
On the spectrum coming from
“bending” a chain quantum graph

Pavel Exner

in collaboration with Pierre Duclos and Ondřej Turek
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It is a pleasure to be here today with my teacher and friend
with whom I lived through many events and situations
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It is a pleasure to be here today with my teacher and friend
with whom I lived through many events and situations
Naturally, I always listened attentively to him
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Talk overview

In this talk I will concentrate on Míla as a mathematical
physicist. The best thing to do on such an occasion is to
show a fresh result which, I hope, he will enjoy:

First I recall what are quantum graphs and what is
known about their spectra
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physicist. The best thing to do on such an occasion is to
show a fresh result which, I hope, he will enjoy:

First I recall what are quantum graphs and what is
known about their spectra

To motivate investigation of geometric effects in such a
setting, I will present a simple model of describing a
“bent chain” graph
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First I recall what are quantum graphs and what is
known about their spectra

To motivate investigation of geometric effects in such a
setting, I will present a simple model of describing a
“bent chain” graph

I will find the spectrum of the model and show how it
depends on the parameters
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Talk overview

In this talk I will concentrate on Míla as a mathematical
physicist. The best thing to do on such an occasion is to
show a fresh result which, I hope, he will enjoy:

First I recall what are quantum graphs and what is
known about their spectra

To motivate investigation of geometric effects in such a
setting, I will present a simple model of describing a
“bent chain” graph

I will find the spectrum of the model and show how it
depends on the parameters

And since it is a birthday conference, I will add also
something else . . .
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Introduction: quantum graph concept

The idea of investigating quantum particles confined to a
graph was first suggested by L. Pauling in 1936 and worked
out by Ruedenberg and Scherr in 1953 in a model of
aromatic hydrocarbons
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Introduction: quantum graph concept

The idea of investigating quantum particles confined to a
graph was first suggested by L. Pauling in 1936 and worked
out by Ruedenberg and Scherr in 1953 in a model of
aromatic hydrocarbons

The concept extends, however, to graphs of arbitrary shape
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on graph edges,
boundary conditions at vertices

and what is important, it became practically important after
experimentalists learned in the last two decades to fabricate
tiny graph-like structure for which this is a good model
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Remarks

There are many graph-like systems based on
semiconductor or metallic materials, carbon nanotubes,
etc. The dynamics can be also simulated by microwave
network built of optical cables – see [Hul et al.’04]
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Remarks

There are many graph-like systems based on
semiconductor or metallic materials, carbon nanotubes,
etc. The dynamics can be also simulated by microwave
network built of optical cables – see [Hul et al.’04]

Here we consider Schrödinger operators on graphs,
most often free, vj = 0. Naturally one can external
electric and magnetic fields, spin, etc.

On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 5/33



Remarks

There are many graph-like systems based on
semiconductor or metallic materials, carbon nanotubes,
etc. The dynamics can be also simulated by microwave
network built of optical cables – see [Hul et al.’04]

Here we consider Schrödinger operators on graphs,
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recent applications to graphene and its derivates
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Remarks

There are many graph-like systems based on
semiconductor or metallic materials, carbon nanotubes,
etc. The dynamics can be also simulated by microwave
network built of optical cables – see [Hul et al.’04]

Here we consider Schrödinger operators on graphs,
most often free, vj = 0. Naturally one can external
electric and magnetic fields, spin, etc.

Graphs can support also Dirac operators, see
[Bulla-Trenckler’90], [Bolte-Harrison’03], , and also
recent applications to graphene and its derivates

The graph literature is extensive; recall just a review
[Kuchment’04], proceedings of Snowbird’05 conference,
and the recent AGA Programme at INI Cambridge
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Vertex coupling
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The most simple example is a
star graph with the state Hilbert
space H =

⊕n
j=1

L2(R+) and
the particle Hamiltonian acting
on H as ψj 7→ −ψ′′

j

On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 6/33



Vertex coupling

�
�

�

HHHH

�
�

�
��

�
�
�
��

@
@

@ q
The most simple example is a
star graph with the state Hilbert
space H =

⊕n
j=1

L2(R+) and
the particle Hamiltonian acting
on H as ψj 7→ −ψ′′

j

Since it is second-order, the boundary condition involve
Ψ(0) := {ψj(0)} and Ψ′(0) := {ψ′

j(0)} being of the form

AΨ(0) +BΨ′(0) = 0 ;

by [Kostrykin-Schrader’99] the n× n matrices A,B give rise
to a self-adjoint operator if they satisfy the conditions

rank (A,B) = n

AB∗ is self-adjoint
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Unique boundary conditions
The non-uniqueness of the above b.c. can be removed:
Proposition [Harmer’00, K-S’00]: Vertex couplings are
uniquely characterized by unitary n×n matrices U such that

A = U − I , B = i(U + I)
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Unique boundary conditions
The non-uniqueness of the above b.c. can be removed:
Proposition [Harmer’00, K-S’00]: Vertex couplings are
uniquely characterized by unitary n×n matrices U such that

A = U − I , B = i(U + I)

One can derive them modifying the argument used in
[Fülöp-Tsutsui’00] for generalized point interactions, n = 2

Self-adjointness requires vanishing of the boundary form,
n∑

j=1

(ψ̄jψ
′

j − ψ̄′

jψj)(0) = 0 ,

which occurs iff the norms ‖Ψ(0) ± iℓΨ′(0)‖Cn with a fixed
ℓ 6= 0 coincide, so the vectors must be related by an n× n
unitary matrix; this gives (U − I)Ψ(0) + iℓ(U + I)Ψ′(0) = 0

On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 7/33



Examples of vertex coupling

Denote by J the n× n matrix whose all entries are
equal to one; then U = 2

n+iαJ − I corresponds to the
standard δ coupling,

ψj(0) = ψk(0) =: ψ(0) , j, k = 1, . . . , n ,
n∑

j=1

ψ′

j(0) = αψ(0)

with “coupling strength” α ∈ R; α = ∞ gives U = −I
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ψj(0) = ψk(0) =: ψ(0) , j, k = 1, . . . , n ,
n∑

j=1

ψ′

j(0) = αψ(0)

with “coupling strength” α ∈ R; α = ∞ gives U = −I

α = 0 corresponds to the “free motion”, the so-called
free boundary conditions (better name than Kirchhoff)
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Examples of vertex coupling

Denote by J the n× n matrix whose all entries are
equal to one; then U = 2

n+iαJ − I corresponds to the
standard δ coupling,

ψj(0) = ψk(0) =: ψ(0) , j, k = 1, . . . , n ,
n∑

j=1

ψ′

j(0) = αψ(0)

with “coupling strength” α ∈ R; α = ∞ gives U = −I

α = 0 corresponds to the “free motion”, the so-called
free boundary conditions (better name than Kirchhoff)

Similarly, U = I − 2

n−iβJ describes the δ′s coupling

ψ′

j(0) = ψ′

k(0) =: ψ′(0) , j, k = 1, . . . , n ,
n∑

j=1

ψj(0) = βψ′(0)

with β ∈ R; for β = ∞ we get Neumann decoupling, etc.
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What is known about graph spectra
many particular examples
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What is known about graph spectra
many particular examples

a spectral duality mapping the problem on a difference
equation: originally by Alexander and de Gennes in the
early 80’s, mathematically rigorous [E’97], [Cattaneo’97]
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On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 9/33



What is known about graph spectra
many particular examples

a spectral duality mapping the problem on a difference
equation: originally by Alexander and de Gennes in the
early 80’s, mathematically rigorous [E’97], [Cattaneo’97]

trace formulæ expressing spectral properties a compact
graph Hamiltonian in terms of closed orbits on the
graph– [Kottos-Smilansky’97]

inverse problems like “Can one hear the shape of a
graph?” [Gutkin-Smilansky’01] and many others

Anderson localization on graphs [Aizenman-Sims
-Warzel’06], [E-Helm-Stollmann’07], [Hislop-Post’08]

gaps by graph decoration[Aizenman-Schenker’01]
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What is known about graph spectra
many particular examples

a spectral duality mapping the problem on a difference
equation: originally by Alexander and de Gennes in the
early 80’s, mathematically rigorous [E’97], [Cattaneo’97]

trace formulæ expressing spectral properties a compact
graph Hamiltonian in terms of closed orbits on the
graph– [Kottos-Smilansky’97]

inverse problems like “Can one hear the shape of a
graph?” [Gutkin-Smilansky’01] and many others

Anderson localization on graphs [Aizenman-Sims
-Warzel’06], [E-Helm-Stollmann’07], [Hislop-Post’08]

gaps by graph decoration[Aizenman-Schenker’01]

and more
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A problem to address

Ask about relations between the geometry of Γ and spectral
properties of a Schrödinger operator supported by Γ. An
interpretation needed: think of Γ as of a subset of R

n with
the geometry inherited from the ambient space
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A problem to address

Ask about relations between the geometry of Γ and spectral
properties of a Schrödinger operator supported by Γ. An
interpretation needed: think of Γ as of a subset of R

n with
the geometry inherited from the ambient space

A simple model: analyze the influence of a “bending”
deformation on a a “chain graph” which exhibits a
one-dimensional periodicity

Without loss of generality we assume unit radii; the rings
are connected by the δ-coupling of a strength α 6= 0
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Bending the chain
We will suppose that the chain is deformed as follows
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Bending the chain
We will suppose that the chain is deformed as follows

Our aim is to show that

the band spectrum of the straight Γ is preserved

there are bend-induced eigenvalues, we analyze their
behavior with respect to model parameters

the bent chain exhibits also resonances
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An infinite periodic chain

The “straight” chain Γ0 can be treated as a periodic system
analyzing the spectrum of the elementary cell

with Floquet-Bloch boundary conditions with the phase e2iθ
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An infinite periodic chain

The “straight” chain Γ0 can be treated as a periodic system
analyzing the spectrum of the elementary cell

with Floquet-Bloch boundary conditions with the phase e2iθ

This yields the condition

e2iθ − eiθ
(

2 cos kπ +
α

2k
sin kπ

)

+ 1 = 0
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Straight chain spectrum
A straightforward analysis leads to the following conclusion:

Proposition: σ(H0) consists of infinitely degenerate
eigenvalues equal to n2 with n ∈ N, and absolutely
continuous spectral bands such that

If α > 0, then every spectral band is contained in
(n2, (n+ 1)2] with n ∈ N0 := N ∪ {0}, and its upper edge
coincides with the value (n+ 1)2.
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Straight chain spectrum
A straightforward analysis leads to the following conclusion:

Proposition: σ(H0) consists of infinitely degenerate
eigenvalues equal to n2 with n ∈ N, and absolutely
continuous spectral bands such that

If α > 0, then every spectral band is contained in
(n2, (n+ 1)2] with n ∈ N0 := N ∪ {0}, and its upper edge
coincides with the value (n+ 1)2.

If α < 0, then in each interval [n2, (n+ 1)2) with n ∈ N there
is exactly one band with the lower edge n2. In addition,
there is a band with the lower edge (the overall threshold)
−κ2, where κ is the largest solution of

∣
∣
∣
∣
coshκπ +

α

4
·
sinhκπ

κ

∣
∣
∣
∣
= 1
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Straight chain spectrum
Proposition, cont’d: The upper edge of this band depends
on α. If −8/π < α < 0, it is k2 where k solves

cos kπ +
α

4
·
sin kπ

k
= −1

in (0, 1). On the other hand, for α < −8/π the upper edge is
negative, −κ2 with κ being the smallest solution of the
condition, and for α = −8/π it equals zero.

Finally, σ(H0) = [0,+∞) holds if α = 0.
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Straight chain spectrum
Proposition, cont’d: The upper edge of this band depends
on α. If −8/π < α < 0, it is k2 where k solves

cos kπ +
α

4
·
sin kπ

k
= −1

in (0, 1). On the other hand, for α < −8/π the upper edge is
negative, −κ2 with κ being the smallest solution of the
condition, and for α = −8/π it equals zero.

Finally, σ(H0) = [0,+∞) holds if α = 0.

Let us add a couple of remarks:

The bands correspond to Kronig-Penney model with the
coupling 1

2
α instead of α, in addition one has here the

infinitely degenerate point spectrum

It is also an example of gaps coming from decoration
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The bent chain spectrum

Now we pass to the bent chain denoted as Γϑ:
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The bent chain spectrum

Now we pass to the bent chain denoted as Γϑ:

Since Γϑ has mirror symmetry, the operator Hϑ can be
reduced by parity subspaces into a direct sum of an even
part, H+, and odd one, H−; we drop mostly the subscript ϑ

Equivalently, we analyze the half-chain with Neumann and
Dirichlet conditions at the points A, B, respectively
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Eigenfunction components

At the energy k2 they are are linear combinations of e±ikx,

ψj(x) = C+

j eikx + C−

j e−ikx, x ∈ [0, π] ,

ϕj(x) = D+

j eikx +D−

j e−ikx, x ∈ [0, π]

for j ∈ N. On the other hand, for j = 0 we have

ψ0(x) = C+

0 eikx + C−

0 e−ikx, x ∈

[
π − ϑ

2
, π

]

ϕ0(x) = D+

0 eikx +D−

0 e−ikx, x ∈

[
π + ϑ

2
, π

]
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Eigenfunction components

At the energy k2 they are are linear combinations of e±ikx,

ψj(x) = C+

j eikx + C−

j e−ikx, x ∈ [0, π] ,

ϕj(x) = D+

j eikx +D−

j e−ikx, x ∈ [0, π]

for j ∈ N. On the other hand, for j = 0 we have

ψ0(x) = C+

0 eikx + C−

0 e−ikx, x ∈

[
π − ϑ

2
, π

]

ϕ0(x) = D+

0 eikx +D−

0 e−ikx, x ∈

[
π + ϑ

2
, π

]

There are δ-couplings in the points of contact, i.e.

ψj(0) = ϕj(0) , ψj(π) = ϕj(π) , and

ψj(0) = ψj−1(π) ; ψ′

j(0) + ϕ′

j(0) − ψ′

j−1(π) − ϕ′

j−1(π) = α · ψj(0)
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Transfer matrix

Using the above relations we get for all j ≥ 2

(

C+

j

C−

j

)

=

( (
1 + α

4ik

)
eikπ α

4ike−ikπ

− α
4ikeikπ

(
1 − α

4ik

)
e−ikπ

)

︸ ︷︷ ︸

M

·

(

C+

j−1

C−

j−1

)

,

On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 17/33



Transfer matrix

Using the above relations we get for all j ≥ 2

(

C+

j

C−

j

)

=

( (
1 + α

4ik

)
eikπ α

4ike−ikπ

− α
4ikeikπ

(
1 − α

4ik

)
e−ikπ

)

︸ ︷︷ ︸

M

·

(

C+

j−1

C−

j−1

)

,

To have eigenvalues, one eigenvalue of M has to be less
than one (they satisfy λ1λ2 = 1); this happens iff

∣
∣
∣cos kπ +

α

4k
sin kπ

∣
∣
∣ > 1 ;

recall that reversed inequality characterizes spectral bands
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Transfer matrix

Using the above relations we get for all j ≥ 2

(

C+

j

C−

j

)

=

( (
1 + α

4ik

)
eikπ α

4ike−ikπ

− α
4ikeikπ

(
1 − α

4ik

)
e−ikπ

)

︸ ︷︷ ︸

M

·

(

C+

j−1

C−

j−1

)

,

To have eigenvalues, one eigenvalue of M has to be less
than one (they satisfy λ1λ2 = 1); this happens iff

∣
∣
∣cos kπ +

α

4k
sin kπ

∣
∣
∣ > 1 ;

recall that reversed inequality characterizes spectral bands

Remark: By general arguments, σess is preserved, and
there are at most two eigenvalues in each gap
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Spectrum ofH+

Combining the above with the Neumann condition at the
mirror axis we get the spectral condition in this case,

cos kϑ = − cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(
cos kπ + α

4k sin kπ
)2

− 1

and an analogous expression for negative energies
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Spectrum ofH+

Combining the above with the Neumann condition at the
mirror axis we get the spectral condition in this case,

cos kϑ = − cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(
cos kπ + α

4k sin kπ
)2

− 1

and an analogous expression for negative energies

After a tiresome but straightforward analysis one arrives
then at the following conclusion:

Proposition: If α ≥ 0, then H+ has no negative
eigenvalues. On the other hand, for α < 0 the operator H+

has at least one negative eigenvalue which lies under the
lowest spectral band and above the number −κ2

0, where κ0

is the (unique) solution of κ · tanhκπ = −α/2
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Spectrum ofH+ for α = 3

  0 π/4 π/2 3π/4  π  
0
1

4

9

16

25

ϑ

ℜ
(k

2 )
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Spectrum ofH−

Replacing Neumann condition by Dirichlet at the mirror axis
we get the spectral condition in this case,

− cos kϑ = − cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(
cos kπ + α

4k sin kπ
)2

− 1

and a similar one, with sin and cos replaced by sinh and cosh
for negative energies
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Spectrum ofH−

Replacing Neumann condition by Dirichlet at the mirror axis
we get the spectral condition in this case,

− cos kϑ = − cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(
cos kπ + α

4k sin kπ
)2

− 1

and a similar one, with sin and cos replaced by sinh and cosh
for negative energies

Summarizing, for each of the operators H± there is at least
one eigenvalue in every spectral gap closure. It can lapse
into a band edge n2, n ∈ N, and thus be in fact absent. The
ev’s of H+ and H− may coincide, becoming a single ev of
multiplicity two; this happens only if

k · tan kπ =
α

2
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Spectrum ofH− for α = 3
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σ(H) for attractive coupling, α = −3
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Resonances, analyticity

The above eigenvalue curves are not the only solutions of
the spectral condition. There are also complex solutions
representing resonances of the bent-chain system

In the above pictures their real parts are drawn as functions
of ϑ by dashed lines.
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Resonances, analyticity

The above eigenvalue curves are not the only solutions of
the spectral condition. There are also complex solutions
representing resonances of the bent-chain system

In the above pictures their real parts are drawn as functions
of ϑ by dashed lines.

A further analysis of the spectral condition gives

Proposition: The eigenvalue and resonance curves for H+

are analytic everywhere except at (ϑ, k) = (n+1−2ℓ
n π, n),

where n ∈ N, ℓ ∈ N0, ℓ ≤
[

n+1

2

]
. Moreover, the real solution

in the n-th spectral gap is given by a function ϑ 7→ k which is
real-analytic, except at the points n+1−2ℓ

n π. Similar claims
can be made for the odd part for H−.
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Imaginary parts of H+ resonances,α = 3
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More on the angle dependence
For simplicity we take H+ only, the results for H− are
analogous. Ask about the behavior of the curves at the
points whe they touch bands and where eigenvalues and
resonances may cross

If ϑ0 := n+1−2ℓ
n π > 0 is such a point we find easily that in is

vicinity we have

k ≈ k0 + 3

√
α

4

k0

π
|ϑ− ϑ0|

4/3

so he curve is indeed non-analytic there. The same is true
for ϑ0 = 0 provided the band-edge value k0 is odd
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More on the angle dependence
For simplicity we take H+ only, the results for H− are
analogous. Ask about the behavior of the curves at the
points whe they touch bands and where eigenvalues and
resonances may cross

If ϑ0 := n+1−2ℓ
n π > 0 is such a point we find easily that in is

vicinity we have

k ≈ k0 + 3

√
α

4

k0

π
|ϑ− ϑ0|

4/3

so he curve is indeed non-analytic there. The same is true
for ϑ0 = 0 provided the band-edge value k0 is odd

However, H+ has an eigenvalue near ϑ0 = 0 also in the
gaps adjacent to even numbers, when the curve starts at
(0, k0) for k0 solving | cos kπ + α

4k sin kπ| = 1 in (n, n+ 1), n
even
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Even threshold behavior

Proposition: Suppose that n ∈ N is even and k0 is as
described above, i.e. k2

0 is the right endpoint of the spectral
gap adjacent to n2. Then the behavior of the solution in the
vicinity of (0, k0) is given by

k = k0 − Ck0,α · ϑ4 + O(ϑ5) ,

where Ck0,α := k2

0

8π ·
(

α
4

)3
(k0π + sin k0π)−1
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Even threshold behavior

Proposition: Suppose that n ∈ N is even and k0 is as
described above, i.e. k2

0 is the right endpoint of the spectral
gap adjacent to n2. Then the behavior of the solution in the
vicinity of (0, k0) is given by

k = k0 − Ck0,α · ϑ4 + O(ϑ5) ,

where Ck0,α := k2

0

8π ·
(

α
4

)3
(k0π + sin k0π)−1

Remark: Notice that the fourth-power is the same as for the
ground state of a slightly bent Dirichlet tube despite the fact
that the dynamics is completely different in the two cases
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The above results were taken from

[DET08] P. Duclos, P.E., O. Turek: On the spectrum of a bent chain graph, J. Phys. A:
Math. Theor. A41 (2008), 415206

see also, e.g.

[EKKTS08] P.E., J.P. Keating, P. Kuchment, T. Sunada, A. Teplyaev, eds.: Analysis
on Graphs and Applications, Proceedings of a Isaac Newton Institute programme,
January 8–June 29, 2007; 670 p.; AMS “Proceedings of Symposia in Pure
Mathematics” Series, vol. 77, Providence, R.I., 2008

[EP07] P.E., O. Post: Quantum networks modelled by graphs, Proceedings of the Joint
Physics/Mathematics Workshop on “Few-Body Quantum System” (Aarhus 2007);
AIP Conf. Proc., vol. 998; Melville, NY, 2008, pp. 1-17 arXiv: 0706.0481v1

[ET07] P.E., O. Turek: Approximations of singular vertex couplings in quantum graphs,
Rev. Math. Phys. 19 (2007), 571-606
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However, a birthday party needs a gift!
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A brief history of a book

1972: Míla starts lecturing on Selected chapters of
mathematical physics, he also writes a text on operator
sets for another project, which did not take off
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notes for this course, Míla leaves for Dubna

1973 on: Jirka Blank takes on with the course, three
years later we start switching with the task

1975: working at a distance, we publish the first volume
of the lecture notes, and go on with Volume 2 and 3

1977: Míla comes back from Dubna
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A brief history of a book

1972: Míla starts lecturing on Selected chapters of
mathematical physics, he also writes a text on operator
sets for another project, which did not take off

1973: in our menage à trois we decide to write lecture
notes for this course, Míla leaves for Dubna

1973 on: Jirka Blank takes on with the course, three
years later we start switching with the task

1975: working at a distance, we publish the first volume
of the lecture notes, and go on with Volume 2 and 3

1977: Míla comes back from Dubna

1978: using a sudden inspiration and prof. Ú. laziness,
Jirka gets a book “planned” . I leave for Dubna
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A brief history of a book, continued

1979: publication approved (=given subsidy), approval
recalled and finally the case lost by the bureaucracy

On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 30/33



A brief history of a book, continued

1979: publication approved (=given subsidy), approval
recalled and finally the case lost by the bureaucracy

1982: in a comical way, the approval resurfaced, we
started writing working again at a distance
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1979: publication approved (=given subsidy), approval
recalled and finally the case lost by the bureaucracy

1982: in a comical way, the approval resurfaced, we
started writing working again at a distance

1983-87: the manuscript bulged until finally we were
forced to slash it (you would not wish it to your enemy!)
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1979: publication approved (=given subsidy), approval
recalled and finally the case lost by the bureaucracy

1982: in a comical way, the approval resurfaced, we
started writing working again at a distance

1983-87: the manuscript bulged until finally we were
forced to slash it (you would not wish it to your enemy!)

1987-89: a long fight with a rather hostile reviewer

February 22, 1990: Jirka Blank passed away, his
last efforts were paid to the book text improvement
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A brief history of a book, continued

1979: publication approved (=given subsidy), approval
recalled and finally the case lost by the bureaucracy

1982: in a comical way, the approval resurfaced, we
started writing working again at a distance

1983-87: the manuscript bulged until finally we were
forced to slash it (you would not wish it to your enemy!)

1987-89: a long fight with a rather hostile reviewer

February 22, 1990: Jirka Blank passed away, his
last efforts were paid to the book text improvement

1990: the Academia Publishing House ceased to
function and, as a result, the project was doomed
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Sed habent sua fata libelli

1991: the Karolinum Publishers took over and, lo and
behold, two years later the book appeared
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behold, two years later the book appeared

1992: the American Institute of Physics contacted us
with the offer to publish an English edition. Of course, it
required to rework and restructure the text completely

On the occasion of M. Havliček’s 70th birthday, A Canonical Realization; Villa Lanna, October 21, 2008 – p. 31/33



Sed habent sua fata libelli

1991: the Karolinum Publishers took over and, lo and
behold, two years later the book appeared

1992: the American Institute of Physics contacted us
with the offer to publish an English edition. Of course, it
required to rework and restructure the text completely

1994: the English edition was published
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And it is not all

2004: with the book out of print, we decided it might be
a good idea to post it on the web. We learned that the
rights went to Springer which did not like the idea and
proposed a second edition instead
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And it is not all

2004: with the book out of print, we decided it might be
a good idea to post it on the web. We learned that the
rights went to Springer which did not like the idea and
proposed a second edition instead

2005: Springer NY thought the thing over and passed
the project to the “original” Springer for its TMP edition.
The latter asked whether we would like, apart of the
unavoidable corrigenda, to add a new material, so we
wrote – after some hesitation – two new chapters
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And it is not all

2004: with the book out of print, we decided it might be
a good idea to post it on the web. We learned that the
rights went to Springer which did not like the idea and
proposed a second edition instead

2005: Springer NY thought the thing over and passed
the project to the “original” Springer for its TMP edition.
The latter asked whether we would like, apart of the
unavoidable corrigenda, to add a new material, so we
wrote – after some hesitation – two new chapters

2008: and finally . . .
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