Annals of Mathematics 178 (2013), 443-452
http://dx.doi.org/10.4007 /annals.2013.178.2.2

Optimal asymptotic bounds
for spherical designs

By ANDRIY BONDARENKO, DANYLO RADCHENKO, and MARYNA VIAZOVSKA

Abstract

In this paper we prove the conjecture of Korevaar and Meyers: for each
N > ¢qt?, there exists a spherical ¢-design in the sphere S¢ consisting of N
points, where ¢4 is a constant depending only on d.

1. Introduction

Let S? be the unit sphere in R with the Lebesgue measure iy normal-
ized by ug(S?%) = 1.
A set of points z1,...,xx € S is called a spherical t-design if

1 N
[, Pl dudta) = > Pl

for all polynomials in d + 1 variables, of total degree at most ¢. The concept of
a spherical design was introduced by Delsarte, Goethals, and Seidel [12]. For
each t,d € N, denote by N(d,t) the minimal number of points in a spherical
t-design in S¢. The following lower bound,

d+k d+k—1 .
(449 () e

2<d;k> if t =2k + 1,

(1) N(d,t) >

is proved in [12].

Spherical t-designs attaining this bound are called tight. The vertices of a
regular t+ 1-gon form a tight spherical ¢-design in the circle, so N(1,t) = t+1.
Exactly eight tight spherical designs are known for d > 2 and t > 4. All
such configurations of points are highly symmetrical, and optimal from many
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different points of view (see Cohn, Kumar [10] and Conway, Sloane [11]). Un-
fortunately, tight designs rarely exist. In particular, Bannai and Damerell [2],
[3] have shown that tight spherical designs with d > 2 and ¢ > 4 may exist only
fort =4, 5, 7, or 11. Moreover, the only tight 11-design is formed by minimal
vectors of the Leech lattice in dimension 24. The bound (1) has been improved
by Delsarte’s linear programming method for most pairs (d, t); see [22].

On the other hand, Seymour and Zaslavsky [20] have proved that spherical
t-designs exist for all d, t € N. However, this proof is nonconstructive and
gives no idea of how big N(d,t) is. So, a natural question is to ask how N(d, t)
differs from bound (1). Generally, to find the exact value of N(d,t) even for
small d and ¢ is a surprisingly hard problem. For example, everybody believes
that 24 minimal vectors of the Dy root lattice form a 5-design with minimal
number of points in S3, although it is only proved that 22 < N(3,5) < 24;
see [6]. Further, Cohn, Conway, Elkies, and Kumar [9] conjectured that every
spherical 5-design consisting of 24 points in S2 is in a certain 3-parametric
family. Recently, Musin [17] has solved a long standing problem related to this
conjecture. Namely, he proved that the kissing number in dimension 4 is 24.

In this paper we focus on asymptotic upper bounds on N(d,t) for fixed
d>2 and t — oco. Let us give a brief history of this question. First, Wag-
ner [21] and Bajnok [1] proved that N(d,t) < Cgt®d" and N(d,t) < Cagt"
respectively. Then, Korevaar and Meyers [14] have improved these inequalities
by showing that N(d,t) < C t(@+d)/2 They have also conjectured that

N(d,t) < Cqt?.

Note that (1) implies N(d,t) > cqt?. Here and in what follows we denote by
Cy and c¢q sufficiently large and sufficiently small positive constants depending
only on d, respectively.

The conjecture of Korevaar and Meyers attracted the interest of many
mathematicians. For instance, Kuijlaars and Saff [19] emphasized the im-
portance of this conjecture for d = 2 and revealed its relation to minimal
energy problems. Mhaskar, Narcowich, and Ward [16] have constructed posi-
tive quadrature formulas in S¢ with Cyt? points having almost equal weights.
Very recently, Chen, Frommer, Lang, Sloan, and Womersley [7], [8] gave a
computer-assisted proof that spherical t-designs with (¢ + 1)? points exist in
S2 for t < 100.

For d = 2, there is an even stronger conjecture by Hardin and Sloane [13]
saying that N(2,t) < %tQ + o(t?) as t — co. Numerical evidence supporting
the conjecture was also given.

In [4], we have suggested a nonconstructive approach for obtaining asymp-
totic bounds for N(d,t) based on the application of the Brouwer fixed point
theorem. This led to the following result:
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For each N > Cdt%, there exists a spherical t-design in S?
consisting of N points.
Instead of the Brouwer fixed point theorem, in this paper we use the
following result from the Brouwer degree theory [18, Ths. 1.2.6 and 1.2.9].

THEOREM A. Let f: R™ — R" be a continuous mapping and @ an open
bounded subset, with boundary 02, such that 0 € Q C R™. If (x, f(z)) > 0 for
all x € 09, then there exists x € Q satisfying f(x) = 0.

We employ this theorem to prove the conjecture of Korevaar and Meyers.

THEOREM 1. For each N > Cyt?, there exists a spherical t-design in S%
consisting of N points.

Note that Theorem 1 is slightly stronger than the original conjecture be-
cause it guarantees the existence of spherical ¢-designs for each N greater than
Cdtd.

This paper is organized as follows. In Section 2 we explain the main idea
of the proof. Then in Section 3 we present some auxiliary results. Finally, we
prove Theorem 1 in Section 4.

2. Preliminaries and the main idea

Let P; be the Hilbert space of polynomials P on S of degree at most ¢
such that

/ P(z)dpg(z) =0,
sd

equipped with the usual inner product
(P.Q) = [ P@)Q@)dpa).

By the Riesz representation theorem, for each point z € S¢, there exists a
unique polynomial G, € P; such that

(G4, Q) = Q(x) for all Q € P;.
Then a set of points 1, ...,zy € S% forms a spherical t-design if and only if
(2) G+ +Gypy =0,
The gradient of a differentiable function f : R — R is denoted by

of ._ (91 of _
87]5.7 (851,.”785(14_1)7 x*(§17'-'7§d+1)'

For a polynomial @ € P;, we define the spherical gradient

Q vow =5 (e( %))

where | - | is the Euclidean norm in R+,
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We apply Theorem A to the open subset ) of a vector space Py:

(4) 0:={Pep /Sd VP (@) ldualx) <1} .

Now we observe that the existence of a continuous mapping F : P; — (SN,
such that for all P € 02

N
(5) 2_: P(z;(P)) > 0, where F(P) = (z1(P),...,zn(P)),

readily implies the existence of a spherical t-design in S? consisting of N points.
Indeed, consider a mapping L : (S*)N — P; defined by

(x1,...,ZN) L, Gy + -+ Gy,

and the following composition mapping f = Lo F : P, — P;. Clearly

N
(P, f(P)) =Y P(xi(P))
=1

for each P € P;. Thus, applying Theorem A to the mapping f, the vector
space Py, and the subset {2 defined by (4), we obtain that f(Q) = 0 for some
Q € P;. Hence, by (2), the components of F(Q) = (z1(Q),...,zn(Q)) form a
spherical t-design in S¢ consisting of N points.

The most naive approach to construct such F'is to start with a certain well-
distributed collection of points z; (i = 1,..., N), put F(0) := (z1,...,zn), and
then move each point along the spherical gradient vector field of P. Note that
this is the most greedy way to increase each P(x;(P)) and make S_% | P(xz;(P))
positive for each P € 9f). Following this approach we will give an explicit
construction of F' in Section 4, which will immediately imply the proof of
Theorem 1.

3. Auxiliary results

To construct the corresponding mapping F for each N > Cyt?, we exten-
sively use the following notion of an area-regular partition.

Let R = {R1,...,Rx} be a finite collection of closed sets R; C S? such
that UY | R; = S% and pg(R; N Rj) =0 for all 1 <i < j < N. The partition R
is called area-regular if jiq(R;) = 1/N, i =1,...,N. The partition norm for R
is defined by

|R|| :== max diam R,
ReR

where diam R stands for the maximum geodesic distance between two points
in R. We need the following fact on area-regular partitions (see Bourgain,
Lindenstrauss [5] and Kuijlaars, Saff [15]).
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THEOREM B. For each N € N, there exists an area-regular partition R =
{Ry,..., Ry} with |R|| < BgN~Y4 for some constant By large enough.

We will also use a result that is an easy corollary of Theorem 3.1 in [16].

THEOREM C. There exists a const(mt rq such that for each area-regular
partition R = {Ry1,..., Ry} with |R| < 72, each collection of points x; € R;
(i=1,...,N), and each polynomial P of total degree m, the inequality

© 5 [ IP@ldue) < %z PG| <5 [, IP@)lduata)
holds.

Theorem 3.1 in [16] was stated for slightly different definition of an area-
regular partition. Namely, it was additionally assumed that each R; is a spher-
ical region. However the proof clearly works for our more general definition as
well; see [16, §3.3].

COROLLARY 1. For each area-reqular partition R = {Ry,..., Ry} with
each collection of points x; € R; (i=1,...,N), and each polyno-

m+1’
mial P of total degree m,
1 Vi
)|d < — VP(x;)| <3 / VP(z)|d
D v e TP@ldn) < 3 S VP VP@)dua(a)

Proof. For a point x = (£1,...,&441) € S%, we get by (3) that
IVP(z)| =/ PE(x) + P (@),

where
aP d+1
Pj(z) == — 853 ngﬁk

are polynomials of total degree at most m —|— 1. T hus, using a simple inequality

d+1 d+1 d+1

P$Z< szz_ Pr(x;
WZM <y 3 1P

and then applying (6) to polynomials Py, we obtain the statement of the corol-
lary. O

4. Proof of Theorem 1

In this section we construct the map F introduced in Section 2 and thereby
finish the proof of Theorem 1.

For d,t € N, take Cy > (54dBy/r4)?, where By is as in Theorem B and 4 is
as in Theorem C, and fix N > Cyt?. Now we are in a position to give an exact
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construction of the mapping F : P, — (S9)V, which satisfies condition (5).
Take an area-regular partition R = {Ry,..., Ry} with

rd
54dt

as provided by Theorem B, and choose an arbitrary z; € R; for each ¢ =
1,...,N. Put e = #, and consider the function

u if u > e,
he(u) = {

€ otherwise.

(8) IR|| < BaN~Y¢ <

Take a mapping U : P; x S — R such that

_ VP(y)
VB9 = Pl

For each i = 1,...,N, let y; : P; x [0,00) — S¢ be the map satisfying the
differential equation

(9) d%yi(P, s) = U(P,yi(P,s))

with the initial condition
for each P € P,. Note that each mapping y; has its values in S by definition
of spherical gradient (3). Since the mapping U (P, y) is Lipschitz continuous in

both P and y, each y; is well defined and continuous in both P and s, where
the metric on P; is given by the inner product. Finally, put

(10)  F(P) = (21(P),...,an(P)) = (yl(P, R, (P, %))

By definition, the mapping F' is continuous on P;. So, as explained in Section 2,
to finish the proof of Theorem 1 it suffices to prove

LEMMA 1. Let F': Py — (SYN be the mapping defined by (10). Then for
each P € 01,

where ) is given by (4).
Proof. Fix P € 09; that is,

[ 19P@)ldua@) =1.
Sd
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For the sake of simplicity, we write y;(s) in place of y;(P,s). By the Newton-
Leibniz formula, we have

1 al
(1) 5> Pi(P) NZ (yi(ra/3t))
i=1

; rq/3t
N; @)+ [ dll P(yxs))]ds.

=1

Now to prove Lemma 1, we first estimate the value

1
N;P(%)

from above and then estimate the value

gl

| N
s _N;P(yi(s))]

from below for each s € [0,74/3t]. We have

1Y .
¥ 2P| = 3 [ P - Pa) duala <Z/ Ple) = Peldya()
IRl <
< el VP(z)],
- N Z'ZzeSd dlgtl(azujcz)<IIRH| =

where dist(z,z;) denotes the geodesic distance between z and z;. Hence, for
z; € 8% such that dist(z;, ;) < ||R|| and

IVP(z)| = max [VP(z)],
z€S%: dist(z,z;) <||R||
we obtain
L& IR <
— Y Pzy)| < — P(z;
3 2P| < IS jvpe
Consider another area-regular partition R’ = {R],..., Ry} defined by R, =

R; U {z}. Clearly |R'|| < 2||R| and so, by (8), we get ||R'|| < rq/(27d¢).
Applying inequality (7) to the partition R’ and the collection of points z;, we
obtain that

1 N

N ZP(%‘)

=1

(12) <3VAIR) [ IVP@)duata) <

rq
18+/dt
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for any P € 0f2. On the other hand, the differential equation (9) implies

a1 & Y VP >>r2
(19 d[NZ ] N 2 BV P ()]
1
>= Y |[VPuis))
N i: |VP(?J'L( Nl>e
NZ|VP yi(s))| —e.
Since
VP(y)
ha(IVP(y)D‘ =1

for each y € S%, it follows again from (9) that ‘dydiif)

dist(x;, yi(s)) < s.

Now for each s € [0,74/3t], we consider the area-regular partition R” =
{R],...,R};} given by R/ = R; U{yi(s)}. By (8), we have

7“d

R//
IR < 54dt +

so we can apply (7) to the partition R” and the collection of points y;(s). This
and inequality (13) yield

N
a0 [}Vzpm "
=1

1
— VP (y;(

1 1
3\[/| \Md)m:m

for each P € 0Q and s € [0, r4/3t]. Finally, equation (11) and inequalities (12)
and (14) imply

1 & 1 ’I“d rd
15 — P(xz;(P =
Lemma 1 is proved. ([
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