Modular spaces of low–dimensional Drinfeld doubles

Libor Šnobl

April 14, 2004

Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University, Břehová 7, 115 19 Prague 1, Czech Republic

E-mail: Libor.Snobl@fjfi.cvut.cz

Abstract

We construct the modular space of 4–dimensional Drinfeld double and present also the results for six–dimensional semisimple Drinfeld doubles. Implications for Poisson-Lie T-duality and especially Poisson-Lie T-plurality are mentioned.

Keywords: Sigma Models, String Duality

1 Introduction

The interest in dualities of field theories, especially the string theory, in the middle 90s has led to investigation of duality of σ-models and in this context to the discovery of a generalization of abelian [1, 2] and non-abelian T-duality [3], the so-called Poisson-Lie T-duality [4, 5]. A crucial role in these considerations plays the notion of Manin triple and Drinfeld double.

Since then, several non–trivial examples of Poisson–Lie T–dual models, i.e. not contained in the class of non–abelian T–dual models, were constructed and considered both on the classical and quantum level, e.g. the pair of models on one of the Manin triples of the Drinfeld double SO(3, 1), see [6, 7].

Moreover also the knowledge of the modular spaces of Drinfeld doubles, i.e. the complete sets of their decompositions into different Manin triples, is of interest. Such modular spaces can be interpreted as spaces of σ-models mutually connected by Poisson–Lie T–duality. Consequently, if one is able to solve one of the σ–models, the solutions of all other models in the modular space follow. Up to recently only rather trivial examples of modular spaces were known. The author had presented a construction of modular spaces of semisimple 6–dimensional Drinfeld doubles in [12]. In the present paper we give a rather simpler example on 4–dimensional Drinfeld double and then briefly recall those 6–dimensional cases.

2 Manin triples, Drinfeld doubles and their modular spaces

The Drinfeld double D is defined as a connected Lie group such that its Lie algebra D equipped by a symmetric ad-invariant nondegenerate bilinear form ⟨., .⟩ can be decomposed into a pair of subalgebras G, G̃ maximal isotropic with respect to ⟨., .⟩ and D as a vector space is the direct sum of G and G̃. This ordered triple of algebras (D, G,G̃) is called the Manin triple.

One can see that dimensions of the subalgebras are equal and that bases (X_i), (X̃^i) in the subalgebras can be chosen so that

⟨X_i, X_j⟩ = 0 , ⟨X_i, X̃^j⟩ = ⟨X̃^j, X_i⟩ = δ^j_i , ⟨X̃^i, X̃^j⟩ = 0 ; (1)

in the following we always assume that the bases of D are of this form. Due to the ad-invariance of ⟨., .⟩ the algebraic structure of D is determined by the structure of maximal isotropic subalgebras; in the basis (X_i), (X̃^i) the Lie product is given by

[X_i, X_j] = f_{ij}^kX_k, [X̃^i, X̃^j] = f̃^{ij}_kX̃^k, [X_i, X̃^j] = f_{ki}^jX̃^k + f̃^{jk}_iX_k . (2)

It is clear that to any Manin triple (D, G, G̃) one can construct the dual one by interchanging G ↔ G̃, i.e. interchanging f_{ij}^k ↔ f̃^{ij}_k and such Manin triples give rise to the same Drinfeld double. On the other hand, it might be possible to decompose a given Drinfeld double into more than two Manin triples.

The set of all possible decompositions of the Lie algebra D of the Drinfeld double D into different Manin triples, i.e. all possible decompositions of D into two maximal isotropic subalgebras is called the modular space M(D) of the Drinfeld double. In general one can find the modular space if one knows the group of automorphisms of the Lie algebra Aut(D) and a complete list of non-isomorphic^1 Manin triples (D, G_i, G̃_i) generating the Drinfeld double D.

1Manin triples (D, G, G̃) and (D, G^′, G̃^′) are isomorphic if and only if exists a ⟨., .⟩- preserving automorphism ϕ of D s. t. ϕ(G) = G^′, ϕ(G̃) = G̃^′.

The part of modular space M(D) corresponding to Manin triples isomorphic to (D, G_i, G̃_i) can then be written

M(D)_i = Aut(D) ⋂ O(n, n, R) H_i (3) where O(n, n, R) consists of linear transformations leaving ⟨ , ⟩ invariant^2 and H_i is the subgroup of transformations leaving the isotropic subalgebras G_i, G̃_i invariant. By coset space we mean for concreteness the right coset space [a] = Ha. The whole modular space M(D) is the union of M(D)_i, M(D) = ⋃ i M(D)_i. (4)

3 Poisson–Lie T–dual σ–models and Drinfeld doubles

Starting from a Drinfeld double one can construct the Poisson-Lie Tdual σ-models on it. The construction of the models is described in the papers [4, 5]. The models have target spaces^3 in the Lie groups G and G̃ corresponding to the Lie algebras G, resp. G̃ of a chosen Manin triple, and are defined on (1 + 1)–dimensional Minkowski spacetime M with light–cone coordinates z, z̄ by the actions S = ∫ dzdz̄E_{ij} (g)(g^{−1}∂_−g)^i(g^{−1}∂_+g)^j , S̃ = ∫ dzdz̄Ẽ^{ij}(g̃)(g̃^{−1}∂_−g̃)_i(g̃^{−1}∂_+g̃)_j , (5) where the coordinates of elements of G, G̃ are written in the bases (X_i), (X̃^j), e.g.

g^{−1}∂_±g = (g^{−1}∂_±g)^iX_i

and the (non-symmetric) metrics E, Ẽ are

E(g) = (a(g) + E(e)b(g))^{−1}E(e)d(g) , (6)

E(e) is a constant matrix and a(g), b(g), d(g) are submatrices of the adjoint representation of the group G on D in the basis (X_i, X̃^j) Ad(g)^T = ( a(g) 0 b(g) d(g) ) . (7)

2Evidently the group of inner automorphisms In(D) ∈ Aut(D) ⋂ O(n, n, R).

3Also a generalization to manifolds on which G, resp. G̃ act freely is possible.

The matrix Ẽ(g̃) is constructed analogously with

Ad(g̃)^T = ( d̃(g̃) b̃(g̃) 0 ã(g̃) ) , Ẽ(ẽ) = E(e)^{−1}. (8)

The duality can be most straightforwardly understood from the fact that both equations of motion of the above given lagrangian systems can be reduced from an equation of motion on the whole Drinfeld double, l : M → D

⟨(∂_±l)l^{−1}, E^±⟩ = 0 , (9)

where subspaces E^+ = span(X_i + E_{ij} (e)X̃^j), E^− = span(X_i − E_{ji}(e)X̃^j) are orthogonal with respect to ⟨., .⟩ and span the whole Lie algebra D. One writes l = g.h̃, g ∈ G, h̃ ∈ G̃ (such decomposition of group elements exists at least at the vicinity of the unit element, see [10]) and eliminates h̃ from (9), respectively l = g̃.h, h ∈ G, g̃ ∈ G̃ and eliminates h from (9). The resulting equations of motion for g, resp. g̃ are the equations of motion of the corresponding lagrangian systems (see [4]).

Since the equations of motion are deduced^4 from equation (9) defined originally on D without any reference to G, G̃, the transitions between Manin triples of the same Drinfeld double D lead to other pairs of σ–models whose equations of motion are also derived from the same equation on D and in this sense all these models are equivalent. This generalization of the original T–duality was recently named Poisson–Lie T–plurality and some of its properties on quantum level were investigated using path integral methods in [11].

The pairs of σ–models whose Manin triples are connected by a transformation from the group H introduced in (3) describe the same pair of models in different coordinates since the maximal isotropic subalgebras are the same, only their bases have changed.

In the following we consider only the algebraic structure, the Drinfeld doubles as Lie groups can be obtained in principle by means of exponential map. All results can be transferred immediately to connected and simply connected Lie groups, the modular spaces of non-simply connected versions of Drinfeld doubles might be more or less different.

4 Semiabelian Drinfeld double and its automorphisms

The semiabelian Drinfeld double in dimension 4 is the only Drinfeld double in this dimension possessing decompositions into two different pairs of isotropic

4In certain cases only locally.

subalgebras. It can be decomposed (see [8]) into either semiabelian Manin triple or type B nonabelian Manin triple (and their duals G ↔ G̃):

• Semiabelian Manin triple (only nonzero brackets are displayed): [T̃^1, T̃^2] = T̃^2, [T_2, T̃^1] = T_2, [T_2, T̃^2] = −T_1. (10) • Type B nonabelian Manin triple: [X_1, X_2] = X_2, [X̃^1, X̃^2] = X̃^1, [X_1, X̃^1] = X_2, [X_1, X̃^2] = −X_1 − X̃^2, [X_2, X̃^2] = X̃^1, (11) where (X_i, X̃^j) denote the dual basis in the type B nonabelian Manin triple and (T_i, T̃^j) is the basis in the semiabelian Manin triple.

The transformation of the dual basis between these Manin triples can be fixed as X_1 = −T̃^1 + T̃^2, X_2 = T_1 + T_2, X̃^1 = T_2, X̃^2 = T̃^1. (12) In order to construct all possible automorphisms of D preserving the bilinear form ⟨., .⟩ one starts by finding the derived subalgebras D_{i+1} = [D_i, D_i], D_0 ≡ D.

It is easy to see that D_1 = span[T_1, T_2, T̃^2], D_2 = span[T_1].

One easily proves that for any automorphism Φ : D → D holds Φ(D_i) = D_i by induction using Φ([D_i, D_i]) = [Φ(D_i), Φ(D_i)] and Φ(D_0) = Φ(D) = D.

This invariance leads to restriction on the possible form of automorphisms Φ: Φ(T_1) = α^1T_1, α^1 ≠ 0, Φ(T_2) = β^1T_1 + β^2T_2 + β̃_2T̃^2, Φ(T̃^2) = γ^1T_1 + γ^2T_2 + γ̃_2T̃^2. (13) On D_1 we have the following nontrivial condition [Φ(T_2), Φ(T̃^2)] = −Φ(T_1), i.e. β̃_2γ^2 − β^2γ̃_2 = −α^1 together with conditions following from invariance of the bilinear form ⟨Φ(T_2), Φ(T_2)⟩ = 2β^2β̃_2 = 0, ⟨Φ(T̃^2), Φ(T̃^2)⟩ = 2γ^2γ̃_2 = 0 ⟨Φ(T_2), Φ(T̃_2)⟩ = β̃_2γ^2 + β^2γ̃_2 = 1 Altogether we see that either

α^1 = 1, β̃_2 = γ^2 = 0, γ̃_2 = 1 β^2

, β^2 ≠ 0 or α^1 = −1, β^2 = γ̃_2 = 0, γ^2 = 1 β̃_2 , β̃_2 ≠ 0

To complete the construction of all possible ⟨., .⟩–preserving automorphisms, we assume the general expression Φ(T̃^1) = ϵ^1T_1 + ϵ^2T_2 + ϵ̃_1T̃^1 + ϵ̃_2T̃^2 and impose ⟨Φ(T̃^1), Φ(T_j )⟩ = δ^1_j , ⟨Φ(T̃^1), Φ(T̃^j)⟩ = 0.

After solving these equations and checking that the correct commutation relations follow we find the most general form of ⟨., .⟩–preserving automorphisms – any ⟨., .⟩–preserving automorphism is either of the form Φ_{(β}1_{,β}2_{,γ}1_)(T_1) = T_1 Φ_{(β}1_{,β}2_{,γ}1_)(T_2) = β^1T_1 + β^2T_2 Φ_{(β}1_{,β}2_{,γ}1_)(T̃^1) = −γ^1β^1T_1 − γ^1β^2T_2 + T̃^1 − β^1 β^2

T̃^2

Φ_{(β}1_{,β}2_{,γ}1_)(T̃^2) = γ^1T_1 + 1 β^2

T̃^2 (14) or Φ̃_{(β1,β̃2,γ1)}(T_1) = −T_1 Φ̃_{(β1,β̃2,γ1)}(T_2) = β^1T_1 + β̃_2T̃^2 Φ̃_{(β1 ,β̃2,γ1)}(T̃^1) = γ^1β^1T_1 + β^1 β̃_2 T^2 −

T̃^1 + γ^1β̃_2T̃^2

Φ̃_{(β1 ,β̃2,γ1)}(T̃^2) = γ^1T_1 + 1 β̃_2 T^2 (15) The transformations (15) can be obtained from (14) by composition with special transformation Φ_P :

Φ_P (T_1) = −T_1, Φ_P (T_2) = T̃^2, Φ_P (T̃^1) = −T̃^1, Φ_P (T̃^2) = T_2.

In the basis (X_j, X̃^j) defined by (12) these transformations read

Φ_{(β}1_{,β}2_{,γ}1_)(X_1) = 1 β^2

(β^1 + 1)X_1 + γ^1(β^1 + 1)X_2 + γ^1(β^2 − β^1 − 1)X̃^1 + β^1 β^2

X̃^2

Φ_{(β}1_{,β}2_{,γ}1_)(X_2) = (β^1 + 1)X_2 + (β^2 − β^1 − 1)X̃^1 Φ_{(β}1_{,β}2_{,γ}1_)(X̃^1) = β^1X_2 + (β^2 − β^1)X̃^1 Φ_{(β}1_{,β}2_{,γ}1_)(X̃^2) = − β^1 β^2

X_1 − γ^1β^1X_2 + γ^1(β^1 − β^2)X̃^1 + (1 − β^1 β^2

)X̃^2(16)

respectively

Φ̃_{(β1 ,β̃2,γ1)}(X_1) = −γ^1β̃_2X_1 + γ^1(1 − β^1)X_2 + (1 − β^1)( 1 β̃_2 − γ^1)

X̃^1

−(1 + γ^1β̃_2)X̃^2 Φ̃_{(β1 ,β̃2,γ1)}(X_2) = β̃_2X_1 + (β^1 − 1)X_2 − (β^1 − 1)X̃^1 + β̃_2X̃^2 Φ̃_{(β1 ,β̃2,γ1)}(X̃^1) = β̃_2X_1 + β^1X_2 − β^1X̃^1 + β̃_2X̃^2 Φ̃_{(β1 ,β̃2,γ1)}(X̃^2) = γ^1β̃^2X_1 + β^1γ^1X_2 + β^1( 1 β̃_2 − γ^1)

X̃^1

+(γ^1β̃_2 − 1)X̃^2 (17) The structure of the constructed group of ⟨., .⟩–preserving automorphisms Aut_{⟨.,.⟩}(D) = Aut(D) ⋂ O(2, 2) is the following:

• Aut_{⟨.,.⟩}(D) is composed of 4 connected components (β^2 > 0, β^2 < 0 resp. β̃_2 > 0, β̃_2 < 0) and the whole group can be written as a 4–element subgroup {e, Φ_P , Φ_− ≡ Φ_{(0,−1,0)}, Φ_P Φ_−} acting on the connected component of unity (Aut_{⟨.,.⟩}(D))_e

Aut_{⟨.,.⟩}(D) = {e, Φ_P , Φ_−, Φ_P Φ_−} ▷ (Aut_{⟨.,.⟩}(D))_e

• The connected component of unity (Aut_{⟨.,.⟩}(D))_e can be expressed as a semidirect product (Aut_{⟨.,.⟩}(D))_e = F_1 ▷ F_2 of the subgroup^5

F_1 = {Φ ∈ (Aut_{⟨.,.⟩}(D))_e|γ^1 = 0, β^2 > 0} ≃ Af(1)

5Af(1) = {( β^2 β^1 0 1 ) | β^2 > 0 }

with the normal subgroup

F_2 = {Φ ∈ (Aut_{⟨.,.⟩}(D))_e|β^1 = 0, β^2 = 1} ≃ (R, +)

The decomposition of a general element of (Aut_{⟨.,.⟩}(D))_e is

Φ_{(β1,β2, γ}1_{β2 )} = Φ_{(0,1,γ}1_)Φ_{(β}1_{,β}2_{,0)} ≡ ((β^1, β^2), γ^1),

the action of F_1 on F_2 defining the semidirect product is

(β^1, β^2) ▷ (γ^1) = (β^2γ^1).

5 Modular space of the semiabelian Drinfeld double

The construction of the modular space of the semiabelian Drinfeld double is now straightforward. We firstly find the subgroups H_{semiabel}, H_{type B} of Aut_{⟨.,.⟩}(D) leaving the semiabelian Manin triple, resp. the type B nonabelian Manin triple invariant. The modular space can then be described as a union of the corresponding factor sets.

One can easily see that only elements of {e, Φ_−} ▷ F_1 leave invariant the isotropic subalgebras of the semiabelian Manin triple (i.e. the transformation matrix is block–diagonal) and similarly only elements of F_2 leave invariant the isotropic subalgebras of the type B nonabelian Manin triple. Also it is clear that no element of Aut_{⟨.,.⟩}(D) is block–antidiagonal in basis either (T_j , T̃^j) or (X_j , X̃^j), i.e. there is no automorphism interchanging G ↔ G̃ of any of the Manin triples.

Therefore the modular space is composed of four parts, two of them isomorphic to

M(D)_{semiabel} ≃ Aut_{⟨.,.⟩}(D) H_{semiabel}

= {e, Φ_P } ▷ F_2 = {e, Φ_P } ▷ R (18)

and two isomorphic to

M(D)_{type B} ≃ Aut_{⟨.,.⟩}(D) H_{type B}

= {e, Φ_P , Φ_−, Φ_P Φ_−} ▷ F_1

≃ {e, Φ_P , Φ_−, Φ_P Φ_−} ▷ Af(1), (19)

Although the resulting parts of the modular space can be equipped by a group structure, their intrinsic meaning is only of manifolds.

It is rather suprising that (up to discrete transformation Φ_P ) any semiabelian Manin triple can be obtained from a given one by composition of a fixed transformation, e.g. (12), to the type B nonabelian Manin triple, different choice of dual basis there and inverse transformation to (12). Similarly the different type B nonabelian Manin triples correspond (up to discrete transformations Φ_P , Φ_−) to different choices of dual bases in a fixed semiabelian Manin triple.

6 Modular spaces of semisimple 6–dimensional real Drinfeld doubles

By a similar, albeit more complicated, approach one may find also the structure of 6–dimensional real Drinfeld doubles. Because the complete derivation was published elsewhere [12], we present only a list of results here.

6.1 Drinfeld doubles with the Lie algebra sl(2, R) ⊕ sl(2, R) It is known (see [9]) that there are two classes of non–isomorphic Drinfeld doubles with the Lie algebra sl(2, R) ⊕ sl(2, R).

1. 2–parameter (a > 1, b ∈ R − {0}) class of Drinfeld doubles that can be decomposed only into Manin triples isomorphic to

(6_a|6_{1/a}.i|b) : [X_1, X_2] = −aX_2−X_3, [X_2, X_3] = 0, [X_3, X_1] = X_2+aX_3,

[X̃^1, X̃^2] = −b( 1 a X̃^2 + X̃^3), [X̃^2, X̃^3] = 0, [X̃^3, X̃^1] = b(X̃^2 + 1 a X̃^3)

and its dual. The modular space consists of two components (corresponding to Manin triples with G = 6_a and G̃ = 6_{1/a} resp. G = 6_{1/a} and G̃ = 6_a), each isomorphic to the homogeneous space M(D)_{(6a|61/a.i|b)} ≃ {1, S} ▷ (SL(2, R)/{1, −1}) × ({1, S} ▷ SL(2, R)/{1, −1}) ({1, S} × R^+) × ({1, S} × R^+) ≃ SL(2, R) R − {0} × SL(2, R) R − {0} . 2. 1–parameter (b > 0) class of Drinfeld doubles that possess decompositions into four non–isomorphic Manin triples, namely

(8|5.i|b) : [X_1, X_2] = −X_3, [X_2, X_3] = X_1, [X_3, X_1] = X_2,

[X̃^1, X̃^2] = −bX̃^2, [X̃^2, X̃^3] = 0, [X̃^3, X̃^1] = bX̃^3 and (6_0|5.iii|b) : [X_1, X_2] = 0, [X_2, X_3] = X_1, [X_3, X_1] = −X_2, [X̃^1, X̃^2] = 0, [X̃^2, X̃^3] = −bX̃^2, [X̃^3, X̃^1] = bX̃^1 and their duals. The whole modular space then consists of four pieces, two isomorphic to M(D)_{(8|5.i|b)} ≃ ({1, S} ▷ (SL(2, R)/{1, −1}) × ({1, S} ▷ (SL(2, R)/{1, −1}) ({1, S} × R^+) . and two to M(D)_{(60 |5.iii|b)} ≃ SL(2, R) R − {0} × SL(2, R) R − {0} . 6.2 Drinfeld doubles with the Lie algebra so(1, 3)

There are two classes of non–isomorphic Drinfeld doubles with the Lie algebra so(1, 3). 1. 2–parameter (a ≥ 1, b ∈ R − {0}) class of Drinfeld doubles that can be decomposed only into Manin triples isomorphic to (7_a|7 1_a |b) : [X_1, X_2] = −aX_2 +X_3, [X_2, X_3] = 0, [X_3, X_1] = X_2 +aX_3,

[X̃^1, X̃^2] = b(− 1 a X̃^2 + X̃^3), [X̃^2, X̃^3] = 0, [X̃^3, X̃^1] = b(X̃^2 + 1 a X̃^3), and its dual. The modular space M(D) is equal to M(D)_{(7a|7 1a |b)} ≃ SO(1, 3)_+ H ≃ SO(1, 3)_+ U(1) × R^+ if a = 1 (the self–dual case G ≃ G̃) and consists of two such components if a > 1.

2. 1–parameter (b ∈ R^+) class of Drinfeld doubles that possess decompositions into six non–isomorphic Manin triples, namely

(9|5|b) : [X_1, X_2] = X_3, [X_2, X_3] = X_1, [X_3, X_1] = X_2, [X̃^1, X̃^2] = −bX̃^2, [X̃^2, X̃^3] = 0, [X̃^3, X̃^1] = bX̃^3,

(8|5.ii|b) : [X_1, X_2] = −X_3, [X_2, X_3] = X_1, [X_3, X_1] = X_2,

[X̃^1, X̃^2] = 0, [X̃^2, X̃^3] = bX̃^2, [X̃^3, X̃^1] = −bX̃^1, and (7_0|5.ii|b) : [X_1, X_2] = 0, [X_2, X_3] = X_1, [X_3, X_1] = X_2,

[X̃^1, X̃^2] = 0, [X̃^2, X̃^3] = bX̃^2, [X̃^3, X̃^1] = −bX̃^1,

and their duals. The whole modular space then consists of six pieces, four (⇐ Manin triples (9|5|b),(8|5.ii|b) and their duals) of them are isomorphic to M(D)_{(9|5|b)} ≃ M(D)_{(8|5.ii|b)} ≃ SO(1, 3)_+ U(1)

and two (⇐ Manin triple (7_0|5.ii|b) and its dual) are isomorphic to M(D)_{(70 |5.ii|b)} ≃ SO(1, 3)_+ U(1) × R^+ . 7 Conclusions

We have presented several simple but nontrivial examples of modular spaces of Drinfeld doubles. These are rather different from the known Abelian one, mainly Aut(D) ⋂ O(d, d, R) is in these cases (almost) the group of inner automorphisms In(D), whereas in the Abelian case In(D) = {1}. In this sense they represent other extremal cases of modular spaces. Also we have encountered the fact that the modular spaces might be composed of parts of different dimensions. Consequently, after fixing one concrete T–plurality transformation and applying it to pairs of models on some set of isomorphic Manin triples one may obtain just one pair of models on another Manin triple written in different coordinates and vice versa.

We should also mention again that we have assumed that the Drinfeld double is simply connected. Therefore all automorphisms of Lie algebra could be raised to automorphisms of Lie group.

I shall thank professor Ladislav Hlavatý for discussions, encouragement and help.

References

[1] T. Buscher, Path–integral Derivation of Quantum Duality in Nonlinear Sigma–Models, Phys. Lett. B201 (1988) 466

[2] T. Buscher, A Symmetry of the String Background Field Equations, Phys.

Lett. B194 (1987) 59

[3] X. C. de la Ossa, F. Quevedo, Duality Symmetries from Non–Abelian Isometries in String Theories, Nucl.Phys. B403 (1993) 377

[4] C. Klimčík and P. Ševera: Dual non–Abelian duality and the Drinfeld double, Phys.Lett. B 351 (1995) 455 [hep–th/9502122]

[5] C. Klimčík, Poisson–Lie T-duality, Nucl.Phys B 46 (Proc.Suppl.) (1996) 116 [hep–th/9509095]

[6] M.A. Lledó and V.S. Varadarajan, SU(2) Poisson–Lie T–duality, Lett.Math.Phys 45 (1998) 247 [hep–th/9803175]

[7] K. Sfetsos, Poisson–Lie T–duality beyond the classical level and the renormalization group, Phys.Lett. B 432 (1998) 365 [hep–th/9803019]

[8] L. Hlavatý and L. Šnobl, Poisson–Lie T–dual models with two– dimensional targets. Mod. Phys. Lett. A 17 (2002) 429 [hep–th/0110139]

[9] L. Hlavatý and L. Šnobl, Classification of real 6–dimensional Drinfeld doubles, Int. J. Mod. Phys. A17 (2002) 4043 [math.QA/0202210]

[10] V.G. Drinfeld, Quantum Groups, Proc. Int. Congr. Math. Berkeley (1986) 798

[11] R. von Unge, Poisson–Lie T–plurality, J. High Energy Phys. 07 (2002), 014 [hep–th/0205245]

[12] L. Šnobl. On modular spaces of semisimple Drinfeld doubles, J. High Energy Phys. 09 (2002) 018, [hep–th/0204244]