # Py, where —&? := e1(a, Py)
There is a one-to-one relation between an ef ¢ = (cy,...,cN)
of I';, at that point and the corresponding ef of —A 1 given
by ¢ = >0 ¢;Gin(- = y;), up to normalization. In particular,
the lowest ev of I';;, corresponds to the eigenvector
o1 = N~1/2(1,...,1); hence the spectral threshold is

1<J

EPSRC Gregynog Workshop Computation and Analytic Problems in Spectral Theory; July 25, 2005 — p.12/28
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Geometric reformulation, continued

fOn the other hand, we have mino(T';z,) < (¢1, ml¢1 ), and T
therefore it is sufficient to check that

Y Gislyi—yj) > Y Gin(y

1<J 1<)
holds for all k > 0 and I" # Py .
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Geometric reformulation, continued

fOn the other hand, we have mino(T';z,) < (¢1, ml¢1 ), and T
therefore it is sufficient to check that

D Ginlyi—yj) > D Gy

1<J 1<)
holds forall k >0and T # Py. Call ¢;; := |y; — y;| and

— |7; — 9;| and define F : (R, )NWN=3)/2 _, R by

IN/2]
F({t;}) = > Z [ (Zij)} ;
m=2 |i—j|=

Using the convexity of G,,.(+) for a fixed x > 0 we get

[N/2] | 1
{Ez]} Zym Gim V— Z gij _G’ilﬂ',<£1,1+m) ,

[i—jl=m

%where v, IS the number of the appropriate chords J
&)
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Geometric reformulation, continued

flt IS easy to see that T

oy m o [3(N = 1)]
" %N m

1
%N for N even
since for an even N one has to prevent double counting
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Geometric reformulation, continued

flt IS easy to see that T

oy m o [3(N = 1)]
" %N m

1
%N for N even
since for an even N one has to prevent double counting

Since G;.(-) is also monotonously decreasing in (0, co),
we thus need only to demonstrate that

~ 1
Um+1 > — E lij
Un . =
i gl

with the sharp inequality for at least one m if Py # Py.
%In this way the problem becomes purely geometric J
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More general chord inequalities

fReoaII that for aloop I' : [0, L] — R? we have introduced T

|
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More general chord inequalities

fReoaII that for aloop I' : [0, L] — R? we have introduced T

%
y; ::F(%) i =01,... . N—1:

For fixed L > 0, N and m = 1,..., [ N] we consider the
following inequalities for /P norms related to the chord

lengths, that is, the quantities T’ ( + %) —I'()

N NLI=P[PgipnP Tm
D]Z;,N(m) : Zn:l ‘yn—l—m o yn‘p S SinpS%l - s, P> O,
. N B NItPginP =
DL?\[(m) : anl ‘yn—l—m o yn’ P Z Ip Sij;n%N ) p > 0.

%The RHS’s correspond to regular planar polygon Py J
o)
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Simple observations

o N

# If p =0 the inequalities turn into trivial identities

|
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Simple observations

-

# If p =0 the inequalities turn into trivial identities

# By scaling one can put, for instance, the loop
length L = 27 without loss of generality
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Simple observations
f # If p =0 the inequalities turn into trivial identities T

# By scaling one can put, for instance, the loop
length L = 27 without loss of generality

# In general, the inequalities are not valid for p > 2
as the example of a rhomboid shows: D7 ,(2) is

equivalent to sin? ¢ + cos? ¢ < 21-P/2) for0 < ¢ < 7
which obviously holds for p < 2 only
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Elementary properties

-

Using convexity of z — z® in (0, 00) for a > 1 we get

Proposition: D} (m) = D} y(m)ifp>p' >0
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Elementary properties

-

Using convexity of z — z® in (0, 00) for a > 1 we get
Proposition: DY (m) = D} \(m)if p>p' >0
Furthermore, Schwarz inequality implies

Proposition: D .(m) = D" (m) forany p > 0
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Elementary properties

o N

Using convexity of z — z® in (0, 00) for a > 1 we get
Proposition: DY (m) = D} \(m)if p>p' >0
Furthermore, Schwarz inequality implies

Proposition: D .(m) = D, (m) forany p > 0

Conjecture: We expect the above inequalities to be
valid for any p < 2, without substantial restrictions to

the regularity of I’
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Local validity of D; (m)

fWe are looking for constrained local maxima of the functionj

Jm : fm(yla---ayN Z’yz ?/H—m’

with gi(y1,...,yn) = % — |vi — ¥i+1] = 0,i=1,...,N. There

are in fact (N — 2)(d — 1) — 1 independent variables because
2d — 1 parameters are related to Euclidean transformations
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Local validity of D; (m)

fWe are looking for constrained local maxima of the functionj

Jm : fm(yla---ayN Z’yz ?/H—m’

with g;(y1, ..., yn) == % — [yi — yi41| > 0,i=1,...,N. There
are in fact (N — 2)(d — 1) — 1 independent variables because
2d — 1 parameters are related to Euclidean transformations

Following the convention for inequality-type constraints we
introduce slack variables z., r = 1,..., N, and Lagrange
multipliers A, » =1,..., N, which determine

N
Km(ylv"'ayNazla"'va) = fm(ylvvyN)+Z)‘T (gr(yla"'ayn)_zz)

o . .
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Local validity, continued

fIt IS straightforward to check that V; K, (y1, ..., yn) vanish T

for a regular planar polygon, with all the Lagrange
multipliers taking the same value

o sin? T
_ m : - N — L~
m S A7
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Local validity, continued

fIt IS straightforward to check that V; K, (y1, ..., yn) vanish T

for a regular planar polygon, with all the Lagrange
multipliers taking the same value

o sin? T
_ m : - N — L~
m S A7

At the same time, one requires vanishing of the derivatives

O K =2Xjz5, j=1,...,N

7

which means that at the extremum all the slack variables

vanish, z; = 0. This is not surprising; one expects critical

points of f,, to be reached under given constraints with the
%neighbour distances maximal, i.e. for a polygon |
o)
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Local validity, continued

fNegative definiteness of the Hessian needs more T
computation. A simple estimate then shows that it is
sufficient to establish negative definiteness of the form

&= Sml€] = {I&§ — &iml® — omlé — &)
j

on R?Y (the case m = 2 needs an additional argument)
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Local validity, continued

fNegative definiteness of the Hessian needs more T
computation. A simple estimate then shows that it is
sufficient to establish negative definiteness of the form

&= Sml€] = {I&§ — &iml® — omlé — &)
j

on R?Y (the case m = 2 needs an additional argument)

The two parts can be simultaneously diagonalized; using
their ev’'s one rewrites the condition as the inequality

7 r
Un—1 (COS N) > ‘Um_l (COS N>

,T=2,....,m—1,

for Chebyshev polynomials of the second kind which can
%be checked directly. This proves the above theorem J
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Application to charged necklaces

o N

Theorem: Under the stated assumptions, the Coulomb
energy of a charged necklace is locally sharply minimized

by a regular planar polygon, I = Py

|
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Application to charged necklaces

fTheorem: Under the stated assumptions, the Coulomb T
energy of a charged necklace is locally sharply minimized
by a regular planar polygon, I = Py

Proof: For a given nonzero charge ¢ of each “bead” the
potential energy equals

5] .
CY -l T =y Wm > |yntm — ynl 7,
j#£k m=1 n=1
and since the inequality Dj (m) implies D} (m), the
sum of all repulsion-energy terms is locally sharply
minimized by Py. O
o

|
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Is D7 \(m) globally valid?

fTry to adapt the idea of [EHLO05] in the “discrete” case. We T
put L = 27 and express I' through its Fourier series,

['(s) = Z cp €S
0#£n€eZ

with ¢, € C%; since I'(s) € R? one has to require c_,, = é,.
Notice that the assumption ¢y = 0 can be always satisfied
by a choice of the coordinate system.
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Is D7 \(m) globally valid?

fTry to adapt the idea of [EHLO05] in the “discrete” case. We T
put L = 27 and express I' through its Fourier series,

['(s) = Z cp €S

0#£n€eZ

with ¢, € C%; since I'(s) € R? one has to require c_,, = é,.
Notice that the assumption ¢y = 0 can be always satisfied
by a choice of the coordinate system.

It is convenient to assume I' € C?; the validity of D7 ()

can be extended by means of Welerstrass theorem and
continuity of the functions involved. Then the derivative
of I' is a sum of the uniformly convergent Fourier series

Lm. 0#£neZ __J
<)
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Global validity, continued

fThe arc-length parametrization, |I'(s)| = 1, gives T

2T 2T
2 = / T(s)|*ds = / Z Z nlcf - e, P08 ds |
0 0

0#£IeZ 0#£n€eZ

where ¢; = (¢.1,...,6.4), OF equivalently, the condition

Z n?le,)* =1.

0#ANEZ
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Global validity, continued

fThe arc-length parametrization, |I'(s)| = 1, gives T
27
27T:/ |2ds—/ Z ancl ¢ €05 g |
0 0£I€Z 0£nEZ
where ¢; = (¢.1,...,6.4), OF equivalently, the condition
Z n?le,)* =1.
0#ANEZ

Furthermore, the left-hand side of D3 (m) equals

N
_omimj/N omimk/N 1\ 2rin(k—j)/N
; Zk (e J 1) (e 1) e J J
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Global validity, continued

fNext we change the order of summation and observe that T
S e2rin(k=i)/N — N if j = k (mod N) and zero otherwise;
this allows us to write the last expression as

' k

aNST ST Ll - R j_lsinﬂmj‘ ‘k‘lsinﬂy\; ‘
2 0 4tikez
j—k=IN
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Global validity, continued

fNext we change the order of summation and observe that T
S e2rin(k=i)/N — N if j = k (mod N) and zero otherwise;
this allows us to write the last expression as

NS Ll ke |5

L h4iker
i—k=IN

T}

Lsin

. Tmmk
Hk Lsin ‘

N

Hence the sought inequality DQW ~(m) IS equivalent to

(d, (AN:m) ®I)d) (wsin%)2

NsmN
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Global validity, continued

fHere the vector d € (?(Z) ® C% has the components T
d; := |j|c; and the operator A" on (2(Z) is defined as

ANm) 4 }j‘lsin%j’ ‘k_lsin%‘ if 0#j,k€Z,j—k=IN
Jk T

\ 0 otherwise
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Global validity, continued

fHere the vector d € (?(Z) ® C% has the components T
d; := |j|c; and the operator A" on (2(Z) is defined as

ANm) 4 }j‘lsin%j’ ‘k_lsin%‘ if 0#j,k€Z,j—k=IN
Jk T

\ 0 otherwise

AWm) is obviously bounded because its Hilbert-Schmidt
norm is finite. Since ||d|| = 1 by construction, we arrive at
the following conclusion:

Proposition: The inequality D7 ,(m), and thus also
Dh(m) with p < 2, for fixed values of N = 2,3,... and
m =1,..., [3N] is valid provided the norm of the operator

. wm \ 2
%A(N ™) does not exceed (}TVSISTHT&) . |

)
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Remarks

o N

o The “continuous” case corresponds formally to NV = .
Then A" is a multiple of T and it is only necessary
to employ |sin jz| < j sinz for any j € Nand = € (0, 37].
Here due to infinitely many side diagonals such a

simple estimate yields an unbounded Toeplitz-type
operator, and one has use the matrix-element decay

! i
w EPSRC Gregynog Workshop Computation and Analytic Problems in Spectral Theory; July 25, 2005 — p.26/28



-

o The “continuous” case corresponds formally to NV = .

Remarks

-

Then A" is a multiple of T and it is only necessary
to employ |sin jz| < j sinz for any j € Nand = € (0, 37].
Here due to infinitely many side diagonals such a

simple estimate yields an unbounded Toeplitz-type
operator, and one has use the matrix-element decay

In the “continuous” case one uses Parseval relation and
the integral analogue of S_0%, |yi — yirm|? is naturally
invariant w.r.t. shifts in the arc-length parametrization.
This is not true here; the shift s — s + sg Is equivalent to
the replacement of ¢; by ¢;e'*°, which changes in
general the expression due to the presence of the
off-diagonal terms
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Summary and outlook

o N

# In contrast to the “continuous” case the argument
giving the global solution is more difficult to be
completed, but it can be done —
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#® Open question: to find extrema in situations without a
built-in symmetry, i.e. with different couplings or source
spacing. This problem is no longer purely geometric
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Summary and outlook

f # In contrast to the “continuous” case the argument T
giving the global solution is more difficult to be
completed, but it can be done —

#® Open question: to find extrema in situations without a
built-in symmetry, i.e. with different couplings or source
spacing. This problem is no longer purely geometric

® Another open question: to find higher-dimensional
analogues of the inequalities discussed here
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The talk was based on

[EO5a] P.E.: An isoperimetric problem for point interactions, J. Phys. A: Math. Gen. A38
(2005), 4795-4802

[EOSDb] P.E.: An isoperimetric problem for leaky loops and related mean-chord inequalities,
J. Math. Phys. 46 (2005), 062105

[EHLO5] P.E., E. Harrell, M. Loss: Global mean-chord inequalities with application to
isoperimetric problems, in preparation
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