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16. února 2023
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Tlumený lineárnı́ harmonický oscilátor

I Výchozı́ řı́dı́cı́ rovnice ve Schrödingerově reprezentaci
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I Dynamická soustava – lineárnı́ harmonický oscilátor (LHO)
Např. jeden mód elektromagnetického pole

ĤS ≡ ~ωc â†â , kde ωc je vlastnı́ frekvence LHO (1)

I Tlumı́cı́ systém – soustava mnoha LHO v termodynamické rovnováze
Např. fonony mřı́žky matrice laserového krystalu při dané teplotě

ĤR ≡
X

j

~ωj b̂
†
j b̂j , kde ωj jsou frekvence jednotlivých módů (2)

I Interakčnı́ Hamiltonián

V̂ = ~
X

l

�
κl b̂l â

† + κ∗l b̂†l â
�

, kde κj jsou vazebnı́ konstanty (3)
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�

, kde κj jsou vazebnı́ konstanty (3)
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I Interakčnı́ Hamiltonián

V̂ = ~
X

l

�
κl b̂l â
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Tlumený lineárnı́ harmonický oscilátor

I Interakčnı́ Hamiltonián

V̂ = ~
X

l

�
κl b̂l â

† + κ∗l b̂†l â
�

, kde κj jsou vazebnı́ konstanty

I â† – kreačnı́ operátor zvyšuje počet bosonů:

â†|n〉 =
√

n + 1|n + 1〉,
�
〈n|â† = 〈n − 1|

√
n
�

I â – anihilačnı́ operátor počet bosonů snižuje:

â|n〉 =
√

n|n − 1〉,
�
〈n|â = 〈n + 1|

√
n + 1

�
I Působenı́ V̂ na stavy LHO |n〉 a tlumı́cı́ho systému |{nλ}〉

b̂†l â|n〉|{nλ}〉 = b̂†l â|n〉|n1〉 . . . |nl〉 . . . |n∞〉 =
p

n(nl + 1)|n − 1〉|n1〉 . . . |nl + 1〉 . . . |n∞〉

b̂l â
†|n〉|{nλ}〉 = b̂l â

†|n〉|n1〉 . . . |nl〉 . . . |n∞〉 =
p
(n + 1)nl |n + 1〉|n1〉 . . . |nl − 1〉 . . . |n∞〉

I Uvažujeme tedy vzájemnou výměnu právě jednoho kvanta energie mezi LHO a
l-tým módem rezervoáru

[â, â†] = 1, [b̂k , b̂†l ] = δkl , 〈n|m〉 = δnm, 〈nk |ml〉 = δklδnk ml
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Tlumený lineárnı́ harmonický oscilátor
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b̂†l â|n〉|{nλ}〉 = b̂†l â|n〉|n1〉 . . . |nl〉 . . . |n∞〉 =
p

n(nl + 1)|n − 1〉|n1〉 . . . |nl + 1〉 . . . |n∞〉

b̂l â
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I â† – kreačnı́ operátor zvyšuje počet bosonů:
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〈n|â† = 〈n − 1|

√
n
�
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[â, â†] = 1, [b̂k , b̂†l ] = δkl , 〈n|m〉 = δnm, 〈nk |ml〉 = δklδnk ml

J. Šulc (KFE) Fyzika laserů 16. února 2023 3 / 17



Interakčnı́ Hamiltonián

I Interakčnı́ hamiltonián

V̂ = ~
X

l

�
κl b̂l â

† + κ∗l b̂†l â
�

I Najdeme vyjádřenı́ operátorů F̂i , Q̂i , aby V̂ = ~
P

i Q̂i F̂i

Q̂1 = â† F̂1 =
X

l

κl b̂l (4)

Q̂2 = â F̂2 =
X

l

κ∗l b̂†l (5)

I Přejdeme do interakčnı́ reprezentace (viz dalšı́ slaid. . . )

Q̂I
1 = â†eiωc (t−t0) F̂I

1 =
X

l

κl b̂l e−iωl (t−t0) (6)

Q̂I
2 = â e−iωc (t−t0) = Q̂I†

1 F̂I
2 =

X
l

κ∗l b̂†l eiωl (t−t0) (7)

I Potřebné spektrálnı́ hustoty rezervoáru určı́me integracı́

w+ij =
Z ∞

0
eiωi τ

D
F̂I

i (τ)F̂j

E
R

dτ , w−
ji =

Z ∞

0
eiωi τ

D
F̂j F̂

I
i (τ)

E
R

dτ

τ = t − t0, ω1 = ωc , ω2 = −ωc
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† + κ∗l b̂†l â
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Přechod do interakčnı́ reprezentace

I Provedeme pro â – ostatnı́ jsou obdobné. Výchozı́ vztah:

â(t) = Û†âÛ = e
i
~ Ĥs(t−t0)âe−

i
~ Ĥs(t−t0)

I Unitárnı́ operátory Û, Û† rozložı́me do Taylorovy řady. Využijeme tvar
hamiltoniánu systému Ĥs = ~ωc â†â. Např.:

Û = e−iωc (t−t0)â
†â =

X
n

fn(â†â)n, kde fn =

�
− iωc(t − t0)

�n

n!

I Tedy:
â(t) =

X
m

f ∗m(â
†â)mâ

X
n

fn(â†â)n

I Přitom â(â†â)n = (ââ†)nâ. Využijeme komutátor [â, â†] = 1, tedy ââ† = 1+ â†â:

â(t) =
X

m

f ∗m(â
†â)m

X
n

fn(1+ â†â)nâ

I Opět sečteme řady a dostaneme hledaný výsledek:

â(t) =
X

m

f ∗m(â
†â)m

X
n

fn(1+â†â)nâ = eiωc â†â(t−t0)e−iωc (1+â†â)(t−t0)â = âe−iωc (t−t0)
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~ Ĥs(t−t0)âe−
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†â =

X
n
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Přechod do interakčnı́ reprezentace
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Přechod do interakčnı́ reprezentace
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†â)mâ
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I Opět sečteme řady a dostaneme hledaný výsledek:
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i
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Korelačnı́ funkce

I Přı́klad výpočtu korelačnı́ funkce:D
F̂I

2 (τ)F̂1

E
R
=
DX

l

κ∗l eiωl τ b̂†l
X

m

κmb̂m

E
R
=
X
l,m

κ∗l κmeiωl τ
D

b̂†l b̂m

E
R

I Rezervoár v termodynamické rovnováze

D
b̂†l b̂m

E
R
=
X
{nλ}

〈{nλ}|b̂†l b̂m
e−βĤR

Z
|{nλ}〉 =

X
{nλ}

〈{nλ}|b̂†l b̂m|{nλ}〉| {z }
δlmnl

e−βE{nλ}

Z
=
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Statistický operátor rezervoáru

I Rezervoár v term. rovnováze:

%̂R =
e−βĤR

Z
, β =

1
kT

I Hamiltonián

ĤR ≡
X

j

~ωj b̂
†
j b̂j , kde ωj jsou frekvence jednotlivých módů

I Vlastnı́ stavy a jejich energie:

ĤR |{nλ}〉 = E{nλ}|{nλ}〉, kde E{nλ} =
X

l

~ωlnl =
X

l

Enl

I Partičnı́ funkce

Z = TrR
�

e−βĤR
	
=
X
{nλ}

〈{nλ}|e−βĤR |{nλ}〉 =
X
{nλ}

e−βE{nλ} =

=
Y

l

X
nl

e−βEnl =
Y

l

Zl
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〈{nλ}|e−βĤR |{nλ}〉 =
X
{nλ}

e−βE{nλ} =

=
Y

l

X
nl

e−βEnl =
Y

l

Zl
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%̂R =
e−βĤR
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I Rezervoár v term. rovnováze:
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Partičnı́ funkce

X
{nλ}

nl e
−βE{nλ} =

X
n1

· · ·
X
nl−1

X
nl

X
nl+1

· · ·
X
n∞

nl e
−λ1n1···−λl−1nl−1−λl nl−λl+1nl+1···−λ∞n∞ =

=
X

nl

nl e
−λl nl

X
n1

· · ·
X
nl−1

X
nl+1

· · ·
X
n∞

e−λ1n1···−λl−1nl−1−λl+1nl+1···−λ∞n∞ =

=
X

nl

nl e
−λl nl

X
{nλ}

′
e−βE{nλ} =

X
nl

nl e
−λl nl Z ′

Z = ZlZ
′

X
{nλ}

nl
e−βE{nλ}

Z
=
X

nl

nl
e−λl nl

Zl
=

1
eλl − 1

Zl =
∞X

nl=0

e−λl nl =

(
∞X

n=0

qn =
1

1 − q
, q = e−λl < 1

)
=

1
1 − e−λl

∞X
nl=0

nl e
−λl nl = − d

dλl

∞X
nl=0

e−λl nl = − d
dλ

1
1 − e−λl

=
e−λl�

1 − e−λl
�2
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Korelačnı́ funkce

I Přı́klad výpočtu korelačnı́ funkce:D
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2 (τ)F̂1
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=
DX
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Z
|{nλ}〉 =

X
{nλ}

〈{nλ}|b̂†l b̂m|{nλ}〉| {z }
δlmnl

e−βE{nλ}

Z
=

= δlm

X
{nλ}

nl
e−βE{nλ}

Z
= δlm

X
nl

nl
e−βEnl

Zl

P′
{nλ}

e−βE{nλ}

Z ′| {z }
1

=
δlm

eλl − 1
= n̄lδlm

kde

λl =
~ωl

kT

I Tedy: D
F̂I

2 (τ)F̂1

E
R
=
X

l

|κl |2 eiωl τ n̄l
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Korelačnı́ funkce

I Podobně dalšı́:D
F̂2F̂I

1 (τ)
E
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X
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I Při výpočtu korelace s členy typu
D

b̂b̂†
E

R
využijeme [b̂, b̂†] = 1D

b̂l b̂
†
l

E
R
=
D

b̂†l b̂l + 1
E

R
=
D

b̂†l b̂l

E
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+ 1 = n̄l + 1 .
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b̂†l b̂†m
E

R
= 0

I Při výpočtu korelace s členy typu
D

b̂b̂†
E

R
využijeme [b̂, b̂†] = 1D

b̂l b̂
†
l

E
R
=
D

b̂†l b̂l + 1
E

R
=
D

b̂†l b̂l

E
R
+ 1 = n̄l + 1 .

I Tedy:D
F̂1F̂I

2 (τ)
E

R
=
DX

l

κ∗l eiωl τ b̂l

X
m

κmb̂†m
E

R
=
X
l,m

κ∗l κmeiωl τ
D

b̂l b̂
†
m

E
R
=

=
X

l

|κl |2 eiωl τ (n̄l + 1)

D
F̂I

1 (τ)F̂2

E
R
=
X
l,m

κ∗l κme−iωl τ
D

b̂l b̂
†
m

E
R
=
X

l

|κl |2 e−iωl τ (n̄l + 1)
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Spektrálnı́ hustoty korelačnı́ch funkcı́

I Definice:

w+ij =
Z ∞

0
eiωi τ

D
F̂I

i (τ)F̂j

E
R

dτ , w−
ji =

Z ∞

0
eiωi τ

D
F̂j F̂

I
i (τ)

E
R

dτ

I Po dosazenı́ pro i, j = {1, 2} (ω1 = ωc , ω2 = −ωc):

w+12 =
X

l

|κl |2 (n̄l + 1)
Z ∞

0
ei(ωc−ωl )τ dτ

w−
12 =

X
l

|κl |2 (n̄l + 1)
Z ∞

0
ei(ωl−ωc )τ dτ =

�
w+12

�∗
w+21 =

X
l

|κl |2 n̄l

Z ∞

0
ei(ωl−ωc )τ dτ

w−
21 =

X
l

|κl |2 n̄l

Z ∞

0
ei(ωc−ωl )τ dτ =

�
w+21

�∗
w+11 = w−

11 = w+22 = w−
22 = 0
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Spektrálnı́ hustoty korelačnı́ch funkcı́

I Dalšı́ úpravy uděláme pouze pro w+12 – ostatnı́ podobně. Máme:

w+12 =
X

l

|κl |2 n̄l

Z ∞

0
ei(ωl−ωc )τ dτ

I Využijme Cauchyho integrál ve smyslu vlastnı́ hodnoty P 1
Ω :Z ∞

0
e±iΩτ dτ = πδ(Ω)± iP 1

Ω

I Předpokládáme, že módy rezervoáru jsou blı́zko sebeX
l

{. . . } →
Z ∞

0
dωlg(ωl){. . . }

g(ωl) vyjadřuje váhu intervalu (hustotu počtu módů) (ωl , ωl + dωl)
I Tedy

w+21 = π

Z ∞

0
dωlg(ωl) |κ(ωl)|2 n̄(ωl)δ(ωl − ωc)| {z }

πg(ωc )|κ(ωc )|2n̄(ωc )

+ iP
Z ∞

0
dωl

g(ωl)n̄(ωl) |κ(ωl)|2

ωl − ωc| {z }
když přijmeme, že integrál přispı́vá hlavně pro
ωl ∼ ωc , můžeme položit n̄(ωl ) ∼ n̄(ωc )
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Spektrálnı́ hustoty korelačnı́ch funkcı́

I Po provedenı́ integrace zı́skáváme:

w+21 =
�γ

2
− i∆ω

�
n̄(ωc) = w−∗

21

w+12 =
�γ

2
+ i∆ω

�
(n̄(ωc) + 1) = w−∗

12

w±
11 = w±

22 = 0

I Přitom (κ má stejný rozměr jako ω, dωlg(ωl) musı́ být bezrozměrné, tj. g má
rozměr ω−1):

γ =2πg(ωc) |κ(ωc)|2

∆ω =− P
Z ∞

0

dωlg(ωl) |κ(ωl)|2

ωl − ωc

n̄(ωc) =
1

exp [~ωc/kT ]− 1
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Řı́dı́cı́ rovnice pro tlumený harmonický oscilátor

I Výchozı́ řı́dı́cı́ rovnice ve Schrödingerově reprezentaci

∂%̂S
S(t)
∂t

=
1
i~
[ĤS , %̂S

S(t)]−
X

i,j

δ(ωi + ωj)×

×
n�

Q̂S
i Q̂S

j %̂S
S(t)− Q̂S

j %̂S
S(t)Q̂

S
i

�
w+ij −

�
Q̂S

i %̂S
S(t)Q̂

S
j − %̂S

S(t)Q̂
S
j Q̂S

i

�
w−

ji

o

I Prvnı́ komutátor
1
i~

h
ĤS , %̂S

S

i
= −iωc

h
â†â, %̂S

S

i
I Vzhledem k δ(ωi + ωj) (ω1 = ωc , ω2 = −ωc) má suma jen na dva sčı́tance

pro i = 1, j = 2 :
P

i,j · · · =
�
â†â%̂S

S − â%̂S
S â†

�
w+12 −

�
â†%̂S

S â − %̂S
S ââ†

�
w−

21

pro i = 2, j = 1 :
P

i,j · · · =
�
ââ†%̂S

S − â†%̂S
S â
�

w+21 −
�
â%̂S

S â† − %̂S
S â†â

�
w−

12

I Sečteme tyto dva členy, použijeme komutačnı́ relaci
�
â, â†

�
=1 a vztah:�

%̂S
S , ââ†

�
+
�
â†â, %̂S

S

�
=
�
%̂S

S ââ† − ââ†%̂S
S

�
+
�
â†â%̂S

S − %̂S
S â†â

�
=

=
�
%̂S

S â†â+ %̂S
S − ââ†%̂S

S

�
+
�
ââ†%̂S

S − %̂S
S − %̂S

S â†â
�
= 0
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S â†

�
w+12 −

�
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J. Šulc (KFE) Fyzika laserů 16. února 2023 14 / 17
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â†â, %̂S

S

�
=
�
%̂S
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Řı́dı́cı́ rovnice pro tlumený harmonický oscilátor

I Spektrálnı́ hustoty korelačnı́ch funkcı́:

w+21 =
�γ

2
− i∆ω

�
n̄, w−

21 =
�γ

2
+ i∆ω

�
n̄

w+12 =
�γ

2
+ i∆ω

�
(n̄ + 1), w−

12 =
�γ

2
− i∆ω

�
(n̄ + 1)

I Tj.:h
â†â%̂S

S − â%̂S
S â†

i
w+12 −

h
â†%̂S

S â − %̂S
S ââ†

i
w−

21 =

= â†â%̂S
S
γ

2
(n̄ + 1) + â†â%̂S

Si∆ω(n̄ + 1)− â%̂S
S â†

γ

2
(n̄ + 1)− â%̂S

S â†i∆ω(n̄ + 1)−

−â†%̂S
S â

γ

2
n̄−â†%̂S

S âi∆ωn̄ + %̂S
S ââ†

γ

2
n̄ + %̂S

S ââ†i∆ωn̄

h
ââ†%̂S

S − â†%̂S
S â
i

w+21 −
h
â%̂S

S â† − %̂S
S â†â

i
w−

12 =

= ââ†%̂S
S
γ

2
n̄ − ââ†%̂S

Si∆ωn̄−â†%̂S
S â

γ

2
n̄+â†%̂S

S âi∆ωn̄−

− â%̂S
S â†

γ

2
(n̄ + 1) + â%̂S

S â†i∆ω(n̄ + 1) + %̂S
S â†â

γ

2
(n̄ + 1)− %̂S

S â†âi∆ω(n̄ + 1)
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Řı́dı́cı́ rovnice pro tlumený harmonický oscilátor
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S − â%̂S
S â† − â%̂S
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S â†â
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�
=

= −γn̄
�
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â†â%̂S

S − â%̂S
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�
−γn̄

�
â†%̂S
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S â†â
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S+â†%̂S
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γ

2
n̄
�
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S â†â
�
= −γn̄

�
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S − %̂S
S ââ†

�
γ

2

�
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S â+ %̂S
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S â†â
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â†%̂S
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S − %̂S
S ââ†
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S â†â
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�
= i∆ωn̄

�
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S − %̂S

S â†â
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S ââ†

�
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2â%̂S
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i
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S − %̂S
S ââ†

�
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Schrödingerově reprezentaci

d %̂S
S

dt
= −i(ωc +∆ω)

h
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