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Point-interaction polygons: formulation of the problem

A geometric reformulation using Krein’s formula (or BS
principle) and a convexity argument

Existence of a maximizer: a local result

A continuous analogue: § interaction supported by a
loop in the plane

Mean-chord inequalities: what they are and some of
their elementary properties

Existence of a maximizer: a local “continuous” result
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Motivation

flsoperimetric problems are traditional in mathematical
physics. Recall, e.g., the Faber-Krahn inequality for the
Dirichlet Laplacian —A#%! in a compact M c R?: among all

regions with a fixed area the ground state is uniquely
minimized by the circle,

infa(—A%) > ng,l M\_l

" -
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Motivation

flsoperimetric problems are traditional in mathematical
physics. Recall, e.g., the Faber-Krahn inequality for the

Dirichlet Laplacian —A#%! in a compact M c R?: among all

regions with a fixed area the ground state is uniquely
minimized by the circle,

infa(—A%) > ng,l M\_l

Another classical example is the PPW conjecture proved by
Ashbaugh and Benguria: in the same situation we have

J1,1

%5 (M) — (j0,1>2 |
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However, topology is important

-

It M is not simply connected, rotational symmetry may T
again lead to an extremum but its nature can be different.
Recall a a strip of fixed length and width [E.-Harrell-Loss 99]

ground state of Q , < ground state of @

whenever the strip is not a circular annulus
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However, topology is important

o N

It M is not simply connected, rotational symmetry may
again lead to an extremum but its nature can be different.
Recall a a strip of fixed length and width [E.-Harrell-Loss 99]

ground state of Q , < ground state of @

whenever the strip is not a circular annulus

Another example is a circular obstacle in circular cavity
[Harrell-Kroger-Kurata’01]

ground state of @ < ground state of @

%whenever the obstacle is off center J
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Potential confinement

fThe topological distinction loses meaning if the particle T
IS kept in a region by a (regular or singular) potential. To
see what will happen we will analyze two models:
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Potential confinement

fThe topological distinction loses meaning if the particle T
IS kept in a region by a (regular or singular) potential. To
see what will happen we will analyze two models:

First we take the simplest possible example where the
confinement is due to a closed array of § potentials, so the
Hamiltonian can be written formally as

N
—A + &Z5(x —yj) in L*(R?),
j=1
where the y;’s are vertices of an equilateral polygon Py
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Potential confinement

fThe topological distinction loses meaning if the particle T
IS kept in a region by a (regular or singular) potential. To
see what will happen we will analyze two models:

First we take the simplest possible example where the
confinement is due to a closed array of § potentials, so the
Hamiltonian can be written formally as

N
—A+ad d(x—y;) in L*R?),
j=1
where the y;’s are vertices of an equilateral polygon Py

Next we will consider an attractive ¢ potential supported by
a closed loop 1" of fixed length, so formally we have

% —A—ad(z—T) in L*(R?) J
&)
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Remarks

o N

o The two examples are related yet different in the
character of the coupling, due the codimension of the

interaction support. Roughly speaking, the 2D point
interactions are a lot “more singular”
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Remarks
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o The two examples are related yet different in the
character of the coupling, due the codimension of the
interaction support. Roughly speaking, the 2D point
interactions are a lot “more singular”

# The Dirichlet annulus result suggests that for strong
attraction the shape with the maximum symmetry,
respectively a regular polygon Py of the edge length ¢
with vertices lying on a circle of radius ¢ (2sin %)_1, and
a circle will be the ground-state maximizer
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interaction support. Roughly speaking, the 2D point
interactions are a lot “more singular”

The Dirichlet annulus result suggests that for strong
attraction the shape with the maximum symmetry,

respectively a regular polygon Py of the edge length ¢

with vertices lying on a circle of radius ¢ (2sin %)_1, and
a circle will be the ground-state maximizer

It is not apriori clear whether the same is true for any
coupling (in our models the ground state always exists)
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Remarks

-

The two examples are related yet different in the
character of the coupling, due the codimension of the
interaction support. Roughly speaking, the 2D point
interactions are a lot “more singular”

The Dirichlet annulus result suggests that for strong
attraction the shape with the maximum symmetry,

respectively a regular polygon Py of the edge length ¢

with vertices lying on a circle of radius ¢ (2sin %)_1, and
a circle will be the ground-state maximizer

It is not apriori clear whether the same is true for any
coupling (in our models the ground state always exists)

There are extensions to higher dimension, which will
mentioned later at appropriate places J
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A preliminary: 2D point interactions

fFixing the site y and “coupling constant” « we define them T
by b.c. which change locally the domain of —A: we require

Y(w) = —% log | — y| Lo(¥,y) + L1(¢,y) + O(|z — yl)

where the generalized b.v. Ly(v,y) and Ly (v, y) satisfy

Li(Y,y) + 2raLlo(v,y) =0, acR

|
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A preliminary: 2D point interactions

fFixing the site y and “coupling constant” « we define them T
by b.c. which change locally the domain of —A: we require

Y(w) = —% log | — y| Lo(¥,y) + L1(¢,y) + O(|z — yl)

where the generalized b.v. Ly(v,y) and Ly (v, y) satisfy
Ll(w,y)+27rozL0("¢,y) =0, ael

In this way we define our Hamiltonian —A,, p,, in L*(R?) with
N point interactions. We have ogisc (—Anpy) # 0, i.€.

€1 = 61(&,73]\[) = info (—AQ7PN) < 0,

%which IS always true in two dimensions — cf. [AGHH'88, 05] J
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The point-interaction result

o N

Theorem [E.05]: Under the stated conditions, ¢;(a, Py)
is for fixed a and ¢ locally sharply maximized by a regular

polygon, Py = Py.

|
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The point-interaction result

o N

Theorem [E.05]: Under the stated conditions, ¢;(a, Py)
is for fixed a and ¢ locally sharply maximized by a regular
polygon, Py = Pu.

Proof will be reduced to the following geometric problem:
Let Py be an equilateral polygon. Given a fixed integer

m = 2,...,[3N] we denote by D,, the sum of lengths of all
m-diagonals, i.e. we put D, := SN s — Yigm|

Dy ,(m) The quantity Dy, is, in the set of equilateral
polygons Py C R? with a fixed edge length ¢ > 0,
uniquely maximized by D,, referring to the (family

% of) regular polygon(s) Py.
A

|
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Geometric reformulation

fo Krein’s formula, the spectral condition is reduced to an

algebraic problem. Using k& = ik with « > 0, we find the ev’s
— 2 of our operator from

detI'y, =0 with (F/{;)ij = (a — fk)(sz] — (1 — 5@])95 ;

where the off-diagonal elements are gfj = Gy —y;), Or

equivalently

1

k
9i5 = %KO(“\% — Yl)

and the regularized Green’s function at the interaction site is

1

Y
= =5 (n5 +m)
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Geometric reformulation, continued

fThe ground state refers to the point where the lowest ev T
of I';, vanishes. Using smoothness and monotonicity
of the k-dependence we have to check that

~

min o(Iz, ) < mino(Tyz,)

~

holds locally for Py # Py, where —i2 := e1(a, Py)
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Geometric reformulation, continued

fThe ground state refers to the point where the lowest ev T
of I';, vanishes. Using smoothness and monotonicity
of the k-dependence we have to check that

min o(Tyz,) < mino(Dyz,)
holds locally for Py # Py, Wwhere —#2 := €1 (a, Py)
There is a one-to-one relation between an ef ¢ = (cy,...,cN)
of I';, at that point and the corresponding ef of —A,, p,
given by ¢ < > ¢;Gin(- — y;), up to normalization. In
particular, the lowest ev of I';z, corresponds to the
eigenvector ¢; = N—1/2(1,....1). Hence

1<J
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i o B 2 -
. s _ .~ p— —_ Zl{l - - NZH‘Jl
mino(lz, ) = (01, iz, 1) = a0 — & N Zgij

A



Geometric reformulation, continued

fOn the other hand, we have mino(T';z,) < (¢1, ml¢1 ), and T
therefore it is sufficient to check that

Y Gislyi—yj) > Y Gin(y

i<j i<y

holds for all k > 0 and Py # Py.
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Geometric reformulation, continued

fOn the other hand, we have mino(T';z,) < (¢1, ml¢1 ), and T
therefore it is sufficient to check that

Z Gi(yi — yj) > Z G (Ui

1<J 1<)
holds for all k > 0 and Py # Py. Call 4 := |y; — y;| and

— |7; — 9;| and define F : (R, )NWN=3)/2 _, R by

IN/2]
F({t;}) = > Z [ (Zij)} ;
m=2 |i—j|=

Using the convexity of G,,.(+) for a fixed x > 0 we get

[N/2] | 1
{Ez]} Zym Gim V— Z gij _G’ilﬂ',<£1,1+m) ,

[i—jl=m

%where v, 1S the number of the appropriate diagonals J
&)
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Geometric reformulation, continued

fSince Gix(+) 18 also monotonously decreasing in (0, oo), T
we need

~ 1
U1 mr1 = — Z lij

no..
i—j[=m

with the sharp inequality for at least one m if Py # Py.
In this way the problem becomes purely geometric
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Geometric reformulation, continued

fSince Gix(+) 18 also monotonously decreasing in (0, oo), T
we need

~ 1
limi1 > — Y Uy
Un .=
i—jl=m

with the sharp inequality for at least one m if Py # Py.
In this way the problem becomes purely geometric

The claim we made is then implied by the following result:
Proposition: The property Dy, ,(1m) holds locally for

any m=2,...,[s5N]

" -
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Geometric reformulation, continued

fSince Gix(+) 18 also monotonously decreasing in (0, oo), T
we need

~ 1
limi1 > — Y Uy
Un .=
i—jl=m

with the sharp inequality for at least one m if Py # Py.
In this way the problem becomes purely geometric

The claim we made is then implied by the following result:

Proposition: The property Dy, ,(1m) holds locally for

any m=2,...,[s5N]

Remark: The argument carries through for point

interactions in R® because the Green’s function is
%again convex and monotonous J
o)
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Local validity of D ,(m)

fWe are looking for constrained local maxima of the functionj

Jm : fm(yla---ayN Z’yz y’H—m’

with g;(y1,...,yn) =€ — |y —yix1| =0,i=1,...,N. There
are in fact (N — 2)(d — 1) — 1 independent variables because
2d — 1 parameters are related to Euclidean transformations
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Local validity of D ,(m)

fWe are looking for constrained local maxima of the functionj

N

1
fm : fm(yla' .- 7yN) — N; ’yl _y’H—m’
with g;(y1,...,yn) =€ — |y —yix1| =0,i=1,...,N. There
are in fact (N — 2)(d — 1) — 1 independent variables because
2d — 1 parameters are related to Euclidean transformations

It is straightforward to check that V,; K, (y1, . .., yn) vanish

for a regular polygon, K., := f,, + Zfil Argr, With all the
Lagrange multipliers taking the same value

Om, sin? i

with o, = 5 , Ly 1= 5_1@j — ?jjim’

% NTm Siﬂ %
2
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Local validity of Dy, ,(m), continued

fNegative definiteness of the Hessian needs more T
computation. A simple estimate then shows that it is
sufficient to establish negative definiteness of the form

&= Sml€] = {I&§ — &iml® — omlé — &)
j

on R?Y (the case m = 2 needs an additional argument)
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Local validity of Dy, ,(m), continued

fNegative definiteness of the Hessian needs more T
computation. A simple estimate then shows that it is
sufficient to establish negative definiteness of the form

&= Sml€] = {I&§ — &iml® — omlé — &)
j

on R?Y (the case m = 2 needs an additional argument)

The two parts can be simultaneously diagonalized; using
their ev’'s one rewrites the condition as the inequality

7 r
Un—1 (COS N) > ‘Um_l (COS N>

,T=2,....,m—1,

for Chebyshev polynomials of the second kind which can

%be checked directly [ J
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Attractive o loops

fTo formulate the continuous analogue we have first to give T
meaning the formal operator

Hoyr=—-A—-ad(z—-1), a>0,

in L?(R?), where I is a loop in the plane; we suppose that it
has no zero-angle self-intersections
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Attractive o loops

fTo formulate the continuous analogue we have first to give T
meaning the formal operator

Hoyr=—-A—-ad(z—-1), a>0,

in L?(R?), where I is a loop in the plane; we suppose that it
has no zero-angle self-intersections

H, r can be naturally associated with the quadratic form,

6 = IVl — 0 [ (@)d,

which is closed and below bounded in 1W1%(R?); the second

term makes sense in view of Sobolev embedding. This
%definition also works for various “wilder” sets I J
!
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Definition by boundary conditions

flf [' Is piecewise smooth with no cusps we can use an T
alternative definition by boundary conditions: H, r acts as

—A on functions from W>(R2 \ T'), which are continuous

loc

and exhibit a normal-derivative jump,

oY oY

%(x) — 8_n($) = —ap(x)

_1_

wl UABO5 Conference “Differential Equations and Mathematical Physisc”; Birmingham, Al., April 1, 2005 — p.16/40



Definition by boundary conditions

flf [' Is piecewise smooth with no cusps we can use an T
alternative definition by boundary conditions: H, r acts as

—A on functions from W>(R2 \ T'), which are continuous

loc

and exhibit a normal-derivative jump,

O O

%(x) — 8—n(37) = —ap(x)

_1_
Remarks:

# this definition has an illustrative meaning which
corresponds to a ¢ potential in the cross cut of I'

# using the quadratic form associated with H, r one can
check directly that the discrete spectrum is not void for

% any a > 0; one has, of course, gess(Hqy 1) = [0, 00) J
a
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The loop result

o N

LetI": [0, L] — R? be a closed curve, I'(0) = I'(L),
parametrized by its arc length, which is C''-smooth,

piecewise C?, and has no cusps. We will always consider
classes of Euclidean transforms of I'; it is clear that the
circle class, C := { ((L/2m) cos s, (L/2m)sins) : s € [0, L] },
belongs to this family

®| UABO5 Conference “Differential Equations and Mathematical Physisc”; Birmingham, Al., April 1, 2005 — p.17/40



The loop result
- -

LetI": [0, L] — R? be a closed curve, I'(0) = I'(L),
parametrized by its arc length, which is C''-smooth,

piecewise C?, and has no cusps. We will always consider
classes of Euclidean transforms of I'; it is clear that the
circle class, C := { ((L/2m) cos s, (L/2m)sins) : s € [0, L] },
belongs to this family

Theorem [E.05]: Within the specified class of curves,
e1 =€1(a,') :=info (Ha,r)

Is for any fixed o > 0 and L > 0 locally sharply maximized
by a circle, I' = C.
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Birman-Schwinger reformulation

fWe employ the generalized Birman-Schwinger principle T
[BEKS’'94]. One starts from the free resolvent R: which is
an integral operator in L?(R?) with the kernel
?
Cr(z—y) = 7 Hy (Kla—y))
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Birman-Schwinger reformulation

fWe employ the generalized Birman-Schwinger principle T
[BEKS’'94]. One starts from the free resolvent R: which is
an integral operator in L?(R?) with the kernel
1
Cr(z—y) = 7 Hy (Kla—y))

Then we introduce embedding operators associated with
RE for measures u, v which are the Dirac measure m
supported by I' and the Lebesgue measure dz on R?; by
Ry, we denote the integral operator from L*(y) to L*(v)
with the kernel G, I1.e. we suppose that

RE &= G * op

%holds v-a.e. forall ¢ € D(R}; ) C L*(p) o
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BS reformulation, continued

" Proposition [BEKS'94, Posilicano’04]: (i) There is kg > 0 |
s.t. I—aRY  on L*(m) has a bounded inverse for x > kg

(i) Let Imk > 0 and I — aRY, . be invertible with

R":= R{ + aR}, [ — aR}, 'R

m,dx

from L?(R?) to L*(R?) everywhere defined. Then k? belongs
to p(H,r) and (H,r — k)71 = RF

(ili) dimker(H,r — k%) = dimker(I — aR%, ) for Imk > 0
(iv) an ef of H, r associated with k% can be written as
L
6(w) = [ Rl 9)o(s) ds,
%where ¢ Is the corresponding ef of @Rq’i%m with the ev one J
A
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BS reformulation, continued

fPutting k = ix with k > 0 we look thus for solutions to the T
integral-operator equation

Riré =0, Rir(s.s):= - Ko(k|T(s)-T(s)]),

on L*([0, L]). The function x — R 1. is strictly decreasing in
(0,00) and || R p|l — 0 as x — oo, hence we seek the point
where the largest ev of R, | crosses one
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BS reformulation, continued

fPutting k = ix with k > 0 we look thus for solutions to the T
integral-operator equation

K K Q
Ror® =0, Rar(s,s) = - Ko(s[['(s)=T(s)]),
on L*([0, L]). The function x — R 1. is strictly decreasing in
(0,00) and [|Rg r
where the largest ev of R, | crosses one

We observe that this ev is simple, since Ry, - is positivity

improving and ergodic. The ground state of H,, r is, of
course, also simple. Using its rotational symmetry and the
claim (iv) of the Proposition we find that the respective

eigenfunction of Rﬁlc corresponding to the unit eigenvalue
%IS constant; we can choose it as ¢1(s) = L1/, |
o)
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BS reformulation, continued

fThen we have T

maxa(RZl ) = (o1, R'ﬂcgbl / / Rglc s,s')dsds’,

and on the other hand, for the same quantity referring to a
general I' a simple variational estimate gives

max o(R7L) > (o1, R'ﬁrgm / / Rar s,s') dsds’ .
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BS reformulation, continued

fThen we have T

maxa(RZl ) = (o1, R'ﬂcgbl / / Rglc s,s')dsds’,

and on the other hand, for the same quantity referring to a
general I' a simple variational estimate gives

max o(R7L) > (o1, R'ﬁrgm / / Rar s,s') dsds’ .
Hence it is sufficient to show that

Lk L pL
[ [ Kotwrerrenasas = [ [ Kawiee)) sds

%holds for all k > 0 and I" in the vicinity of C J
&)
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Convexity argument

fo a simple change of variables the claim is equivalent to T
positivity of the functional

= /L/2 du /L ds [Ko (kT (s4u) —T'(s)|) — Ko(k|C(s+u) —C(s)|)] ;

the s-independent second term is equal to Ko (%% sin Z4)
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Convexity argument

fo a simple change of variables the claim is equivalent to T
positivity of the functional

= /L/2 du /L ds [Ko (kT (s4u) —T'(s)|) — Ko(k|C(s+u) —C(s)|)] ;

the s-independent second term is equal to Ko (%% sin Z4)

The (strict) convexity of K| yields by means of Jensen
iInequality the estimate

1 L/2 L L s
7 F. (') > /0 [KO <IZ/0 T(s4u) — F(S)|ds> — K (% sin ;)] du,
where the inequality is sharp unless fOL T'(s+u) —I'(s)|ds is

iIndependent of s J
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Monotonicity argument

o N

Finally, we observe that K is decreasing in (0, co0), hence it
IS sufficient to check the inequality

L 2
L
/ T(s4+u) —I'(s)|ds < —sinﬂ—;
0

o

for all u € (0, 5] and furthermore, to show that is sharp
unless I' is a circle
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Monotonicity argument

fFinaIIy, we observe that K Is decreasing in (0, c0), hence itT
IS sufficient to check the inequality

L 2
L
/ T(s4+u) —I'(s)|ds < —sinﬂ—;
0

o

for all u € (0, 5] and furthermore, to show that is sharp
unless I' is a circle

Remark: There was nothing /local so far, hence proving
the above inequality for all I' would give the global result.
Likewise, we have not used the C? smoothness

" -
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Common feature: summing chord lengths

o N

S+ u

>

Both geometric reformulations have a common feature: for
polygons we sum diagonal lengths between vertices whose
indices differ by a fixed m, for a loop we integrate chord
lengths between points separated by a fixed arc length «
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Mean-chord inequalities

fConsider a wider family of inequalities — without knowing T
whether they are valid. LetI" : [0, L] — R? be again a loop
in the plane, with unspecified regularity properties. Take all

the arcs of I' having length « € (0, 5] and write

L1+P

CP(u): [P |D(s+u) —T(s)|Pds < L lsin? 28 >0,
C () [P D(s+u) —T(s)|Pds > TE 2 p>o0.
L
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Mean-chord inequalities

fConsider a wider family of inequalities — without knowing T
whether they are valid. LetI" : [0, L] — R? be again a loop
in the plane, with unspecified regularity properties. Take all

the arcs of I' having length « € (0, 5] and write

L1+P

CP(u): [P |D(s+u) —T(s)|Pds < L lsin? 28 >0,
C () [P D(s+u) —T(s)|Pds > TE 2 p>o0.
L

A discrete counterpart for an equilateral polygon Py of N

vertices {y,}, side length ¢ >0, and m = 1,..., [3N] reads
N NP sin? =2

D%7€(m> : anl ‘yn—l—m — yn|p < Sizlpn% e p>0,

. p T
N sin ~

— N o
% DNz,jé(m) L D=1 Untm — Yn| P = smrim o, P> 0. J
&)
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Observations

o N

# The right-hand sides correspond to the cases with
maximum symmetry, i.e. to the circle and regular

polygon Py, respectively
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Observations

f # The right-hand sides correspond to the cases with T
maximum symmetry, i.e. to the circle and regular
polygon Py, respectively

# If p = 0 the inequalities turn into trivial identities

" -
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Observations

o N

# The right-hand sides correspond to the cases with
maximum symmetry, i.e. to the circle and regular

polygon Py, respectively
# If p = 0 the inequalities turn into trivial identities

# By scaling one can put, for instance, L = 1 and
¢ = 1 without loss if generality

" -
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°

Observations

The right-hand sides correspond to the cases with
maximum symmetry, i.e. to the circle and regular

polygon Py, respectively
If p = 0 the inequalities turn into trivial identities

By scaling one can put, for instance, L = 1 and
¢ = 1 without loss if generality

In the polygon case it is clear that the claim may
not be true for p > 2 as the example of a rhomboid

shows: DY ,(2) is equivalent to sin” ¢ + cos? ¢ < 21-(p/2)
for0<o<m

|
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Properties and conjecture

o N

Using convexity of z — z® in (0, 00) for a > 1 we get

Proposition: % (u) = €Y (u) and D, ,(m) = D% ,(m) if
p>p >0
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Properties and conjecture

o N

Using convexity of z — z® in (0, 00) for a > 1 we get

Proposition: % (u) = €Y (u) and D, ,(m) = D% ,(m) if
p>p >0

Furthermore, Schwarz inequality implies

Proposition: C7 (u) = C}"(u) and Dy, ,(m) = D/, (m)
forany p > 0
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Properties and conjecture

o N

Using convexity of z — z® in (0, 00) for a > 1 we get

Proposition: % (u) = €Y (u) and D, ,(m) = D% ,(m) if
p>p >0

Furthermore, Schwarz inequality implies

Proposition: C7 (u) = C}"(u) and DY, ,(m) = D/, (m)
forany p >0

Conjecture: We expect the above inequalities to be valid
for any p < 2, without substantial regularity restrictions in
the continuous case
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What is known for D ,(m)?

fWe have shown that D ,(m) holds locally for any T
m=2,..., [%N], l.e. in the vicinity of the regular polygon,
and consequently, D\”,(m) holds locally for any p € (0, 1]
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What is known for D ,(m)?

fWe have shown that D ,(m) holds locally for any T
m=2,..., [%N], l.e. in the vicinity of the regular polygon,
and consequently, D\”,(m) holds locally for any p € (0, 1]
As for the global validity we have a particular result:

Proposition: D} ,(2) holds globally, and so does D”,(2)
for each p € (0, 1]
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What is known for D ,(m)?

fWe have shown that D ,(m) holds locally for any T
= 2,. [ NJ, i.e. in the vicinity of the regular polygon,

and consequently, ( ) holds locally for any p € (0, 1]
As for the global val/d/ty we have a particular result:
Proposition: D} ,(2) holds globally, and so does D”,(2)
for each p € (0, 1]
Proof: Call g; the “bending angle” at i-th vertex, then the
mean length of the 2-diagonals is M, = 26377 | cos 2. Using
strict convexity of the function v — —cos ¢ in (-7, ) together
with SN 8, = 27w, w € Z, we find

—Zcos— > — N cos (Zﬁz> :—NCOS%'

%the |nequaI|ty |s sharp unless all the ;'s are the same [ J
&)
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C7 (u) in terms of curvature

fUnder our regularity assumptlon we can characterize I" by T

its (signed) curvature ~ := I';T'; — I'; Ty which is piecewise
continuous in [0, L]. Up to Euclidean transf’s we have

D(s) = ( /O " cos B(s') ds, /O sin B(s") ds’) |

where §(s) := [, v(s') ds’ is bending angle relative to s = 0
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C7 (u) in terms of curvature

fUnder our regularity assumptlon we can characterize I" by T

its (signed) curvature ~ := I';T'; — I'; Ty which is piecewise
continuous in [0, L]. Up to Euclidean transf’s we have

D(s) = ( /O " cos B(s') ds, /O sin B(s") ds’) |

where §(s) := [, v(s') ds’ is bending angle relative to s = 0
To ensure that the curve IS closed, we have to require

L L
/ cos 3(s") ds’ :/ sin 3(s’)ds" =0
0 0
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C7 (u) in terms of curvature

fUnder our regularity assumptlon we can characterize I" by T

its (signed) curvature ~ := I';T'; — I'; Ty which is piecewise
continuous in [0, L]. Up to Euclidean transf’s we have

D(s) = ( /O " cos B(s') ds, /O sin B(s") ds’) |

where §(s) := [, v(s') ds’ is bending angle relative to s = 0
To ensure that the curve IS closed, we have to require

L L
/ cos 3(s") ds’ :/ sin 3(s’)ds" =0
0 0

The left-hand side of C*/(u) can be now rewritten as
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Proof of C%(u)

It is sufficient to check that ¢ (u) is maximized by the circle,
i.e. by 8(s) = 222, Rearranging the integrals we get

/ as / §" [u—|s'— s"|] cos(B(s') — B(s"))

|
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Proof of C%(u)

It is sufficient to check that ¢ (u) is maximized by the circle,
i.e. by 8(s) = 222, Rearranging the integrals we get

/ as / §" [u—|s'— s"|] cos(B(s') — B(s"))

Next we change the integration variables to = := s’ — s”
and z := 1(s'+ s”), and use the even parity of the functions
involved to obtain

2 () 2/0uda: (u — ) /OLdz cos (/:t:y(s) ds>

2
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A partial global result

fln an analogy with D}W(Q) we can get a global result for u T
small enough:

Proposition: Let I" have no self-intersections and the
inequality 5(> + su) — 3(z — 5u) < 57 is valid for all
z € [0, L], then C# (u) holds

" -
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A partial global result

fln an analogy with D}W(Q) we can get a global result for u T
small enough:

Proposition: Let I" have no self-intersections and the
inequality 3(z + su) — B(z — su) < 57 is valid for all
z € [0, L], then C# (u) holds

Proof: We employ concavity of cosine in (0, lw) obtaining

t(u) < 2L/ d“‘““( /d/ >

_  p)eos M L g2 ™
= QL/O dx (u — x) cos 7= 7T2 sin L :
since fo s)ds = £27. The function z — f v(s) ds is

constant for xr € (0,u) Iiff v(-) is constant, hence the circle J
gives a sharp maximum. [J

UABO5 Conference “Differential Equations and Mathematical Physisc”; Birmingham, Al., April 1, 2005 — p.31/40

S



Local validity of C#(u)

fProposition: If T is C!, piecewise C?, the inequality T
C?(u) holds locally for any L > 0 and u € (0, 4 L], and
consequently, 7 (u) holds locally for any p € (0,2
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Local validity of C#(u)

fProposition: If T is C!, piecewise C?, the inequality T
C?(u) holds locally for any L > 0 and u € (0, 4 L], and

consequently, 7 (u) holds locally for any p € (0,2
Proof: Gentle deformations of C can be characterized by

2T
v(s) = — +9(s),
where ¢ is a piecewise continuous function, small in

the sense that ||g||.c < L~! and satisfying the condition
fOL g(s)ds = 0. We employ the expansion

1 1 2
AT X C Qrx [FT2Y 1 2T X S 3
cO8 —— — sin —— . g(s)ds — 5 €08 —— </Z%x g(s) dS) + O(g°),
%where the error term is a shorthand for O(||Lg||2.) J
@
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Proof, continued

fSubstituting into the expression for ¢ (u) we find that the T
term linear in g vanishes, because

L st+s5x
/ dz/ ds—/ dsg(s)/ dz =0,
0 s—ix

N
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Proof, continued

fSubstituting into the expression for ¢ (u) we find that the T
term linear in g vanishes, because

L s—l—%x
/ dz/ ds—/ dsg(s)/ dz =0,

2

Hence the deformation shows in the 2nd order term only,

L3 U
cf(u) = =5 sin® — — Iy(u) + O(g”)

U I L z—l—%x 2
I,(u) ::/0 dz (u — x) CoS —— i dz (/ 1 g(s)ds)

and we need to show that 7,(u) > 0 unless g = 0 identically.
%Notice that for u < ;L this property holds trivially J

where
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Proof, continued

fFor u € (3L, 5L] we notice that g is periodic and piecewise T
CY, so we write it as Fourier series with zero term missing,

E 2 2
g(s) = ; (an sin 7'(ZLS + by, cos ﬂZLS> :

where Y (a2 +12) < oo (and small).
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Proof, continued

fFor u € (3L, 5L] we notice that g is periodic and piecewise T
CY, so we write it as Fourier series with zero term missing,

St 2 2
g(s) — Z (an sin 7;73/5 + bn COS 7';?5) ,

n=1

where Y (a2 +12) < oo (and small). We have

e L& 2 2
/Z 1 g(s)dS:;Zﬁ (ansin ?Z—ancos w;z) Sinw—zx,

2 n=1

so using orthogonality of the Fourier basis one gets

U 2 o L3 a2 + b2
]g(u)—/o dz (u — x) (305%51j 52 T O sin %
1

n? L J

n—
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Proof, continued

~ Summation and integration can be interchanged giving |
N U
lof) = 55 > B ()
where =l
F,(v) := / (v —y) cos2y sinny dy .
0
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Proof, continued
~ Summation and integration can be interchanged giving |

— a? + b2 U
o) = 53 3 2 B ()
where =l
F,(v) ::/ (v —y) cos2y sinny dy .
0

These integrals are equal to
1

Fi(v) = 18(981]{11}—81]{13?}—62})
1
Fr(v) = 32(47) — sin4v) ,
Fo() — nv  sin(n—2)v  sin(n+2)v n>3.

n2—4  2(n—2)? 2(n+2)%
It is easy to see that F,(v) > 0 for v > 0 and n > 2 and
Fi(v) > 0in the interval (0, 5). Thus we have found that
I,(u) > 0 unless all the coefficients a,, b, are zero. [ J
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-

Remark

-

One may wonder what happened with the closedness
requirement, fOL cos ((s') ds’ = fOL sin 3(s’) ds’ = 0. We
proved the claim using the weaker property 5(0) = 3(L).
This is possible for small deformations only!

|
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-

Remark

-

One may wonder what happened with the closedness
requirement, fOL cos ((s') ds’ = fOL sin 3(s’) ds’ = 0. We
proved the claim using the weaker property 5(0) = 3(L).
This is possible for small deformations only!

C .

As an illustration, consider I" in the form of an “overgrown
paperclip” which satisfies the condition 5(0) = 3(L) but not
the closedness requirement. Making the U-turns small one

can get ¢i(5L) arbitrarily close to 5 L* which is, of course,
larger than L3 /r? J
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Global validity of C#(u): an example

fLet " be a curve consisting of two circular segments of T
radius R > £, i.e. it is given by the equations

I 2
(:EiRcosﬁ> +y*=R* for +x>0
being “lens-shaped” for R > £, “apple-shaped” for
L < R < & “apple-shaped” and a circle for R = &

N )

L L L

R>§ E<R<%
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Example, continued

It is straightforward exercise to compute
L U U u u L L —2u
2 _ 3 2 _ - S
crlu) = 8R {QR S o T (QR Cosop SN QR) “CUR AR }

3 —1
Let us plot ¢ (u) (L2 sin’ 7}?) for L=1w.rt. Rand u
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Example, continued

It is straightforward exercise to compute
L U U u u L L —2u
2 _ 3 2 _ - S
crlu) = 8R {QR S o T (QR Cosop SN QR) “CUR AR }

3 —1
Let us plot ¢ (u) (L2 sin’ 7}?) for L=1w.rt. Rand u
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S

Some open questions

» Prove D7 ,(m), locally and globally

|
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Some open questions

o N

» Prove D7 ,(m), locally and globally

» Prove global validity of C*/ (u)
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Some open questions

» Prove D7 ,(m), locally and globally

» Prove global validity of C*/ (u)

Prove higher-dimensional analogues of these
inequalities for loops in R? (notice that the local
proof of D}, ,(m) works for polygons in any R?)

|
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Some open questions

Prove D7 ,(1m), locally and globally

Prove global validity of C} (u)

Prove higher-dimensional analogues of these
inequalities for loops in R? (notice that the local
proof of D}, ,(m) works for polygons in any R?)

Prove higher-dimensional analogues of these
inequalities for codimension-one surfaces in R¢

|
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Some open questions

» Prove D7 ,(m), locally and globally

» Prove global validity of C*/ (u)

Prove higher-dimensional analogues of these
inequalities for loops in R? (notice that the local
proof of D}, ,(m) works for polygons in any R?)

Prove higher-dimensional analogues of these
inequalities for codimension-one surfaces in R¢

Find maximizers in classes not containing C or Py

|
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Some open questions

» Prove D7 ,(m), locally and globally

» Prove global validity of C*/ (u)

Prove higher-dimensional analogues of these
inequalities for loops in R? (notice that the local
proof of D}, ,(m) works for polygons in any R?)

Prove higher-dimensional analogues of these
inequalities for codimension-one surfaces in R¢
Find maximizers in classes not containing C or Py

Find maximizers if the interaction strength changes
along the curve (or surface), so the problem ceases
to be purely geometric

|
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The talk was based on

[EO5a] P.E.: An isoperimetric problem for point interactions, J. Phys. A: Math. Gen. A38
(2005), to appear; math-ph/0406017

[EOSDb] P.E.: An isoperimetric problem for leaky loops and related mean-chord inequalities,
J. Math. Phys. 46 (2005), to appear; math-ph/0501066
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The talk was based on

[EO5a] P.E.: An isoperimetric problem for point interactions, J. Phys. A: Math. Gen. A38
(2005), to appear; math-ph/0406017

[EOSDb] P.E.: An isoperimetric problem for leaky loops and related mean-chord inequalities,
J. Math. Phys. 46 (2005), to appear; math-ph/0501066

for more information see hittp.//www.ujf.cas.cz/"exner
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