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Superintegrability of systems with magnetic fields

Integrable and superintegrable systems are distinguished by their
symmetry, which enables to solve their equations of motion exactly, in
quadratures or even algebraically, respectively. Due to these properties
they serve as a basis for perturbative models of more complex situations.

However, most integrable and superintegrable system were studied in the
absence of magnetic field. However, there are many physical situations
when magnetic field is crucial, e.g. in plasma or accelerator physics,
hence the need for their study.

We (will) focus on geometrical aspects of these systems, often connected
with separation of variables.
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Integrability and Superintegrability

Integrability

A classical Hamiltonian system with n degrees of freedom is integrable if
it admits n functionally independent integrals of motion in involution.

Superintegrability

A classical Hamiltonian system with n degrees of freedom is polynomially
superintegrable if it admits n + k functionally independent integrals of
motion (where k < n — 1), that are polynomial in the momenta and out
of which n are in involution.

In 3D: 4 integrals = minimal superintegrability, 5 integrals = maximal
superintegrability.
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Magnetic field and canonical momenta

The vector potential is represented by a 1-form
A(X) = AL(X)dx! + Ax(X)dx? + A3(X)dx3
and the magnetic field by a 2-form

A A
B=dA= <ng - gX;) dx? A dx3 + cycl. = B}(X)dx? A dx® + cycl.

We use momenta covariant with respect to a time-independent gauge
transformation A’'(X) = A(X) + dx(x), V/(X) = W(X) as

it = pi+ A= my,.

The Hamiltonian of the system on a Riemannian manifold reads

1 o1 i >
H = 28" (pi+Ai)(p +Aj) + V(X) = 58" pipj + A'pj + U(X)-
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Quadratic integrable systems beyond separable classes, helical
undulator

Ondfej Kul Mag. systems: beyond config. space separ:



Quadratic integrals

The condition for the integral of motion X is
{H, X} =0.

For polynomial integrals it separates into PDEs for different coefficients
of momenta.

For systems on 3D Euclidean space, the highest order terms of quadratic
integrals are in the enveloping algebra of the Euclidean algebra £{(e3).

X= > gt} +Y Bl + > viplef+
< i g i<

+51(X)p1 + s2(X)py + s3(X)ps' + m(X),

where ¢4 = D ik eI pp.

The lower order ones imply 10 linear PDEs on the functions 5, m, é, Vv
which also depend on 20 constants «j, §j; and ;.

For integrability we need 2 such integrals in involution ~~ naive

brute-force approach is intractable.
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Quadratic integrability with magnetic field

When we consider integrable systems on Euclidean 3D spaces, i.e.
{Xla H} = {X27 H} = {X17X2} = Oa

the restriction on the form of integrals comes from the involutivity. We
can moreover choose the reference frame, i.e. perform Euclidean
transformations, take linear combinations and use the geometric relation
p-£=0.

The key to classification observed in [Marchesiello and Snobl 2022] is to
first classify pairs of quadratic terms (an algebraic problem) and only
then consider lower order equations.

Somewhat surprisingly, the highest order terms of the integrals may not
be constrained to the standard separable cases, i.e. nonstandard integrals
exist. First such systems was found in [Marchesiello and Snobl 2017]. The
core of my PhD thesis [Kubl 2024] was classification of such systems.
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Possible forms of quadratic terms for integrable systems

As observed in [Marchesiello and Snobl 2022], pairs of homogeneous
quadratic integrals form 3D Abelian subalgebras span{h = p? X1, Xo} of
quadratic commuting elements in (e3) modulo equation 5 - /=0 and
transformations from the Euclidean group.

Their classification leads to 11 classes, 9 of which may a priori admit
nonstandard systems (i.e. not connected to separation of variables). For
the latter we have to study the lower order equations.

In the following list we review the state of the art: the blue classes have
been showed to possess nonstandard generalized systems, the red ones do
not, green do not allow them due to their algebraic structure, on bold we
do not have (complete) results.
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Review of investigated classes

Xy =02+ 03+ 02+ alzps + bp3, Xo =13,
X1 =03+ 03+ 63+ b(ap3 + p3), Xo=al3+ (3 — abp?,

X1 =8 + &+ £3 + 2b(¢1p1 — (3a — 1)£2py — 2£3p3) + 3b%((1 — 4a)p} —
(3a®—2a—1)p2+2(a—1)p3), X, = at3+ €3+ 6ablip; +9ab®(ap?+ p3),

X1 =102, Xo=1L(tipa+ pats — lapr — p1l2) + alsps,

B E3

X1 = /§+23((1p| 7(gp2)782p§. Xo = —( 1P2 + pat1 — Lap1 — p12) — ap1p2,
X1 =3 + alsps + bp? + cp1ps + dp2ps, X2 = p3,

Xy =03 +ap?, Xo={l3p3+ bp?,

Xy = lip1 + alopp — (a+ 1)l3p3 + bp3, Xo = p? + 2;*21[)%-,

agaE=

X1 =l1p1 + ap3 + bpops,  Xo = p2,
X1 =lip1 + alopr — (a+ 1)l3p3 + & (51P3 + p3l1 — fspl — p143) + 2bp1p2 +

2 5a+1
c(p3—p3). X = P1+4a 1p1p3+4a 1P2 . 1P3v

X1 = p?+ap3, Xp=p3+ bpip> + cp1p3 + dpaps.
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Nonstandard systems

For example, the extended cylindrical class has the integrals

Xy = {5+ al3ps+ bpi + cpips + dpaps + - . .,
X2 = p%—i—,

where the parameters a, b, ¢, d satisfy
a,beR, c>0,d>0.
One of corresponding systems is (a # 0,c #0,b=d = 0)
=pBa(ay +c¢), B =—frax, B =—(36r*+2p1),

V= 4, /32 o @ +4B1 4 achh ,  fpac? 2

rry+
+ wyr? +w2x—|—o.)3y], r=4/x%+y2

r
8 2 2
The fields depend only on free parameters, no undetermined functions.
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Helical undulator in solenoid — a superintegrable system

Not much freedom for further restriction ~~» superintegrable nonstandard
systems will (probably) be rare.

In [Kubi at al. 2023] we have found one new superintegrable system,

B (%)= (—@3cos (2;) , B3 sin (f) 751), V(%) =0.

We need both 31 # 0 and (3 # 0, otherwise the system was known from
[Marchesiello, Snhobl, and Winternitz 2015].

It models motion of an electron in a nonrelativistic limit of a helical
undulator in an infinite solenoid, neglecting the produced radiation.
Helical undulator is a key component of free-electron lasers. The field
can be produced by redistributing the constant magnetic field via a
ferromagnetic helix [Balal et al. 2017] or by an array of magnets
[Varfolomeev et al. 1993].
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Helical undulator in solenoid — Integrals

It admits 3 first-order integrals,
2z
Yl—px+51y+ﬂic S(a)’
2
Y, = py — Bix — %sin (;) ,

2z 2
Y3:£§‘—§pA—f {Blr + Bzasin ( a)x—l—ﬁaacos(;) y].

which do not Poisson commute pairwise if 51 #£ 0,
M, Y2} =51-1, {1, Y3} =-Ys, {Y2,V3}=V1.

If 32 4+ 32 # 0, it does not separate in any orthogonal coordinate system
on configuration space. Work in progress on separation on the phase
space using the Haantjes framework.
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Sample trajectories
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Figure: Sample trajectories and the surface in configuration space with the
integrals E= 4 + = 4 Y3 ¥, = 1Y, =0,Y; = —1 — T and the parameters
a=1,b=-%, bs=—3.
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Contents

Haantjes geometry and separability, constant magnetic field
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Nijenhuis and Haantjes operators

Let M be a differentiable manifold and K : TM — TM be a (1,1) tensor field.

Definition (Nijenhuis 1951)

The Nijenhuis torsion of K is the vector-valued 2-form defined by

TR(X,Y) = K[X, Y] + [KX,KY] - K([X, KY]+ KX, Y]),
where X, Y € TM and [, ] denotes the commutator of two vector fields.

Definition (Haantjes, 1955)

The Haantjes torsion of K is the vector-valued 2-form defined by

Hic(X, V) = K2T(X, Y) + Te(KX, KY) = K(Te(X, KY) + Tk(KX, Y) ).

A Nijenhuis/Haantjes operator is an operator whose Nijenhuis/Haantjes
torsion identically vanishes.
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Examples of Nijenhuis and Haantjes operators

m Every operator on a 2-dimensional manifold is a Haantjes operator. In
general, it is not a Nijenhuis one.

m Let M be an n-dimensional manifold and (xi,...,x») a local chart on M.
Let us consider the simple operators

)\1(X1) 0 0
0 Xo(x) - 0
Ki:= . . : )
0 0 An(xn)
A1(X1,...,Xn) 0 0
0 )\2(X1,...7X,,) 0
K2 = . .
0 0 s (Xt ey Xn)

K1 is a Nijenhuis operator, K, is a Haantjes operator.
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Haantjes algebras: definition

An associative algebra of Haantjes operators of rank m, hereafter
Haantjes algebra, is a pair (M, 57) where

m M is a differentiable manifold of dimension n;

m J7 is a set of Haantjes operators K : TM — TM, that generate
i) a free module of rank m over the ring of smooth functions on M

H(f(x)Kl+g(x)K2)(X, Y)=0, VKi,KoeZ, ¥YX,YeTM,
where f(x), g(x) are arbitrary smooth functions on M. Rank m

means that the module is generated by a “basis” with m elements.
i) a ring w.r.t. the composition operation

H(KIKQ)(X’Y):/H( X,Y)=0,VKy, K, € S,¥X,Y € TM.

K2K1)(

m In addition, if K1K> = Kb Ky, VK1, Ky € 2 the algebra S will be
called an Abelian Haantjes algebra.
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Basic examples

A natural Haantjes algebra is realized, in a local chart
{U,x = (x',...,x")}, by any set of diagonal operators of the form

K= Z)\k —@dx (1)

where the smooth functions Ag(x) play the role of eigenvalue fields of
K. Such operators generate an algebraic structure that will be said to be
a diagonal Haantjes algebra.

More generally, we shall say that a Haantjes algebra is semisimple if
each operator K € 77 is semisimple, i.e. its (proper) eigenvectors form a
frame in all open neighborhoods U C M.
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w# manifolds

P. Tempesta & G. Tondo, Ann. Mat. Pura Appl. (2021)

A wi (or symplectic—Haantjes) manifold of class m is a triple
(M, w, 52) which satisfies the following properties:

i) (M,w) is a symplectic manifold of dimension 2n;
ii) w is a symplectic form in M;

)
iii) 4 is an Abelian Haantjes algebra of rank m;
iv) (w, ) are algebraically compatible, that is

w(X,KY)=w(KX,Y) VKe A

For our purposes, the manifold M will be the phase space M = T*Q.

Proposition 2 in D. Reyes et al. (2024) implies that compatibility with w
can only work with Abelian Haantjes algebras.
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Diagonalization of Haantjes algebras

P. Tempesta & G. Tondo. J. Geom. Phys. (2021).

Theorem (Simultaneous diagonalization)

Let (M, ) be an Abelian Haantjes algebra.

i) If 7 is a semisimple Haantjes algebra, then there exist local
coordinate charts {(xi,...,x,)} where all K € 7€ can be simultaneously
diagonalized.

Conversely, let {Ki, ..., Ky} be a commuting set of m C°°(M)—linearly
independent operators. If they share a set of local coordinate charts in
which they take a diagonal form, then they generate a semisimple
Abelian Haantjes algebra (of rank not smaller than m).

i) More generally, if the Abelian Haantjes algebra (M, .7¢) is
non-semisimple, then there exist local coordinate charts {(x,...,x,)}
where all K € ¢ take a block-diagonal form.
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Haantjes chains, Darboux-Haantjes coordinates

Definition
Let (M, .5) be a Haantjes algebra of rank m. A smooth function H generates

a Haantjes chain of 1-forms of length m if there exist a distinguished basis
{Ki,...,Kn} of 5 such that K] dH =: dH,, o =1,..., m are locally exact.

Theorem (D. Reyes, P. Tempesta & G. Tondo, 2022)

There is a 1:1 correspondence between complete Louville integrability,
separation of variables for the Hamilton—Jacobi equations associated
with the integrals {Hy, Hy, ..., H,}, and an wH manifold of class n with
a Haantjes chain generated by H; with operators

d %’7,7 P P
Ka_g ®dg + —— @ dp; a=1,...,n.
8’ ap;
i=1 Bp U

The canonical coordinates (q, p) where K,, take this diagonal form are
called Darboux-Haantjes (DH) coordinates.
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Finding Darboux-Haantjes coordinates

P. Tempesta & G. Tondo. J. Geom. Phys. (2021).

Given an algebra .77, determine the nontrivial joint
eigen-distributions V,(x) as the intersection of (generalized)

eigen-distributions D,&)(x) = ker (KU — )\,-ml)p"(x) corresponding
to different operators KU

-+3Sm

Va(x) : @ D )ﬂﬂD,(:)(x), a=1,...,v<n.

colm
Construct a basis of closed 1-forms corresponding to each
annihilator (,_; V,)°, where we omit one V,(x) each time.

Find the local characterlstic and canonical coordinates by
integrating (suitable combinations of) the locally exact 1-forms.
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Application to 3D constant magnetic field

Let us consider an electron in the constant magnetic field
B(X)=b &

with no electric potential on 3D Euclidean space. The corresponding
Hamiltonian reads

1 T

H=> (p+AR) = ME?

> (+AR) " = 5i)
A(X) is the vector potential generating the magnetic field B = V x A.
The superintegrable system admits 4 independent first-degree integrals

Ho = Mt by, Ho =My —bx, Hy = M., Hy = (xT1, — yM,) — 8(:2 + y?)

and the fifth, nonpolynomial one (A. Marchesiello, L. Shobl &
P. Winternitz, 2015).

bz . bz
ﬂz) — M, sin (I'Iz> .

Hs = —I, cos (
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Cartesian w.7# structure |

In the following, we shall provide a set of semisimple Haantjes operators
that solve the chain equations K,-TdH = dH;, jointly with their spectral
properties. We focus on the Cartesian w# structure

0 = {lsxe, K1, K3}.

1 0 0 0 0O
0 0 0 0 0O
) L] 0 0 o0 |oo0o0O
7, 0 8A 9A |1 0 0
—0A, 0 0 |0 0 0
—0xA; 0 0 0 0O
W ) o 0 o 9 a
)‘1 *Oa D1<axAzay axAyazaay axAyapxaapy7apz>a

/\(21) = I_T, D, = < — 8xAy$ - axAzﬁa 8p>
X Y “ x
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Cartesian w.7Z structure |l

O O OO0 oo
O O OO oo
= O OO oo

0 o 0 o 0 0
A(3) - Ds = zA = zAxi = zAxi a2 a_
1 =0Ds <a x O dy ' Ox g dp.’ dpy Op, >

O_t 5 _[O 5,0 5, 0 9
Ao ‘nz’D“‘<8z %A oo ~ %™ o0, 00 )
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DH coordinates for the Cartesian w.7Z structure |

We now determine the Darboux-Haantjes coordinates for J4.
Defining the distributions

Vi=D1ND3, Vo=D1ND,, V3=D,NDs, V4:D20D4:@,

we can work out the annihilators

(V1 ®V2)° = (dx, 0xA,dy + 0,Acdz + dpy),
(V1 @ V3)° = (dz, 0xA.dx + 0, A,dy + dp,),
(V2 @ V3)° = (dy, 0<A,dx + 0,A,dz + dp,).
Integrating them, we find a set of Darboux-Haantjes coordinates for each

choice of gauge
1= ’ pP1 = M, + b)’»

g =x
=y, p=n, (2)
P?=z, p3=0..
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DH coordinates for the Cartesian w.7# structure Il

In this chart, the operators of the algebra 77 are indeed diagonal

1
K, = ———— diag(1,0,0,1,0,0),
YT p - bg? &l )

1
K; = — diag(0,0,1,0,0,1);
P3
the corresponding Hamiltonians H, Hy, H; are indeed separable.

[(pr — bg?)? + p3 + p3]

1, Ho=po—bg', Hs=ps,
b

Hy = q'po — ¢°p1 + > ((*)* = (¢")?).

The form of H is the one we would obtain by choosing the gauge
A = (—bg?,0,0) in the original Hamiltonian (23).
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Stackel geometry

In a suitable choice of coordinates, a large class of separable systems
satisfy the Stackel equation

Ay fi(q*, p1) Si(q') Si2(¢') Sis(q')
Hy | =S| f(d%p2) |, S=| Sau(q®) Sn(d®) Sxu(d®) |,
Hs (q°, p3) Su(q®)  Sai(q®)  Ssi(q?)

where H; are the commuting Hamiltonians. Note the dependence for the
rows of the Stackel matrix S and of the generalized Stackel functions
f; (Arnold, Kozlov and Neishtadt 1997).

The classical Stackel functions for systems without magnetic field are
always quadratic in momenta f; := %pi + Wi(g¥) and the associated
Haantjes operator can be projected to a Killing tensor,

"S5,/ 0 ) . A
K_{:= ) < ®dqg"+ ®d ,) 5K, = el ®dqg".
o ;s ag 7 T op, 0P i I

Here §jk denotes the cofactor of the element Sj;.
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Stackel analysis for the system in a constant magnetic field

To show that for our constant magnetic field, we shall work in the
coordinates (2) that diagonalize the Haantjes algebra J# and use a
suitable functional combination of the Hamiltonians:

Hy = 2H — HZ = —2bq?py + b*(q%)? + p3 + p3,
Hy=Hy =p1, H;=H:=p3. (3)

(This does not change the underlying foliations by invariant tori.)
Then it follows that the Stackel equation is satisfied by choosing

0 1 0
S=1|1 2bg> -1 |, (4)
0 0 1

and therefore f,(q*, p1) = p1, (g%, p2) = p3 + b*(¢?)? and

f3(q%, p3) = p3. Note that f; is linear, i.e. generalized.

By generalizing Stackel matrix and functions we obtained new magnetic
integrable systems on pseudo-Riemannian space.
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Further research directions

Our focus for the upcoming ICMAT postdoc is to use tools from
differential geometry (Eisenhart lift, ws# algebras, twisted product,
Riemannian coverings ect.) to study integrable systems, especially those
with magnetic fields.

m (Non)separable helical undulator
m Nijenhuis/Haantjes approach for phase space separation. Haantjes
condition is LPDE quartic in components
m Eisenhart lift ~~ pp-waves or gyratons (special types of Kundt
spacetimes) - algebraic classification in higher dimensions
m Generalize the algebraic geometry for (nonmagnetic) superintegrable
systems a la [Kress, Schobel, Vollmer 2023 and 2024] to Lorentzian
spacetimes and combine with Eisenhart lift.
Conjecture: All (super)integrable systems can be interpreted as a
reduction of a simple system from a higher dimensional space.
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Eisenhart lift

The key technical idea allowing the work with fields is the
Eisenhart-(Duval) lift [Eisenhart 1929, Duval et al. 1985]: The added
fields (ﬁ, U) are included in a metric defined on an extended
configuration space M=M xR

w [E160] [g7] A
G _[GojGool_[Nzu' (5)

Remark: In order to have a globally defined metric, it is more common to
add two real axes, M = M x R x R, and work with a Lorentzian metric
that admits a null Killing vector 0s:

R gi| Ao
GAB=| A 201 |. (6)
0] 1 |o

Integrals of motion become homogeneous in momenta, e.g. Hamiltonian

A =H® 4 p,HO + p2HO 4 p,p;. (7)
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Key take-aways

m We have seen the progress on nonstandard integrable classes,
nonseparable helical undulator

m wJ algebras characterize integrability and separability on phase
space, applied to constant magnetic field.

~ Differential geometry provides powerful tools.
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