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[ > restart;
[ > assume (M>0) ;assume (E, real) ; assume (omega>0) ;

Castice v nekonecne hluboke potencialove jame v WKB
aproximaci

> int (sqgrt (2*M*E) ,x=-a..a)=(n+1/2)*Pi*h;
1

2 2\] Ea=\n+7 |nh

\/— MEa [n zjn

1R @n’+4n+1)
32 Mad’

> E=solve(%,E);

[ zatimco spravny vysledek je
> E = 1/8*Pi"2*h"2* (n"2)/ (M*a"2);

2,2 2
1w h n

E =
8 Mad?

Harmonicky oscilator v WKB aproximaci

> solve(E=1l/2*M*omega”~2*a™2,a);

J2\mE 2{ME
I Mo ° Mo
> a:=sqgrt(2)*sgrt (M*E)/ (M*omega) ;

2YME
I T Me
"> simplify(int (sqgrt(2*M* (E-1/2*M*omega”2*x"2)),x=-a..a))=(n+1/2)*P
i*h;
Ex 1
—=\n+7 |Th
0] 2

> E=solve(%,E);

1
E=h®n+5hm

[ to vychazi spravne
bavd ¢ v

Koeficient pruchodu obdelnikovou jameu (V>E)

> T=simplify (exp (-2/h*int (sgrt (2*M* (V-E)),x=-a..a)));
[ {2{m{Erv 'a']
A
h
I T=e
" souhlasi se vztahem T=exp(-4*kappa*a), kde kappa=sqrt(2*M*(V-E))/h, ktery je limitou v ZS

. odvozeneho vyrazu pro kappa*a>>1
[ >
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Odvozeni propagatoru 1D harmonickeho oscuilatoru z
drahoveho integralu

L=1/2*m*diff(x,t)"2-1/2*m*omega’2*x"2

Nejprve rozdelime popis trajektorie na "klasickou cast"-reseni klasickych pohyb. rovnic s danymi
okrajov. podminkami, a kovant. korekci:

x()=x_cl(t)+y(t).

Po dosazeni do akce a roznasobeni kvadratu diky pohybovym rovnicim vypadne clen obsahujici
souciny x_cl a x(t) (x_cl(t) je extremalou)-> S se rozpada na soucet dvou casti, exp(I/hbar*S_cl)
vytkneme pred drahovy integral (nezavisi na x(t)), v drahovem integralu integrujeme pres
trajektorie zacinajici v y(t0)=0 a koncici v y(t1)=0..drahovy integral je jiz funkce jen casu, z
invarianci L vuci cas. translacim = F(t1-t0). Dale urcime hodnotu akce na klasicke trajektorii a

_ F(t1-t0).

[> restart;

[ > interface (showassumed=0) ;

- > assume(x1,real) ;assume(x0,real) ;assume(tl, real);assume(t0,real);
assume (omega, real) ;assume (hbar, real) ;assume (m, real) ; assume (x0t, r
eal) ;

Akce podel klasicke trajektorie
> x:=t->a*sin(omega*t) +b*cos (omega*t) ;
x:=t—asin(®t)+b cos(mw?r)
> x(tl)=x1,x(t0)=x0;
asin(w t1)+b cos(w t1)=xI, a sin(w 10) + b cos(w 10) = x0
[ > solve({x(tl)=x1,x(t0)=x0},{a,b});
, sin(® t1) x0 — x1 sin(w 10) cos(® 10) x1 — x0 cos(w t1)
tb= sin(w ¢1) cos(® 10) — cos(w t1) sin(w 10)’ a= sin(m #1) cos(® 10) — cos(w t1) sin(w 10)
> subs (%,a*sin (omega*t) +b*cos (omega*t) ) ;
(cos(m t0) xI — x0 cos(w 1)) sin(® 1) (sin(® #1) x0 — x1 sin(w 20)) cos(® 1)
+
sin(w 1) cos(w 10) — cos(® t1) sin(w 10) ~ sin(w £1) cos(® 10) — cos(w t1) sin(w 10)
> x:=t->(cos (omega*t0) *x1-x0*cos (omega*tl)) *sin(omega*t) / (sin (omeg
a*tl)*cos (omega*t0)-cos (omega*tl) *sin (omega*t0))- (-sin (omega*tl)
*x0+x1*sin(omega*t0)) *cos (omega*t) / (sin (omega*tl) *cos (omega*t0) -
cos (omega*tl) *sin(omega*t0)) ;
(cos( t0) x1 — x0 cos(w t1)) sin(w 1) (=sin(w #7) x0 + x1 sin(w t0)) cos(w 1)
sin(w tZ ) cos(w t0) — cos(w t1) sin(® 10) sm(co t1) cos(m t0) — cos(w t1) sin(w 10)

[ Kontrola okrajovych podminek
T > simplify ({x(tl)-x1,x(t0)-x0});

xX=t—

A {0}
[ Lagrangian podel skutecne trajektorie
[ > L:=t->1/2*m*diff(x(t),t)"2-1/2*m*omega~2*x(t)"2;

1 1
Li=t—>~ ; m diff(x(1), t) — m o’ x(t)

[ Akce podel skutecne trajektorie



-

™1

> S_cl:=simplify(convert (int(L(t),t=t0..tl),exp));

(2Iwtl) 9 (21mtl) (To(0+11)) 21w10) 9 (21w10)
+e x0" +e

1
~1I(e X0 +e xI* -4 x0x] e xIom

S cl:= @low)  (21ot)
— +e

Jeste upravime
> S_cl:=simplify (numer (S_cl) /exp(I*omega* (t0+tl)))/simplify (denom/(
S_cl) /exp (I*omega* (t0+tl)));

S o 1 ®m (cos(w (t1 —t0))x02+cos(0) (11 —tO))x]2—2x0x])
clLi=7_

-9 sin(w (¢t — 10))
> S_cl:=(x1,x0)->m*omega/2/sin (omega* (t1-t0) ) * ( (x1°2+x0"2) *cos (ome
ga* (t1-t0))-2*x0%x1) ;

1mo ((;\] +x0° )cos(® (¢ —10))—2 x0 x1)
2 sin(w (¢ — t0))

S cl:=x1,x0)—"=

" Dale napiseme tvar propagatoru
- (neuvadim explicitne casy v K(..), spravne ma byt K(x1,t1;x0,t0))

> K:=(x1,x0)->exp(I/hbar*S_cl(xl,x0))*F(tl-t0);
(IS_cl(x], x0) ]

K=GxlLx0)—e " Rl -10)
IF(t1=t0)! urcime z podminky unitarity, tj. casovy vyvoj nemeni normu ->
int(psi(x1,t1) *conjugate(psi(x1,t1),x1) = int( K(x1,x0) * “‘conjugate(K(x1,x0t)) *psi(x0,t0)
*conjugate(psi(x0t,t0), x0,x0t,x1) =>
int(K(x1,x0)*conjugate(K(x1,x0t),x1)=delta(x0-x0t)

"> simplify (K(x1,x0)*conjugate (K(xl,x0t)));

1/2 Im (x0—x0t) (cos(® (1 —10))x0-2 xI +cos(® (] — 10)) x01)
hbar sin{w (¢t —-10))

e | e - 10))?
presubstltup z=x1*m*omega/hbar/sin(...) ->dx1= (m*omega/hbar/sin(...))*(-1) dz, v integralu pak

mam 2*Pi*integralni reprezentace delta funkce ->
> 1=2*pPi*abs (F (tl-t0))"2* (m*omega/hbar/sin(omega* (t1-t0)) )~ (-1);

) nt| Ft1 - 10)|* hbar sin(w (11 — 10))

ma®
> abs (F(tl-t0) )=sqgrt (m*omega/ (2*Pi*hbar*sin (omega* (t1-t0)))) ;

| Rt - 10)] = \/_ \/n hbar sm(co (t1 - 10))

" Provedenim limity omega->0 a porovnanim s volnou castici dostavame I do jmenovatele pod

. odmocninu
T > F(tl-t0) :=

1/2*sgrt(2) *sqrt (m*omega/ (I*Pi*hbar*sin (omega* (t1-t0)))) ;

Rl - 10) := \/ Ame
( )= T hbar sin(o (t1 — 10))
> 'K(x1,x0)"=K(x1,x0)

1/2 Imo ((x0° +x1‘)cos(m(t]—10))—-2x0x1)
1 hbar sin(o (1] — 10)) \/—2- )\/ Imo

1 =
K(x1, x0) 5 e T hbar sin(w (21 — 10))
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