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How to be a Bayesian
Approximations and computational tools

Application to Deep Active Learning

Motivating Example

» Bayesian average
» analytical solution

Approximations:

» Variational methods
» Monte Carlo



Toy example

We observe two numbers d; and d> and assume that they are noisy
observations of a constant unknown quantity, m,

d1:m+e1,

d2=m+ e,

> Noise realizations are independent, p(e1, e&2) = p(e1)p(e2), zero-mean
normal distributed

p(eils) = N(0,s),

» Compute posterior p(m, s|d1, d»)

p(m, s, di, d>)

,s|di, d
p(m, s|di, dz) o(di, )
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» Priors

p(m]s) = N(0,75),p(s) = G(ax, B),



Toy example
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Toy example
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For 7 — o0, posterior mean approaches arithmetic mean.

» Nice results. Nice choice of priors (conjugate).



Tough toy example

We observe two numbers di and d» and assume that they are noisy
observations of a constant unknown quantity, m,

d1:m—|—el7

d2:m+e27

> Noise realizations are independent, p(e1, &2) = p(e1)p(e2), zero-mean
normal distributed

p(eils) = N(0,s), =
» Compute posterior p(m, s|d1, d»)

p(m, S, d1, dz)

di, d. =
p(m75| 1, 2) p(d1,d2)

» Priors



Tough toy example

We observe two numbers di and d» and assume that they are noisy
observations of a constant unknown quantity, m,

d1:m—|—el7

d2:m+e27

> Noise realizations are independent, p(e1, &2) = p(e1)p(e2), zero-mean
normal distributed

p(eils) = N(0,s), =
» Compute posterior p(m, s|d1, d»)

p(m, S, d1, dz)

di, d. =
p(m75| 1, 2) p(d1,d2)

» Priors



Tough toy example

p(m, sld, b) ox p(ck|m, $)p(cblm, 5)p(mls)p(s)
x 52 exp (—%(dl - m)2/s)

572 exp <7%(d2 — m)2/s)
T_% exp (7%(0 - m)2/7'>
s exp(~ /)



Tough toy example
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Tough toy example
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Approximations

The need to marginalize and normalize posterior p(x|d) via
= [ p(d, x)dx.

Simple:
» Laplace: Taylor expansion of log(p(x, d)) at
% = arg max p(x, d). Taking quadratic terms yields
p(x) = N(%,X).
Variational:
» Choose approximating form q(x)
> minimize divergence D(q(x)||p(x|d))
Monte Carlo:

» Approximate posterior by Dirac mixture
p(x|d) ~ L Z, L0(x = x( )

> Importance sampling

» Monte Carlo Markov Chain



Divergence

Divergence D(p||q):
1. D(ql|p) > 0, for all p, q,
2. D(pllq) =0, iff p=gq.
General class f-divergence (f(1) = 0)

Dr(allp) = / 4(f (;’8) dx.

Special case f(-) = log(+):

KL(qllp) = /q(X) log %
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Kullback-Leibler
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Kullback-Leibler
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Variational Bayes

Is a divergence minimization technique with

q" = argminKL(q||p) = arg min E, (Iog q)
q q P

Variational Bayes:

1. conditional independence: g(x1,x2) = q(x1)g(x2).

2. conditions of extremum
OKL
8q,~

=0, Vi

ELBO:

1. parametric form of posterior g(x|6),
2. use SGD to minimize KL

ensw _ 00/d _ UVGKL



ELBO: Evidence Lower BOund approach

Minimization of KL when
p(x|D) o p(D|x)p(x)
and approximator
q(x0)
Kullback Leibler
q(x9)
p(x|0)

K= Ex 108 2K ) = B o (1) g o)

= Eq(x10) (log q(x]0) — log (p(D|x)p(x)) + log p(D))
= Eq4(xj0) (log q(x|0) — log (p(D|x)) — log p(x))
= —E4(0) (log (p(D|x))) + KL(q(x]0)|Ip(x))



Application to tough toy

Our choice (from toy):

q(mv S|0) = pSI'mPIG(mv S|d1, d2) = Nm(nu‘v Um)gs(a57 /65)
where 0 = [u, om, as, Bs] are to be optimized.
Log-likelihood:

2

log p(di, da|s, m) = (7(3 +a)— 1) logs — 2% Z(m — d,,)Z _ % <mz>

& { (-G +a)-1)togs} = (~( +a)—1) (log s - e
Eq{1/s} = 0/8,
Eq {m2} *u2+am,

E{(m d)} (u—di)+om



Results

marginal p(m,s|d1=3,d2=2, £#=0, «=0.001, $=0.001, 7=2

marginal

—p(s|d1,d2)




Monte Carlo: Mixture of Dirac

Probability density

02 pdf(x)
1 n 015
_ = 5(x — x
p() HZ;“ x) )
Cumulative function o
0 il
. . 4 2 0 2 4
P) = S b= S0 [0 <]
1 cdf(x)
Expected value: .
n 0.8
1 i 0.6
Eno(80)) =~ > g(x"), ,
i=1 02
Quantiles: o4 2 o 2 p

Q(p) = inf {x: p < P(x)}.



Monte Carlo

Methods approximating unknown p(x) by mixtures of Dirac.
p(x|D) ~ Z §(x — x

Challenge: we can not sample from p(x), we need a substitute.

1. Importance sampling, using proposal q(x)

1.1 Adaptive importance sapling
1.2 Population Monte Carlo

2. Monte Carlo Markov Chain (MCMC), using transition kernel,

2.1 Metropolis-Hastings (Gibbs sampler)
2.2 Hybrid MC (Hamiltonian Monte Carlo)

Convergence assured under mild conditions, different convergence rate.



Importance Sampling

To represent
N
~ L Q)
P01~ %80 —6")
i=1

an ideal sampler should sample §) ~ p(6|-), which is not available.
Using

q(9)

9|D) = p(8|D) "

p(610) = p(0ID) %)

we can approximate g(6) by (1) by sampling ) ~ g(6).

GRS ST
p(6?)

© 500 o) o
u;w@(a 0), W = G

N
=S w6 —0") Wi = ——
12:1: Do Wi

(1)



Algebra of weighted empirical distribution

Moments:

E(g(0)) =Y _ wig(0?)

Histogram:

Ci = Z 1

ix; € (i, ui]

G = E wi

iox; €(l;,ui]

Weighted histogram:
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Toy: Importance sampling N = 2000

marginal p(m,s|x1=1,x2=2, n=5, a=0.1, 3=0.1, ¢=1
T T T T T i

—p(mix1i.x2)

» Sample from heavy tailed distributions...



Adaptive Importance sampling

What if g(0) is too far from p(6)?
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What if g(0) is too far from p(#)? Move it. Choose q(f|¢) and find .
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» Sample one generation
» compute weights, estimate parameter
» Sample next generation



Adaptive Importance sampling

What if g(0) is too far from p(#)? Move it. Choose q(f|¢) and find .

Population MC: [Cappé, O., Guillin, A., Marin, J. M., & Robert, C. P. (2004).
]

» Sample one generation
» compute weights, estimate parameter
» Sample next generation

AMIS: [CORNUET, J. M., MARIN, J. M., Mira, A., & Robert, C. P.
(2012)]

» Consider each generation to be a component in
deterministic mixture

G
q(0) = _ as(0)

IMIS: [Steele, R. J., Raftery, A. E., & Emond, M. J. (2006). ]
» build mixture at sample with high weight



MCMC: Metropolis Hastings

Instead of fixed distribution, we define a Markov chain that converges to the
true distribution.

1. choose transition kernel g(x|x(),

2. generate sample x™ ~ q(x|x(’)),

3. With probability
* (7)), *
i (1, 2C)abP1x")
p(x)q(x*|x)

accept (i =i+ 1,x0 = x*), else reject; goto 2.



MCMC: Metropolis Hastings

Instead of fixed distribution, we define a Markov chain that converges to the
true distribution.
1. choose transition kernel g(x|x(),

2. generate sample x™ ~ q(x|x(’)),

3. With probability
* (7)), *
i (1, 2C)abP1x")
p(x)q(x*|x)

accept (i =i+ 1,x0 = x*), else reject; goto 2.

How to choose the kernel:

> Random walk (Gaussian), g(x|x\7) = N (x), 1)
» small spread ¢: correlated samples
> high spread ¢: low acceptance, too many rejections!

» Use known properties: conditionals



MCMC: Gibbs sampler

Special case of MH for mutidimensional distributions.
p(917 92, ey 09;()
with MH probability of acceptance equal to one.

1. generate sample 0 (i+1) (91|9£i), e 9&")),
2. generate sample 6 ~ p(6,164Y ..o\,
3. generate sample (9 (i+1) (92|9§i+1), - Giijll))-

Suitable when these distributions are tractable.



MCMC: Gibbs sampler

Special case of MH for mutidimensional distributions.
p(917 92, ey 09;()
with MH probability of acceptance equal to one.

1. generate sample 0™ ~ p(6:116%,...6),
2. generate sample 65 ~ p(6,]04Y, .. H(ki)),

3. generate sample (9 (i+1) (92|9§i+1), - Giijll))-

Suitable when these distributions are tractable.

» not suitable for parallel computing



Toy: Gibbs sampler

marginal

—p(mx1,x2)

p(m,s|x1=1,x2=2,

p=5, a=2, =3, ¢=1

15 20
s
marginal

25 30

—p(six1.x2)




Hamiltonian(Hybrid) Monte Carlo

» view log-probability as potential energy
2
U(x) = —log p(6) = =,

» add kinetic energy in variable p

2
p
K(p) = —
(P)=7
» define Hamiltonian
do dp
a P a7

» simulate differential equation for selected
t=0...t

> resulting sample 6’ is independent of p’

» Asymptotically converges to samples from true
density.
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Numerical issues: leapfrog algorithm

Momentum (p)

Momentum ()

Euler’s method, stepsize 0.3

(b)

Modified Euler’s method, stepsize 0.3

Momentum (p)
°
n

1
2
T T T T
-2 -1 0 1 -2 -1 0 1
Position (q) Position (g)
Leapfrog method, stepsize 0.3 @ Leapfrog method, stepsize 1.2
2 2
1
0
14
o] oy
T T T T T T T T
-2 -1 0 1 -2 -1 0 1
Position (g) Position (q)

[Neal, 2011]



HMC advantages and disadvantages

» Able to use information about gradient
» troubles with discrete variables

> Generated samples are not excessively correlated (check autocorrelation)

Random-walk Metropolis Hamiltonian Monte Carlo

.
- c
) )
] s
< <
S 14 5
2 5
3] )
<] <]
= =
5 07 v E
E E
Q o
A a
@ @
< <
= g =
—2
—3
T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration Iteration

» Much faster exploraton of the space

> at computational cost (doubles the number of variables
» How to choose stepsize and number of leapfrogs

> NUTS, DynamicHMC, etc.



Results

marginal p(m,s|x1=1.5,x2=2, 1=5, a=2, =3, ¢=1

ot

marginal

—p(six1.x2)




Probabilistic programming

Universal nature of HMC gave rise to automatic tools:

STAN: https://mc-stan.org/
» HMC, NUTS
» Variational inference
> Matlab, R, Mathematica, Python, ...
Turing.jl: https://github.com/TuringLang/Turing.jl
» HMC, NUTS, SMC, ...
> Julia



Model development almost too easy

@model gdemo(x) = begin
s ~ InverseGamma(2,3)
m ~ Normal(@, sqgrt(s))
x[1] ~ Normal(m, sqgrt(s))
x[2] ~ Normal(m, sqgrt(s))
return s, m

end

chain = sample(gdemo([1.5, 2.@]), SGLD(1leeee, ©.5))

» Non-conjugate priors

» log-normal instead of inverse gamma
» automatic chain rule, differentiation
» Hard part: analyze results

» High dimensions?



Take Home

» Apart from simple problems, posterior distribution is intractable

» Trade-off between approximation quality and computational cost
» Variational methods

> relatively cheap
> requires good choice of posterior

» Monte Carlo
> nice asymptotic properties,
> expensive
» hard analysis of results.



