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Exercises: 3. Sheet

1. Show that the space

c00 = {{λj}∞j=1 ⊂ R : ∃J ∈ N ∀j > J : λj = 0}, ||{λj}∞j=1||c00 = max
j∈N
|λj |,

is not complete.

2. Find a Banach space X and f ∈ X ′, such that

‖f‖X′ > |f(x)|

for all x ∈ X with ‖x‖X = 1.

3. Show that (`1)
′ = `∞ in the sense that

a) for all λ = {λj}∞j=1 ∈ `∞ is fλ de�ned as

fλ({γj}∞j=1) =

∞∑
j=1

λjγj

an element of (`1)
′;

b) every element f ∈ (`1)
′ can be represented as fλ for some λ ∈ `∞.

4. Let X be a vector space and M ⊂ X. Show that

convM = {x ∈ X : ∃n ∈ N ∃x1, . . . , xn ∈M ∃λ1, . . . , λn ∈ [0, 1] : λ1+· · ·+λn = 1 and x = λ1x1+· · ·+λnxn}.

5. a) Let a, b ∈ N with a ≤ b. Show that

b∑
j=a

(
j

a

)
=

(
b+ 1

a+ 1

)
.

b) Show that (1 ≤ m ≤ k):

#{(t1, . . . , tm) ∈ Nm : t1 + · · ·+ tm ≤ k} =
(
k

m

)
.

c) Prove that

#{(t1, . . . , tm) ∈ Zm : |t1|+ · · ·+ |tm| ≤ k} =
m∑
j=0

2m−j
(
m

j

)(
k

m− j

)
.

d)∗ Try to use the last formula directly in the proof of the estimate of en(id : `m1 → `m∞).
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6. Show that (0 < p < 1):
a)∗ (Lp([0, 1]))

′ = {0}. That means that the only continuous linear mapping F : Lp([0, 1]) → R is the

trivial F (f) = 0 for all f ∈ Lp([0, 1]).
b) (`p)

′ = `∞, (`mp )
′ = `m∞.

c)∗ convB`mp = B`m1 ; is it true that also convB`p = B`1?

d) Is the constant 21/p−1 optimal in the triangle inequality for Lp([0, 1])?

7. Banach limit

Consider the function

p(x) = lim sup
1

n

n∑
k=1

xk

for x = {xk} ∈ `∞. Show that:

(a) p(x) = lim
k→∞

xk for x ∈ c = {{xn}∞n=1 : limn→∞ xn exists}, ‖x‖c = ‖x‖∞;

(b) p is a sublinear functional;

(c) There exists an extension Lim ∈ (`∞)′ of the linear and continuous functional lim ∈ c′ with
Lim(x) ≤ p(x) (Hahn-Banach!)

(d) lim inf xk ≤ Lim(x) ≤ lim supxk for x = {xk} ∈ `∞. Especially, it holds Lim(x) ≥ 0 if xk ≥ 0 for

all k ∈ N;
(e) It holds that Lim(Sx) = Lim(x) for x = {xk} ∈ `∞, where S is the shift operator Sx = (x2, x3, . . . );

(f) Lim is not multiplicative, i.e. there are x, y ∈ `∞ with Lim(x · y) 6= Lim(x)Lim(y);

(g) Show that g 6∈ `1, therefore (`∞)′ 6= `1.

The functional Lim is called the Banach limit on `∞;

(h) Show that (`m∞)′ = `m1 .
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