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Motivation Q
Among many ideas we owe to Hermann Weyl semiclassical method is o
the most successful as hundred years of its use demonstrates.

Nevertheless, it is not universal: there are systems with discrete spectrum
for which the classically allowed phase-space volume is infinite. A classical
example due to [Simon'83] is a 2D Schrodinger operator with the potential

V(x,y) = x*y?

or more generally, V(x,y) = |xy|P with p > 1.

Similar behavior one can observe for Dirichlet Laplacians in regions with
hyperbolic cusps — see [Geisinger-Weidl'11] for recent results and a survey.
Moreover, using the dimensional-reduction technique of Laptev and Weidl
one can prove spectral estimates for such operators.

A common feature of these models is that the particle motion is confined
into channels narrowing towards infinity.
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Potentials unbounded from below — a model @

Our first aim in this talk is to show that similar behavior may occur even
for Schrodinger operators with potential unbounded from below in which a
classical particle can escape to infinity with an increasing velocity.

We are going to analyze the following class of operators:
Lo(N) & LW = =+ (brl? = AR +y2)P/ D)y, p>1

on L?(IR?), where (x, y) are the standard Cartesian coordinates in R? and
the parameter A in the second term of the potential is non-negative; unless
the value of X is important we write it simply as L.

Note that % < 2 so the operator is e.s.a. on C§°(IR?) by Faris-Lavine
theorem; the symbol L, or L,()) will always mean its closure.
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The subcritical case @

Our first aim is to demonstrate that spectral properties of L,(\) depend
crucially on the value of the parameter A and there a transition between
different regimes as A\ changes.

Let us start with the subcritical case which occurs for small values of A.
To characterize the smallness quantitatively we need an auxiliary operator
which will be an (an)harmonic oscillator Hamiltonian on line,

Hy : Apu=—d" +|t|Pu

on L2(R) with the standard domain. Let 7, be the minimal eigenvalue of
this operator; in view of the potential symmetry we have v, = inf o(Hp),
where

Hp : Hou=—u"+ tPu

on L2(R.) with Neumann condition at t = 0.
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The subcritical case — continued =
The eigenvalue 7, = inf 0(H,) equals one for p = 2; for p — oo wher@
the potential becomes an infinitely deep rectangular it becomes Yoo = 72;

4 1
it smoothly interpolates between the two values.

Since xP > 1 — x(o,11(x) it follows from the minimax principle that
Vp > €0 ~ 0.546, where ¢q is the ground-state energy is the corresponding
rectangular potential well of depth one.

In fact, a numerical solution gives true minimum ~y, ~ 0.998995 attained
at p = 1.788; in the semilogarithmic scale the plot is as follows:

25
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The subcritical case — continued C

The spectrum is naturally bounded from below and discrete if A = 0; our
aim is to show that this remains to be the case provided X is small enough.

Theorem (E-Barseghyan'12)

For any A € [0, Acrit], where Acrit := 7p, the operator L,(\) is bounded
from below for p > 1; if X\ < vy, its spectrum is purely discrete.

Idea of the proof: Let A < 7,. By minimax we need to estimate L, from
below by a s-a operator with a purely discrete spectrum. To construct it
we employ bracketing imposing additional Neumann conditions at
concentric circles of radiin=1,2,....

In the estimating operators the variables decouple asymptotically and the
spectral behavior is determined by the angular part of the operators.
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Subcritical behavior — the proof =
Specifically, in polar coordinates we get direct sum of operators acting@nﬁDI

10 0 1 82 r2p .
L”%l)ﬂﬁ = -5 (ralf‘)) — 77% + (2;)‘ sin 290‘p _ )\r2P/(P+2)>¢

on the annuli G, :={(r,¢) : n—1<r<n 0<p<2r},n=1,2,...
with Neumann conditions imposed on 9G,,.

Obviously a(LS,},),) is purely discrete for each n=1,2,..., hence it is
sufficient to check that infa(LS,l,,)J) — 00 holds as n — oo.

We estimate Lﬁ,f,l from below by an operator with separating variables,
note that the radial part does not contribute and use the symmetry of the
problem; for £ € (0,1) the question is then to analyze

2p+2
Lip + Lipu = —u" + <”

GinPox — 2 4 a)/(p+2) ),
1—¢

on L2(0,m/4) with Neumann conditions, v/(0) = v/(7/4) = 0.
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Subcritical behavior — proof continued 6

We have n? infa(LS,l,,)J) > inf O‘(L&z_)Lp) if nis large enough, specifically for

n>(1-(1- 6)(’”2)/(4”*4))71, hence it is sufficient to investigate the
(2)

spectral threshold p, , of Ln%p as n — oo.

The trigonometric potential can be estimated by a powerlike one with the
similar behavior around the minimum introducing, e.g.

2

2 P
+ n?P2xP <X(O,6(E)](X) + (F) X[é(a),w/4)(x)> — AL 4P t)/(p+2)

3) ._
L = ~ @

for small enough 6(¢) with Neumann boundary conditions at x = 0, %7’[’,
where we have denoted \. := A\(1 —¢)~P~L.

We have L£,2,,), >(1- 5)PL§,)). To estimate the rhs by comparing the
indicated potential contributions it is useful to pass to the rescaled
variable x = t - n~(2P+2)/(p+2),

P. Exner: Operators with narrow channels ... LATP, Technopéle Chateau-Gombert October 7, 2013 9/55



Subcritical behavior — proof concluded

In this way we find that pj, , := inf U(LS,?,),) satisfies

!/
Fonp
5 — OO as n — oo

n
Through the chain of inequalities we come to conclusion that
infa(L&,%,),) — 00 holds as n — oo which proves discreteness of the

spectrum for A\ < 7p.

If A\ = 7, the sequence of spectral thresholds no longer diverges but it
remains bounded from below and the same is by minimax principle true for
the operator L,(A). O

Remark

It is natural to conjecture that o(Ly(7p)) D Ry. It is less clear whether
the critical operator can have also a negative discrete spectrum.
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The supercritical case

The situation is different for large values of A:
Theorem (E-Barseghyan'12)
The spectrum of L,(\), p > 1, is unbounded below from if A > Acsit. J

Idea of the proof: Similar as above with a few differences:

@ now we seek an upper bound to L,(\) by a below unbounded
operator, hence we impose Dirichlet conditions on concentric circles

@ the estimating operators have now a nonzero contribution from the
radial part, however, it is bounded by 72 independently of n

@ the estimate of the angular part is simpler; the negative A-dependent
term now outweights the anharmonic oscillator part so that
info(LS:2)) = —co holds as n — 0o O
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Lower bounds to eigenvalue sums =
To state the result we introduce the following quantity: @

1 2
o= (1+V5) ~523 >,

We denote by {); ,}22; the eigenvalues of L,(\) arranged in the
ascending order; then we can make the following claim.

Theorem (E-Barseghyan'12)

To any nonnegative A < a~! ~ 0.19 there exists a positive constant Co
depending on p only such that the following estimate is valid,

N@2p+1)/(p+1)
(InP N + 1)1/(p+1)

N
> Nip = G(1—ad) AN, N=1,2,...,
j=1

where ¢ = 2(0‘72 4 1) ~ 15.7.
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Proof outline

C )
MNODI
7/,

Proof is technically demanding, we just review the main steps. We denote
by {¢j,p}721 normalized eigenfunctions corresponding to {};;}72;, i.e.

AP+ (Ixy[P = A2+ y2)P Dy = N i, S =1,2,.5

without loss of generality we may suppose that they are real-valued.

Our potential forms hyperbolic-shaped “valleys” and we have to estimate

eigenfunction integrals in them. Specifically, we check that for any natural
Jj and § > 0 one has

(143)y —p/(p+2)
/ / . y2P/ P22 (x, }’)dxdy<2(1+5)2/ / (W“’) (x,y)dxdy

(1+5)y—p/(9+2
+217+6/ / xP p1/)2 (x,y)dxdy

P. Exner: Operators with narrow channels ... LATP, Technopéle Chateau-Gombert October 7, 2013 13/55



Proof outline — continued =
and that for any € > 0 there is a number 1 < #(¢) <1+ § such that @

co ) 9( (1438)y P/ (pH2) )
/1 yP/ (P2 (yP/( 7y) dy < 6/ /7 xPyPys (x,y)dxdy +¢,

p/(p+2)

together with the symmetry counterparts of these relations.

In combination with |[¢; 5|| = 1 this allows us to estimate the modulus of
the attractive term by a combination of the kinetic and repulsive ones:

/RQ(X2 +y?) 2 (x,y) dx dy

2(1 4 6) max {(1 o), (ls} (/R

+/ |xy|P¢ﬁp(x,y)dxdy+(1+5)2> e
R2

o2 (x,y) dxdy
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Proof outline — continued

We choose § = #ﬁ and put ¢ :=a(l+6)2+2=2 (O‘Tz + 1); using

then the fact that A, is the eigenvalue corresponding to 1; , we get

[Vl dxdy+ [ lPud,dedy < s= Oy ed), J=L2

a\

Subtracting a number o from both sides and rewriting the first integral
using Fourier-Plancherel image of 1; , we get

N N N
. 1
*Z/z[gfﬁ fy2]+|wj,p\2dxdy+2/z Iy lPefpdxdy < =% (Ajp+eA) =
j=1’R = /R a i

P. Exner: Operators with narrow channels ... LATP, Technopéle Chateau-Gombert October 7, 2013 15/55



Proof outline — continued @

Lemma (Barseghyan'09)

There is a constant C,’, such that for any orthonormal system of
real-valued functions, ® = {¢; JI_V:1 C L?(R?), N =1,2,..., the inequality

/ phttdxdy < C(InP N + 1) Z/ lEnlP|@;1? dgdn,

holds true, where pe = Eszl 7.

We use it to estimate the second integral on the /hs. To the first one we

apply Holder inequality and find the minimum of the obtained expression
)1/(p+1)

with respect to the variable z = (fR2 Pl Laxdy
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Proof outline — concluded

C )
MNODI
7/,

After a short computation we get in this way

N
1
oL+ In? N)MPYEPEDIP > Np — -3 (N + )

Jj=1

with the new constant being an explicit function of CI’,.

Hence we have to find g(N) = sup,~o (No — C o?PHD/P(1 + InP N)Y/P),
in other words, the Legendre transformation of the /hs of the last
inequality. It is straightforward to check that

_ N@p+1)/(p+1)
g(N) = Cp(l T nP N)l/(p+1)

p/(p+1)
2’;%11. This is

equivalent to the sought bound concluding thus the proof. [

with the constant given by C, := (W)
P
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Other eigenvalue moments

C )
=/
We can use the result also to derive — by far not optimal — bounds to otg;

eigenvalue moments. Assuming A1, < App, < ... of operator L,()\) we
have the inequality

1 N@2p+1)/(p+1)
= —al\ , K=12 ...
s 2 (1 + InP N)1/(p+1)

Using it for K = N we get a lower bound for Ayy , which further implies

Corollary

=

" ~ . N(p(e+1)+1)/(p+1)

holds any o > 0 with some positive constant (.N'pya.
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Upper bound to eigenvalue sums

Theorem (E-Barseghyan'12)

To any p > 1 there is a constant fp such that

~  N@pt1)/(p+1)
Z jp = 1 +InP N)l/(p+1) 2

holds for any 0 < X\ < 7.

We note two things:

@ Not surprisingly, the upper bound is valid for any subcritical value of A

@ In the case A = 0 the asymptotics is exact up to the value of the
constant while for 0 < A\ < a1 the two bounds differs also by the
lower-order term —cA N
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Proof outline =

The argument is easier than in the lower-bound case and follows the idea
used in [Barseghyan'09], specifically:
@ we discard the negative term in the potential,
@ we estimate L, from above by the operator A, = —A + Q in L?(R?)
with the potential Q(x,y) = |xy|P + |x|P + |y|P + 1,

@ we estimate the spectrum of the latter semiclassically.

October 7, 2013 20/55

P. Exner: Operators with narrow channels ... LATP, Technopéle Chateau-Gombert



Cusp-shaped regions

The above bounds are valid for any p > 1, hence it is natural to ask @
about the limit p — oo describing the particle confined in a region with

four hyperbolic ‘horns’, D = {(x,y) € R? : |xy| < 1}, described by the
Schrodinger operator

Hp(A) : Hp(\)i = =g — Mx* + y)
with a parameter A > 0 and Dirichlet condition on the boundary 9D.

Theorem (E-Barseghyan'12)

The spectrum of Hp(\) is discrete for any A € [0,1) and the spectral
estimate

N2
Z)\>C )1+| 5 N=12...

holds true with a positive constant C.
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Proof outline

One can check that for any u € H? satisfying the condition ulgp = 0 the
inequality

[ 62452y axay < [ (9 u) (o) dxdy
D D
is valid which in turn implies

Hp(\) > —(1 = X)Ap,

where Ap is the Dirichlet Laplacian on the region D.

The result then follows from the eigenvalue estimates on Ap known from
[Simon'83], [Jaksi¢-Molchanov-Simon'92].
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Smilansky model

The model was proposed in [Smilansky'04] to describe two simple
subsystems interacting in a way which exhibits a spectral transition.

Mathematical properties of the model were analyzed in [Solomyak'04],
[Evans-Solomyak’05], [Naboko-Solomyak'06]. Recently in [Guarneri'11]
time evolution in such a (slightly modified) model was analyzed.

One way to describe the model is through a 2D Schrodinger operator

0% 1 02 )
Hsm——aX2+2<—8y2+y>+>\y5(X),

Smilansky argued in that the behavior of the system depends crucially on
the coupling parameter: if |A\| > 1 the particle can escape to infinity along
the singular ‘channel’ in the y direction. In spectral terms, it corresponds
to switch from a below bounded to below unbounded spectrum at |A| = 1.
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A regular version of Smilansky model C

A regular version requires a modification, in particular, the coupling
cannot be linear in y and the profile of the channel has to change with y.

The effect leans on effective variable decoupling far from the x-axis,
where the oscillator potential competes with the principal eigenvalue of
the ‘transverse’ part of the operator equal to %A2y2.

We replacing the ¢ by a family of shrinking potentials whose mean
matches the & coupling constant, [ U(x,y)dx ~ y. This can be
achieved, e.g., by choosing U(x, y) = A\y?V/(xy) for a fixed function V.

This motivates us to investigate the following operator on L2(R?),

H = 82 82 2.2 A 2\/

o )2 + Wy = Ay V(xy)xqxi<ay (¥):
where w, a are positive constants, X{|,|<a} is the indicator function
of the interval (—a, a), and the potential V with supp V C [—a, a] is
a nonnegative function with bounded first derivative.
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A regular version of Smilansky model, continued C
@)I

By Faris-Lavine theorem the operator is e.s.a. on C§°(R?) and the
same is true for its generalization,

0? 0
H:_@ 8y —|-w y —Z)\Jy Xy X{|x— b|<aj}( )

with a finite number of channels, where functions V; are positive with
bounded first derivative, with the supports contained in (b; — aj, b; + a;)
and such that supp V; Nsupp Vi = 0 holds for j # k.

Remark

We note that the properties discussed below depend on the asymptotic
behavior of the potential channels and would not change if the potential
is modified in the vicinity of the x-axis, for instance, by replacing the
above cut-off functions with x>, and x|y|> a respectively.
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Subcritical case

To state the result we employ a 1D comparison operator L = Ly,
2

[
dx?

+w? = A\V(x)

on L2(R) with the domain H2(R). What matters is the sign of its
spectral threshold; since V is supposed to be nonnegative, the latter
is a monotonous function of A and there is a A¢qt > 0 at which the
sign changes.

Theorem (Barseghyan-E'13)

Under the stated assumption, the spectrum of the operator H is bounded
from below provided the operator L is positive. In the multichannel case
the condition reads ty := min;info(Ly,) > 0.

Proof follows the same idea we have used for the previous model. [J
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Supercritical case

Once the transverse channel principal dominates over the harmonic
oscillator contribution, the spectral behavior changes.

Theorem (Barseghyan-E'13)

Under our hypotheses, o(H) = R holds if inf o(L) < 0. In the
multichannel case the condition reads ty := min;info(Ly,) < 0.

Proof relies on construction of an appropriate Weyl sequence. [
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Spectral estimates on non-straight cusps

The last result leads us naturally to the second main topic of this talk,
namely more general spectral estimates for Schrodinger type operators

Ho = —-A% — Vv

on cusp-shaped regions Q C R? with Dirichlet boundary.

In distinction to the above considerations
@ we will not restrict ourselves now to the planar case assuming d > 2,
@ we will suppose that V > 0 is a bounded measurable potential,

@ on the other hand, we will assume that Q can be geometrically
nontrivial, either bent or twisted, and investigate the role of geometry
in the spectral estimates

@ since estimates for complicated regions can be obtained by combining
various techniques and bracketing, we concentrate on a single
cusp-shaped region, one-sided or two-sided.
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A warm-up: curved planar cusps G

Consider Q C R? with a smooth boundary which can described it by
specifying its axis and the cusp width. This will allow us to use natural
curvilinear coordinates to ‘straighten’ the cusp translating its geometric
properties into the coefficients of the resulting operator.

Specifically, we have three functions: smooth a,b: R — R? and a positive
continuous f : R — R™ such that

Q = {(a(s) — ub(s), b(s) + ua(s)) : s € R, |u] < f(s)}
and limg f(s) = 0. We will also consider Q7 corresponding to s > 0.

The strategy we are going to apply is first to ‘straighten’ Q and then to
use the dimensional-reduction technique of Laptev and Weidl.
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Curved planar cusps
‘M”?Dl
7,

The reference curve I' = {(a(s), b(s)) : s € R} can be parametrized by its
arc length in which case a(s)? + b(s)? = 1. The signed curvature y(s) of I

is given by v(s) = b(s)a(s) — a(s)b(s).
Note that €2 is determined by + and f since

a(s a(so $( cos t
U b=l b L (L o) a
b(s) b(so) so L SIN 0
with a fixed point sy, modulo Euclidean transformations of the plane.
We adopt the following assumptions:

o |f(s)y(s)| <1 must hold at any point of the curve,
o the map (s, u) — (a(s) — ub(s), b(s) + ua(s)) is injective
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LT-type inequalities: 2D case

The spectrum of Hg is discrete [Berger-Schechter'72]; our aim is to —
prove Lieb-Thirring-type inequalities.
Theorem (E-Barseghyan'12)

Consider the Schrodinger operator Ho on the region . Suppose that the

curvature -y € C*, the inequality ||f(-)y(-)|| oo(r) < 1 holds true, and Q
does not intersect itself. Then for any o > 3/2 we have the estimate

tr (Ha)?. < 11+ FlI 27 19 /Z( (3705 )2+||1+f|fy|||§ovv(s)

" o+1/2
HIL+ PRIV ) s,
+
where || - [loo == || - | (r) and LS o.1 in the above formula is the usual

semiclassical constant defined by
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LT-type inequalities: 2D case continued @

Theorem (continued)

Lcl — r(U + 1)
VT VarT(o+ )’

and furthermore, we have introduced

W(s) = 7(s)* F(s)3(s)| 52(s)4(s)2
O I @@ T 2= AR A - AR

and V(s, u) := V(a(s) — ub(s), b(s) + ua(s)).

Note that the sum is finite; the estimate looks like 1D LT inequality with
potential consisting of three parts: the transverse energy together with
multiples of the potential V/(-) and curvature-induced potential W~(+).
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Proof outline

Using the ‘straightening’ transformation we infer that Hg is unitarily
equivalent to the operator Ho on L2(§) acting as

2 ~
(Ho0)(5.0) = 31 (o oy 92 (600 = G () 4 (W = V)0

and Dirichlet b.c. at u = +f(s), where Qo = {(s,u) : s € R, |u] < f(s)}.
We introduce the operator H, defined on the domain H3(S2) in L2() by
Hy = —Ap — 1+ 5 (W™ + V),

then by a simple minimax estimate we have
Ho > |11+ Fllll Ho

and consequently, it is enough to establish an appropriate bound on the
trace of the (negative part of the) operator (Hy ).
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Proof outline — continued =
Next comes a dimensional reduction analogous to that in [Weidl'08].

We denote by H(s, V, W) the negative part of Sturm-Liouville operator
d? > _ =
— =1+ Rl (W + V)
defined on C3°(—f(s), f(s)) with Dirichlet b.c. at u = +£(s).

Extending it to the whole line as an operator acting as zero outside
[—7(s), f(s)] we derive easily the inequality

IV &l + IV Vg, — 11+ FRIIE [ (W + V) s u)le(s o) dsda

Qo
/ oh
>
e |0

7(5’ u)

S

2
dsdu+/ Hs,\7,W_ h(s,-), h(s,- ds.
R< ( ) h(s. ), h( )>L2(R)

which holds true for any function g € C5° (]RZ\&QO)
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Proof outline — continued

The /hs is the quadratic form corresponding to Hy @ (—Agg), while

the rhs is associated with —68—522 @ Iy +H (s, \7, W*) defined on
H! (R, L2(R)). By minimax we infer that

) o
tI’(HO_)Z < tI‘( 882 ® IL2(R) +H( V W_)> , O > 0.

Now we use the Lieb-Thirring inequality for operator-valued potentials
proved in [Laptev-Weidl'00| obtaining

i (Hy )7 < Lg{l/Rtr (H(s.V. W—)>i“/2 ds, o>3/2

with the standard semiclassical constant L§1,1-
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Proof outline — concluded

Now we define Sturm-Liouville operator L¢(s) on L2 (—f(s), f(s)) acting as

~ d2 3 ~
Lo, VW) = = = 1+ 7 (W) + V(5.

with Dirichlet b.c. at u = £f(s). By the last inequality and minimax
principle we infer that

(k)7 < Ly [ o (e (s 7w )) T
R _

holds for any o > 3/2.

It remains to find the negative eigenvalues —pu;(s), j =1,2,..., of

L¢(s, v, W) which is easy because the potential is independent of u;
this concludes the proof. [

P. Exner: Operators with narrow channels ... LATP, Technopéle Chateau-Gombert October 7, 2013 36/55



One-sided and ‘thick’ cusps

By Dirichlet bracketing the above result easily implies

Corollary

Consider the operator Hq+ on the one-sided cusp Q. The inequality
holds again with integration variable running now over the interval (0, c0).
.

Remark

Note that we have not used the condition lims_, f(s) = 0. If it is not
satisfied, the spectrum of Hp may not be purely discrete; the proved
inequality remains valid as long as we stay below inf gess(Hq)-
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Comparison with phase space estimate

7/,
While Berezin-Lieb-Yau inequalities for Dirichlet Laplacians correctly
describe semiclassical behavior of the spectrum at high energies, we want
to show now that if the region has ‘thin’ parts there may exist an
intermediate interval of energies where the above estimates are
considerably stronger than the BLY bound.

The standard way to study spectra of Dirichlet Laplacians below a fixed
value of energy is to consider —A% — V with a constant V(s,u) =A >0
and to investigate its negative spectrum.

Consider the cusp-shaped region Q satisfying the conditions

— 144/ 12+ 4
T + (27T+)+7r%0.655

1f7lloo < € < —

and max{||f¥||o, [|f¥lloc} < 1 as an example.
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7/,

Comparison with phase space estimate — cont’d C
()
The theorem proved above implies

8 c? 7 1 po+1
tr(HQ)? < — | ———5 +1 Loy N f(s)d
r(H)Z = — <4(1_c)2ag+ ) o1 /f(s)zw\_l/2 (s)ds

_ w?—c?(1+c)?/(1—c)?
4(14c)?
estimate through the constant ¢ only.

with ag ; note that the curvature is present in this

Our aim is to show that such an estimate can be stronger than the
phase-space bound mentioned above ,

tr (Ho)? < L(CTI71/\‘T+1 vol (), o>1.

We will construct a straight cusp example, ¢ = 0, starting from an
unbounded cusped region € and passing subsequently to cut-off regions
Q' C Q such that tr (H,)? < tr(Hq)? holds for o > 0.
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Comparison with phase space estimate — cont’d @

We choose an arbitrary @ > 0 and a natural number N and set

fan(x) = {

Consider now the finite region Q' , := {|x| < 2N, |y| < f, n(x)}.
Using our result in combination with Dirichlet bracketing we get

—1l-«

x

for x| > N
N1« for x| <N

[STERTE

tr(Hey )7 <4 LENTTENT for 0 >3)2.
On the other hand, the phase-space estimate gives

1
tr (Ho/)? < 2m L3y N~ A7H! <2a + 1> for o>1.

Given o > 3/2, this can be made much larger than the rhs of the first
inequality by choosing o small; for N large the difference between the two
estimates persists over a large energy interval.
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Curved circular cusps in R @
@)I

Now we generalize the above result to cusps in R9, d > 3, of a circular
cross-section. The main trick is again to choose suitable curvilinear
coordinates which would allow us to ‘straighten’ such a region; we shall
follow the argument of [Chenaud-Duclos-Freitas-Krej&itik'05]

We suppose that the region axis is a unit-speed C9*2-smooth curve

[ : R — RY which possesses a positively oriented Frenet frame, i.e. a
d-tuple {e1,...,eq} of functions such that

@ e=",

@ e < CYR,RY) holds forany j=1,...,d,

@ éi(s) lies in the span of ei(s),...,eit1(s) forany j=1,...,d — 1.
A sufficient condition for existence of such a frame is that the vector

values of the derivatives [(s),T(s),...,(9=1(s) are linearly independent
for all s € R; note that this is always satisfied if d = 2.
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Coordinates in curved circular cusps

C )
. d—1 1100DI
We have Frenet-Serret formule, & = > 7| Kje;, where ~

0 K1 . 0

—K1 ... oo 0

K= ,
Rd—1
0 co. —Rd-1 0

where x; : R — R is the i-th curvature of I'. Under (i)—(iii) these
curvatures are continuous functions of the arc-length parameter s € R.

Consider a (d — 1) x (d — 1) matrix function R = (R,,,) determined by

d

RW+ZRM,p’Cp,v:0a pv=2,...,d,
p=2

with an initial conditions at sp € R such that R(sp) is a rotation matrix in
RI71, ie. detR(so) =1 and 39, Ry p(50)Rup(S0) = Gy
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Coordinates in curved circular cusps — cont’d

Next we associate with R(-) a d x d matrix function given by ~
1 0
(Rij(s)) ==
0 (Ruw(s))
and define the moving frame {é1,...,&;} C RY along the curve I by

d
€ = E Rijej;
j=1

we call it the Tang frame (relative to the given Frenet frame).

Given the Tang frame we can characterize points in the vicinity of I' by
means of the corresponding Cartesian coordinates uy, ..., ug in the normal
plane to ' at each point of the curve,

d
x(s,u2, ..., uq) :=T(s)+ Z eu(s)uu,
v=2

1/2
in particular, |u| = (2322 ug) measures the radial distance from T.
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Unitary equivalence
Given a function f : R — Ry satisfying limjg_, f(s) = 0 we define
Q:={x(s,u2,...,uq): seR, |u| <f(s)};

we again assume that (s, w2, ..., ug) — x(s, uz, ..., uq) is injective.

Consider again Hg = —A% — V on L?(Q) with a bounded measurable

V > 0. Using the described coordinates one can check that Hgq is unitarily
equivalent to the operator on L?(£), where Qg is the straightened region,
Qo ={(s,u1,...,uq4-1) : s€R, |u| < f(s)}, acting as

d
= —(91 (91 Z@E + W — \7
n=2

with Dirichlet b.c. at the boundary of the disc, |u| = f(s). Here 01, 0, are
the usual shorthands for 5¢ and —“, respectively.
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Unitary equivalence — continued =
Furthermore, \7(5, Ui, ..., Ug—1) := V(x(s,u1,...,uq—1)) and the @I
curvature-induced part of the potential equals

W-__lﬁ_’_}m_§/ﬁ
T4k 2R 4R

where h(s, up, ..., uq) :=1— k1(s) Zz:2 Ru2(s)up.

The derivatives with respect to s are given explicitly by

d
hi(-,u) = Z upRy,aKa1 — Z upRy,aKa,sKg 1,
noa=2 =2, d
B=1,...,d
d . . .
hui(-, u) = Z upRy,ala,1 — Z UpRya (’Ca,B’Cﬂ,l + 2’Ca,B’CK3,1)
=2 pmoa=2,..., d
=1,...,d
+ Z UpRp,aKa sKg 5 Kry 1 -
Hya=2,..., d
B,y=1,..., d
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Spectral estimate

Theorem (E-Barseghyan'12)

Consider Hg = —A% — v with a bounded measurable V > 0
corresponding to Q which is not self-intersecting; we assume that it is
determined by a C9*t2-smooth curve I and a function f satisfying the
condition ||k1(-)f(-)|lcc < 1, where k1 is the first curvature of I'. Then
for the negative spectrum of Hq the following inequality holds true,

i 2
tI'(HQ)i < H]-"i_f"%lmo_c?a Lg-{l/ Z <_ <./k+(d—3)/2,m)
R

k,m=0,1,... f(S)
) " o+1/2
FIL ArallZ (W@ 1Tl ) ) as,
+
where Lffl’l is the LT constant, W~ is the (explicit) s-dependent bound

to W(s,u)_, V(s,-) is defined above, and ji m is the m-th positive zero
of the first-kind Bessel function J;.
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Proof outline =
The scheme is the same as for d = 2. We introduce the operator >

d
Hy ==Y 02— I+ Flmll (W™ + V)

p=1
and prove the inequality

Ho > |1+ flral| S Hy s
then we apply again the dimension reduction technique, which gives

1 ~ o+1/2
tr(Hy )7 < Lf,,l/tr <L (s, v, W—)) ds
R _

for o > 3/2, where the operator in L2(Df(s)) at the rhs is given by

~ - Dy (s _ ~
L(s VW) = =0 = 1+ flral (W) + V(5. )l ) - D
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Twisted cusps in R3

Consider now another type of nontrivial cusp geometry: the axis will
be straight but the cross section will be non-circular. Having an open
connected set wy C R? and a function f : R — R satisfying
lim|s—00 F(5) = 0, we set

ws 1= f(s)wo;
it is used to define a straight cusped region determined by wg, f as
Qo :={(s,x,y): seR, (x,y) € ws}.

Next we twist the region. We fix a Cl-smooth function # : R — R with
bounded derivative, ||0]|~ < oo, and introduce the region Qg as the image

Qp := £9(Qo),
where the map £¢ : R3 — R3 is given by

Lo(s,x,y) = (s,xcosb(s) + ysinO(s), —xsin0(s) + y cos 0(s)) .
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Twisted cusps in R® — continued

We are interested in the situation nontrivial twist situation, i.e.
@ the function @ is not constant,
@ wo is not rotationally symmetric w.r.t. the origin in R?.

We need a few more preliminaries. Define ¢ := sup(y ,)ew, VX2 + ¥2
and assume

ollffloe < 1.

Next we set V(s, x,y) := V(£4(s, x, y)) and finally, we introduce the
operator

(0 0
Lirans :== —i <Xay - yax> ’ Dom(LtranS) = ’H(l)(WO)v

of angular momentum component canonically associated with rotations
in the transverse plane.
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Spectral estimate

C )
MNODI
7/,

Consider Hq, = —Agg — V referring to the region Qg defined above with a
potential V' > 0 which is bounded and measurable. Under the assumption
0||f8||« < 1 the negative spectrum of Hgq, satisfies the inequality

A W( Moo \ 72
)" < (o) [ 3-8 el )
+

— o[ ffllo

Theorem (E-Barseghyan'12)

for o > 3/2, where Lg{l is the LT constant and Ao j(s), j=1,2,...,

are
the eigenvalues of the operator

nyg(s) = —AOE)O = f2( )02(5)1_

trans

defined on the domain (H? N HE)(wo) in L2(wo).
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Proof outline

C )
MNODI

Similar as above: we pass to unitarily equivalent operator Hy on L2(Qo¥

using Upt) := 1) o £9 and employ the inequality Ho > (1 — o||ff]|oc) Hy
where 1

Ho = — A% 4 2(s)12 - -
0 P (%) 1—0|f0]

trans ||V(57)HOO
with the domain H2(Q).
Denoting by H(s, \7) the negative part of 2D Schrodinger operator

1

N TV S —
b 1 — of[f0les

trans ~

1V (s: )l
defined on H3(ws), we prove the inequality
tr (Hy)? < Lg{l/trH(s, V)72 4s, 6> 3)2
R

and find the spectrum of the subintegral operator. [
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Summary
C )
M"VQDI
We have investigated spectral behavior of Schrodinger operators and
Dirichlet Laplacians confining the particle to ‘thin channels’, specifically
@ We have demonstrated occurrence of different spectral regime for
the operator —A + (|xy!” — A(x? + yz)P/(P+2)) in L2(R?)

@ in the subcritical case we proved a spectral estimate for small
enough value of the parameter A

@ the analogous result was obtained in the hard-wall case, p =

@ a similar spectral transition has been demonstrated in a regular
version of Smilansky model

@ spectral estimates have been derived for Schrodinger operators in
bent circular cusp-shaped regions in R

@ analogous spectral estimates have been obtained for twisted
non-circular cusps in R3
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Some open questions

@ Are there eigenvalue-sum estimates for A between a1 ~ 0.19 and
Yp 2 0.999 7

Find better estimates for other eigenvalue moments

One expects that R C o(Lp(Acrit). Are there negative eigenvalues?

Prove that o(Lp(Aait)) = R for A > Aqrit

Analyze the negative discrete spectrum for subcritical regular
Smilansky model

Find the time evolution in this model, in particular, its change
when we pass from subcritical to supercritical regime

Spectral estimates for cusps which are both bent and twisted
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The talk was based on

[EB12a] P.E., D. Barseghyan: Spectral estimates for a class of
Schrodinger operators with infinite phase space and potential unbounded
from below, J. Phys. A: Math. Theor. A45 (2012), 075204.

[EB12b] P.E., D. Barseghyan: Spectral estimates for Dirichlet Laplacians
and Schrodinger operators on geometrically nontrivial cusps, J. Spectral
Theory, to appear; arXiv: 1203.2098 [math-ph].

[EB13] D. Barseghyan, P.E.: A regular version of Smilansky model,
submitted; arXiv: 1308.4249 [math-ph].
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It remains to say

Merci pour votre attention!
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