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Combinatorics on Words

@ a general tool applicable in many fields
o examples of studied problems:
o Random number generators (shuffling of generators using
Sturmian sequences)
o Hash functions (dithering method)
o Quasicrystal models
o Non-standard numeration systems
o Discrete Schrodinger operators
(HY)(n) :=(n+1) +4(n— 1)+ uxp(n) for ¢ € (3(Z)

o Formalization of CoW (a generic proof assistant Isabelle)
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Axel Thue (1863 — 1922) answered in 1906 the following
questions:

o Question 1: Is there a binary sequence without cubes?

o Question 2: Is there a ternary sequence without squares?

ababbabab abbbabbbabbb abababbba. ..
—_——
(abbb)3

a _bb acabcabbabbabbcccabababa...
~ —— ——

b2 (cab)? (abb)?
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Thue-Morse sequence

The Thue-Morse sequence uty = uguiuy ... is defined recursively

up =0; Upp=up; Upy1=1—u, foralln>D0.
ury = 01101001100101101001011001101001100101100110100.. ...

Theorem

Define a morphism @1p on {0, 1} by o1m(0) = 01; p7m(1) = 10.
Then oTm(uTm) = uTMm.

L N N N N
v 2 1 0 2 0 1 2 1 0

urpy =011 0 1 0 011 0 01 0110 10 0...
~—~ ~ N~
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Define a morphism ¢1p on {0,1} by @ 1m(0) = 01; p1m(1) = 10.
Then prm(uTm) = uTm.

erm(0) = o1
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Define a morphism ¢1p on {0,1} by @ 1m(0) = 01; p1m(1) = 10.
Then prm(uTm) = uTm.

etm(0) = 01

Pu(0) = o110

©3y(0) = 01101001

©4y(0) = 0110100110010110
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Rational powers

Let e € Q. A word z is an e-th power of a word u if z is a prefix of

u“ = uuuuu ... and e = % We write z = u€.

abbabb = (abb)?
abbcabbcabbc = (abbc)?
abbabbab = (abb)?/3 = (abbabb)*/3

starosta = (staro)®/®
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Critical exponent

Let u be a sequence. The critical exponent of u
E(u) = sup{e € Q : u® is a non-empty factor of u}.

Example

Not only uty, does not contain cubes, but ury, does not contain
overlaps: awawa, where w is a factor and a is a letter. Therefore

E(urm) =2.
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Introduction & Motivation

Dejean’s theorem (conjecture), 1972 — 2011:
(proven by Currie, Rampersad; Rao)

the least critical exponent of sequences over an alphabet of size d:

o 2ford=2;
o 7/4 for d =3;
o 7/5 for d =4;

oﬁfordZS.
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Conjecture for balanced sequences

o Rampersad, Shallit, Vandomme, 2019:
the least critical exponent of balanced sequences over an
alphabet of size d equals g—:% ford >5

@ proven for5<d <8
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@ proven for5<d <8

o Dolce, Dvorakova, Pelantova, 2021:
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Conjecture for balanced sequences

o Rampersad, Shallit, Vandomme, 2019:
the least critical exponent of balanced sequences over an
alphabet of size d equals g—:% ford >5

@ proven for5<d <8

o Dolce, Dvorakova, Pelantova, 2021:

@ proven for 9 < d <10

o disproven: new bound % for1l1 <d <12

o Dvorakova, Opoéenska, Pelantova, Shur, 2021:

@ new bound % for d > 12, d even

@ new conjecture: % ford > 11
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Conjecture for balanced sequences

]

Rampersad, Shallit, Vandomme, 2019:
the least critical exponent of balanced sequences over an
alphabet of size d equals g—:% ford >5

proven for 5 < d < 8

Dolce, Dvorakova, Pelantova, 2021:
proven for 9 < d <10

disproven: new bound % for1l1 <d <12

Dvofakova, Opocenska, Pelantova, Shur, 2021:
new bound % for d > 12, d even
new conjecture: % ford > 11
d - d—1 - d—2
d-1 d-2 d-3
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o Arseny Shur: Abelian repetition threshold revisited

o Pascal Ochem: Avoiding large squares in trees and planar
graphs
o Szymon Stankiewicz: Square-free reducts of words

o Robert Mercas: (Trying to do a) Counting of distinct
repetitions in words

o Eric Rowland: Avoiding fractional powers on an infinite
alphabet

o Matthieu Rosenfeld: A simple proof technique to study
avoidability of repetitions

o Jarkko Peltomaki: Avoiding abelian powers cyclically

o Lucas Mol: Extremal square-free words and variations
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Definitions CoW

@ sequence u = uguiuy ... over A
o bispecial factor of u

@ return word v to a factor u of u

Example

ur = abaababaabaababaa..., A = {a,b}

ur = ¢(ur), where p:a — ab, b—a

aba is a bispecial factor since aaba, baba and abab, abaa are
factors of ug

v = aabab /s a return word to u = aaba
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(Asymptotic) critical exponent

o critical exponent of u
E(u) = sup{e € Q : u® is a non-empty factor of u}
@ asymptotic critical exponent of u
E*(u) = lim,_oosup{e € Q : u€ is a factor of u and |u| > n}
Evidently, E*(u) < E(u).
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(Asymptotic) critical exponent

o critical exponent of u
E(u) = sup{e € Q : u® is a non-empty factor of u}
@ asymptotic critical exponent of u
E*(u) = lim,_oosup{e € Q : u€ is a factor of u and |u| > n}
Evidently, E*(u) < E(u).

Proposition (Dvotdkova, Pelantova)

Let u be a uniformly recurrent aperiodic sequence. Let wy,
be the n-th blspeCIaI of u and v, a shortest return word to w,. Then
E(u)=1+sup{!™ :neN} and E*(u)=1+limsup, . "l

val - [val
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(Asymptotic) critical exponent

o critical exponent of u
E(u) = sup{e € Q : u® is a non-empty factor of u}
@ asymptotic critical exponent of u
E*(u) = lim,_oosup{e € Q : u€ is a factor of u and |u| > n}
Evidently, E*(u) < E(u).

Proposition (Dvotdkova, Pelantova)

Let u be a uniformly recurrent aperiodic sequence. Let wy,
be the n-th bispecial of u and v,, a shortest return word to w,. Then
E(uy=1+ sup{‘w"‘ :neN} and E*(u) =1+ limsup, |wal

[val lval *

Example
|Wn| = Fpi2+ Foy1 —2 and ’Vn‘ = Fpp1 with F[p =0, =1
E(up)=2+717=2+ %g = E*(ug) — minimal for Sturmian
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Balanced sequences

u over A balanced if |u| = |v| = |u|, —|v|]a <1 forallac A
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Balanced sequences

u over A balanced if |u| = |v| = |u|, —|v|]a <1 forallac A

Theorem (Graham 1973, Hubert 2000)

v recurrent aperiodic is balanced iff v obtained from a Sturmian
sequence u over {a,b} by replacing

@ a with a constant gap sequence'y over A,
@ b with a constant gap sequence y' over B,
where A and B disjoint. We write v = colour(u,y,y’).

L Dvotakova Critical Exponent



Critical exponent of balanced sequences

Balanced sequences

Definition
u over A balanced if |u| = |v| = |u|, —|v|]a <1 forallac A

Theorem (Graham 1973, Hubert 2000)

v recurrent aperiodic is balanced iff v obtained from a Sturmian
sequence u over {a,b} by replacing

@ a with a constant gap sequence'y over A,
@ b with a constant gap sequence y' over B,

where A and B disjoint. We write v = colour(u,y,y’).

v = colour(ug,y,y’), where y = (0102) and y’ = (34)~
ur = abaababaabaabab...
v = 031042301402304...
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Computation of asymptotic critical exponent

Program implemented by Daniela Opocenska
Recall £%(v) =1+ limsup,,_,.. 1!
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Computation of asymptotic critical exponent

Program implemented by Daniela Opocenska
Recall E*(v) =1+ limsup,_,, %

Program:

Input: slope 6 quadratic irrational, Per(y), Per(y’)
Output: E*(v), where v = colour(u,y,y’)
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Computation of critical exponent

Program implemented by Daniela Opocenska

Recall E(v) =1+ sup{{2 : n € N}
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Computation of critical exponent

Program implemented by Daniela Opo&enska

Recall E(v) =1+ sup{{2 : n € N}

Our result: E(v) = max {E*(v) 1+ ||W"|} for finitely many i
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Computation of critical exponent

Program implemented by Daniela Opo&enska

Recall £(v) =1+ sup{*4 : n € N}
Our result: E(v) = max {E*(v) 1+ ||W"|} for finitely many i
Program:

Input: slope 6 quadratic irrational, y, y’
Output: E(v), where v = colour(u,y,y’)
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Minimal critical exponent

d 0 y y E(v) E*(v)

3 [0,1.2) (01)* 2 2+ |2+ %

4 [0.7) (01)¢ (23)* I P

5 [0,1,2] (0102)* (34) 3 3

6 [0,2,1,1,T.T,1,2] | o (123415321435)~ % 3

7 [0,1,3,T,2,1] (01)* (234526432546)~ H H

8 [0,3,1.2) (01)* (234526732546237526432576) f-12 |23

9 [0,2,3,7) (01)* (234567284365274863254768)" To1167|1 42212113

10 [0,4,2,3] (01)* (234567284963254768294365274869) 8114 |14+ 321139

11 [0,6.3.1,2] (01)* (2345678924436587294A638527496A8325476984) | 10 = 1.11 | 2,32 = 1,002

12 [0,1.3.2) (012345)~ | (6789AB)* U_11 |22 =100

d > 14 even | [0,1,[d/4],T] (12...4/2)* | (1'2...a/2')¥ -~ 1+ 7=,
where TN+ < d/2 < 7N+2

Table: Baranwal, Rampersad, Shallit, Vandomme, Dolce, Dvofakov4,
Opoctenska, Pelantova: balanced sequences with the least critical
exponent with alphabet size d.

d <d—1<d—2
d—1 d-2 d-3
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Results

‘ d ‘ 9 ‘ Per(y) ‘ Per(y’) ‘ E*(v)
3 [0,},2] 2 2+%
4 {10,1] 2 2 1+7
51(1[0,1,2] 2 4 2
6 |[0,1] 4 4 2<5=minE
71(1[0,5,1,1,1,1,5,2] | 1 32 1.14095 < 2 = min E
8 [[0,1] 8 8 1+ <2=minE
9 |[0,1,4] 8 16 1.03299 < L =minE

Balanced sequences with the least asymptotic critical exponent
over alphabets of size d.
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Minimal critical exponent of balanced sequences
@ program for computation of critical exponent
@ conjecture by Rampersad, Shallit, Vandomme refuted
@ new bound d L 5 proven for d > 12, d even and also for
d=11,13, 15, 177 19,21,23
@ working on its proof for d > 11
Minimal asymptotic critical exponent of balanced sequences
@ program for computation of asymptotic critical exponent

@ open problem: minimality
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Thank you for attention
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