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1. Let t > 0 be a real number and let d ≥ 2 be an integer. Show that there existsM⊂ Sd−1 = {x ∈ Rd :
‖x‖2 = 1} such that

(i) #M≤ (1 + 2/t)d,

(ii) ∀z ∈ Sd−1 ∃x ∈M : ‖x− z‖2 ≤ t.

Hint: Take x1 ∈ Sd−1 arbitrarily. If x1, . . . , xj ∈ Sd−1 were already chosen, take xj+1 ∈ Sd−1 arbitrarily

such that ‖xj+1− xl‖2 > t for all l = 1, . . . , j. Repeat this, as long as it goes. Then use that B(xi, t/2)
are all disjoint and included in B(0, 1 + t/2) and compare the volumes.

2. Let ω ∼ N (0, 1) be a standard Gaussian variable. Show that

Eeλω
2
=

1√
1− 2λ

, −∞ < λ < 1/2.

3. Let λ = (λ1, . . . , λm) ∈ Rm and let ω1, . . . , ωm ∼ N (0, 1) be independent. Show that

〈λ, ω〉 = λ1ω1 + · · ·+ λmωm ∼ ‖λ‖2 · N (0, 1) = N (0, ‖λ‖22).

4. Prove the Lemma of Johnson and Lindestrauss:

Let 0 < ε < 1 and let m,N and d be positive integers with

m ≥ 4
(
ε2/2− ε3/3

)−1
lnN.

Then for every set {x1, . . . , xN} ⊂ Rd there is a mapping f : Rd → Rm with

(1− ε)‖xi − xj‖22 ≤ ‖f(xi)− f(xj)‖22 ≤ (1 + ε)‖xi − xj‖22, i, j ∈ {1, . . . , N}.

Hint: Choose f(x) = Ax, where A is a Gaussian matrix. Then use the concentration inequality for one

Az with z = (xi − xj)/‖xi − xj‖2 and the union bound.

5. Finish the proof of the RIP for Gaussian matrices, i.e., show that if C ′ > 0 is given then there exists

C > 0 such that if

m ≥ Cδ−2
(
s ln
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s

)
+ ln
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,

then (
N

s

)
· 9s · 2 exp(−C ′mδ2) < 1.
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