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1 INTRODUCTION

1 Introduction

1.1 Banach spaces

Definition 1. Let X be a vector space over R (or C) equipped with a norm || - || : X — [0,00). It
means, that

e There are operations + : X x X — X and - : R x X — X with the usual properties.

e The function || - || satisfies
(1) ||z|| = 0 if, and only if,* = = 0,
(2) |laz|| = |a - ||x]| for all « € R (or all @ € C) and all z € X,
@3) e +yll < [lz]] +[lyl for all z,y € X.

If X is complete?, it is called a Banach space.

Remark 1. We shall write ||z||x or ||z|X]|| to emphasise the space X in the notation.
Remark 2. We recall the most classical Banach spaces

o R",C", (}(R),£;(C) with 1 < p < o0,

e /p, co,coo with 1 < p < oo,

e L,([0,1]), L,(22),C(92) with 1 < p < 0.

Remark 3. The most important concepts of functional analysis are

e completeness,

e duality,

e convexity,

e compactness.

Completeness shall be used only very rarely in this text.

1.2 Duality and convexity

Definition 2. Let X,Y be two Banach spaces.

o f: X —Y is linear, iff
flaz + By) = af(z) + Bf(y)
for all , 5 € R (or C) and all z,y € X.

o If f: X — Y is linear, it is continuous, iff there exists a real number M > 0, such that
1f(@)ly < M|lz][x
for all z € X.

e If Y =R (orY=C)and f: X — Y is linear and continuous, then it is called functional.

I This shall be sometimes abbreviated as “iff” for short
2j.e. every Cauchy sequence is convergent



1.2 Duality and convexity

o L(X,Y)={f:X —Y, fis linear and continuous}.
e X'=L(X,R) or X' = L(X,C), respectively, is the dual space of X.

Remark 4. e L(X,Y) is complete with respect to the operator norm

171206 = sup @Y @l
20 Zllx  zexijel=1
Especially,
17X = sup L g @),

+£0 17X sexial=1
e The supremum above may not be attained, cf. Exercise 2.

e It is usual to identify the dual space with some other well known space. For example, (¢1) = {,
cf. Exercise 3. In this sense, we have

(6p) =, where ;—i— ;, =1, 1<p<oo.
Let us recall, that (£2) = 7", but ({)’ # 41, cf. Exercise 8.
e The operators may be composed in the usual way, i.e.
Sel(X)Y), TeLllY,Z) = ToSeL(X, Z2)

and
|70 S|L(X, Z)|| < [|IT|L(Y, Z)|] - [|S|L(X, Y)]].

Definition 3. Let X be a vector space.

a) A set M C X is called conver, iff

Ve,ye M VA:0<A<1 M+ (1—-MNyeM.

b) Let M C X be convex and let f : M — R be an arbitrary function. Then f is convez, iff

Ve,ye M YA:0<A<T fQz+(1—=Ny) <Af(2)+(1-Nf(y).
c) Let M C X. Then we define the convex hull of M by

conv M = ﬂ K.

KDOM
K convex

Remark 5. e Convexity is defined only algebraically. No topology or norm is assumed on X and
no continuity of f is necessary.

e Let X be a Banach space and let
BX:{[EEXHIBH)(Sl}

be its closed unit ball. Then Bx is convex.



1 INTRODUCTION

Definition 4. a) Let X be a vector space and let || - || : X — [0, 00) with

(1) ||z|| = 0 if, and only if, z = 0,

(2) |lax|| = |af - ||z|| for all « € R (or all @« € C) and all x € X,

(3) llz 4+ yl| < C(||z|| + ||ly||) for some C > 1 and all z,y € X.

Then || - || is called a quasi-norm and X is a quasi-normed space. If X is even complete in this
quasi-norm, it is called also a quasi-Banach space.

b) Let X be a vector space and let || - || : X — [0, 00) with

(1) ||z|| = 0 if, and only if, z = 0,

(2) |laz|| = |af - ||z|| for all @ € R (or all @« € C) and all x € X,

(3) [lz + y|[P < ||z||P + ||y||P for some 0 < p <1 and all z,y € X.

Then || - || is called a p-norm and X is a p-normed space. If X is even complete in this p-norm, it is

called also a p-Banach space.

Ezxample 1. Let us consider the space Ly([0,1]) with 0 < p < 1. This is a space of (equivalence classes
of) measurable functions on [0, 1], equipped with a mapping

Is1zp(i0.101 = ( | 1 s ) "

e Then it holds

1 1
1f + gL, (0, 1)) = /0 (@) + g(@)Pde < /0 F@)P + |g(z)Pdz
— 1F1Zp([0, IDIP + 191 Zp ([0, 1D P.

Here, we used the first inequality from Exercise 5a) with a = |f(x)| and b = |g(x)|. Hence, || - ||
is a p-norm.

e On the other hand, we get

i+ ool = ([ 1) +otepa) < ([ 15w+ oepa)

1 1 1/p

=(/ i+ [ |g<x>\pdx) = (IF1Ly([0. TDIP + gIZ, ([0, 1] P) P
0 0

< 2121 £1L, ([0, 1)1 + 1191L, ([0, 1])1])-

Here, we have used the second inequality from Exercise 5b) with a = ||f|L,([0,1])|| and b =
llg|Lp([0, 1])|]. Hence || - || is also a quasi-norm.

Next theorem shows, that this behaviour is no coincidence.

Theorem 5. a) Let X be a p-Banach space. Then X is also a quasi-Banach space with C = ol/p—1,

b) Let X be a quasi-Banach space with the quasi-norm || -||. Then there is a 0 < p <1 and a p-norm
| - ||, which is equivalent 3 to || - ||.

3This means, that there are constants c¢; and cp such that ci||z|| < ||z||, < ca||z|| for all z € X. The topologies

induced by equivalent quasi-norms are identical.



1.2 Duality and convexity

Proof. The proof of a) copies the proof given in Example 1.
1 _ _
1+l < (AP + 1gl?) 2 < 252111+ lgl)?1V? = 27271 (£l + lgll).

The proof of b) is the essential part.
Let C denote the constant from the triangle inequality for || - ||. We put Cy = 2C > 2.
We define p through C§ =2 (i.e. 0 < p < 1) and put

[ fllp = (Hf1||p+..._|_||fm||p)1/p‘

inf
f=frb o fom
The infimum runs over all decompositions f = f1 + - + f.

It remains to prove, that || - ||, has all the properties of a p-norm. This is unfortunately a bit technical.
We start with the following observation.

Step 1. We prove through induction, that

e Sl < max (1D (1)

e The case m = 2 is trivial.

11+ £l < CUIAN + NIf2ll) < max(Collfll, Coll f2ll) < max(Coll £1ll, G511 £211)-

e The step m — 1 — m follows.

L1+ A fmll S CUAI+ [ f2 + -+ + fall) < max(Col[ f1]], Col[f2 + - -+ + full)
< max(Co||f1]], Comax(Col| foll, Gl Sl - - .. €5~ [ fml))
= max(CollAll, CBII.f2ll, Gl Sl - - €G] fim )

Step 2. We show, that || - |5 is subadditiv, i.e.
1F =+ glly < WA + Mgl
Let f=fi+ -+ fimand g = g1 + - - + gn, such that
1£1lp = (1 =&)Ll + -+ [ fnlP)P and lglly = (1= )(lgall” + -+ + llgall”) /7,

where € > 0 is arbitrary. Then f+g9g=fi+ -+ firu + g1+ -+ + gn and

f P g py1/p
16 +all < QIR o Ll + ol o+ e < [ (121) 4 (Ul ))

Hence

1f +gllp < (1115 + [1glp)

(1—¢)p
and we let € — 0.

It follows trivially, that ||af||, = || - ||f]|, and || f||, < ||f||. We show, that there is a constant A > 1,
such that
LI < Allfllp, feX. (1.2)
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This inequality proves, that || - || and || - ||, are equivalent and gives as a byproduct, that || f||, = 0 if,
and only if, f = 0.

Step 3. Proof of (1.2).
We show by induction, that

L4+ fol| < Co(N(f1)P + -+ N(fm)p)l/p7 (1.3)

where

N(f) = 0, if f=0,
ck,if CEFl<||fll<CE ke

From (1.3) follows (1.2) immediately. If f = f; +--- + fm,, then

AL =111+ + fmll < Co(N(f1)? + - + N(fm)?)/?
< Co((Coll Ally” + -+ (Coll fiml)) VP = CEULAIP + -+ [l fiml )7

and we may consider the infimum over f = f1 + -+ fin.

e The proof of (1.3) for m =1 is simple:

1Al € N(f1) < Co(N(f1)P)V/7.

e The proof of m — m + 1 in (1.3).

We assume, that |[fi|| > -+ > || fm+1]]- If all N(f;),7 =1,...,m + 1 are different, then we get
by (1.1)

J1| £,
I el < max (LD
and
C3llfill < CoN(f1) < Co(N(f1)P + -+ N (f)") /7.
If N(fj) = N(fj+1) = C} for some 1 < j < m and some [ € Z, then

£ + Fiell < Comax(|| £, || f+1l]) < CHH.

Hence
N(fj+ 1) < C§ P = 211 = 2l 4 ol = N(f;)P + N(fj41)".

Finally, we get by induction assumption
[fi+-t fmrll = 1+ + fima + (fi + fiv) + fivz + o+ fmal]

1/p
< CO<N(f1)p+"'+N(fj—1)p+N(fj+fj+1)p+N(fj+2)p+-'-+N(fm+1)p>

1/p

< Co(NUP + 4 Nl )



1.3 Compactness and entropy numbers

1.3 Compactness and entropy numbers

Definition 6. Let X be a Banach space, or a p-Banach space or a quasi-Banach space.
a) M C X is open, iff Ve € M 3e >0: B(z,e) ={ye X :||lz —y||lx <e} C M.

b) K C X is compact, ift Y{My}acr, M, open with U M, D K there exists a finite subsystem
a€el

{ay,...,ap} C I with UMai O K.
i=1
c) T € L(X,Y) is compact, iff TBx C Y is compact.

Let K C X be compact. Then? for every € > 0, there are finitely many points 1, ..., z,, such that

n

U B(zi.e) o K.
=1

Of course, the number of points n(e) grows, as ¢ — 0. The concept of dyadic entropy numbers works
with the inverse function, i.e. we ask, how large balls do we need to take to cover the set K with only
n of them.

Definition 7. Let X,Y be two quasi-Banach spaces and let T' € £(X,Y). The sequence
2n—1
en(T) =inf{e > 0: Jy1,...,ysm1 : T(Bx) C | ) Blyi,e)}, neN,
i=1

is called the sequence of entropy numbers of the operator T'.
Remark 6. We shall sometimes write y; + e By or By (y;, ) instead of B(y;,¢).
The following theorem summarises the basic properties of entropy numbers.

Theorem 8. Let X,Y, Z be three quasi-Banach spaces, let S,T € L(X,Y) and let R € L(Y,Z). Then
it holds:

(1) [ITIL(X,Y)|| = e(T) = ea(T) = --- = 0.

(ii) en(T) — 0, iff T is compact.

(ii) ||T|L(X,Y)|| = e1(T) if Y is a Banach space®

(iv) Vni,m2 € N holds ey, 4n,—1 (R0 S) < ey, (R)en,(5).
(v) If Y is a p-Banach space, then

ele—‘rng—l(S + T) S efll (S) + 85’)7,2 (T)

Proof. (i) The inequality e;(1") > e;41(T) follows directly from the Definition 7. We write ||7'|| instead
of ||T|L(X,Y)|| for short. The inequality ||T|| > e1(T") follows from

T(Bx) c B(0,[[T]]) C Y.

cf. Exercise 7a)
Scf. Exercise 10b.
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(iii) If Y is a Banach space and e;(T") < ||T||, then there exist some real number 0 < a < ||T|| and
some y € Y, such that

T(Bx) C B(y,a),

i.e.

1Tz —ylly <a

for all x € Bx. Then for every z € Bx we obtain

T T 1 1
ITally < [|5 + 5l + |15 = 5lly = 3IT(=2) =ylly + 51Tz = ylly <a,

hence ||T|| < a, which is a contradiction.

(ii) follows from Exercise 10a.

(iv) Let
271171
R(By) C U zj + (en, (R) +¢€)Bgz,
j=1
ong— 1
U Yi + €n2 +5)BY-
Then
2n2—1 ong— 1
(RoS)Byx = R(S(By)) C R( U v+ (ens(S) +2) By) U Ry + (eny (S) + &) R(By)
=1

ong— 12n1 1
C U U R(y;) + (eny(S) +€)zj +(en, (T) + €)(eny(S) +€)Bz

Vi,

ong— 1277,1 1

U U Vi + 6”1 )+5)(€n2(5)+5)BZ_

i=1

Altogether, (RoS)(Byx) may be covered by 2™~ 1Hn2—1 — g(m+na=1)~1 halls in Z with radius (e, (T)+
£)(en,(S) 4 €). Finally, we let ¢ — 0.

(v) follows similarly. Let

ony— 1

S(Bx) € |J wi+ (en,(S) +¢€)By,
i=1
2n2—1

T(Bx) C |J 2+ (eny(T) +€)By.
j=1



1.4 Entropy numbers of id : £;' — {7

Then®
on1—1 ono—1
(§+T)(Bx) c S(Bx) +T(Bx) C < U yi + (en, (S +5)By> +< U zj+(en2(T)—i—s)By>
j=1

2n171 2n271

c | U wit+z)+ [(en(S) +2)By + (eny(T) + ) By]
i=1 j=1

277,171 ong— 1

U Uwrz+ + [(ens(8) + &) + (ens (T) +2)") /" By
=1 j=1

We have used Exercise 9 in the last step. Finally, we let ¢ — 0 and observe, that
en(S +T) < [en, (S)? + eny (T)]/7

fornwithn—1=n1—1+ny — 1. O

1.4 Entropy numbers of id : (" — (!

Up to very special cases (which we shall investigate in detail later on), the exact calculation of entropy
numbers is almost impossible. Hence, we shall deal with estimates from above and below, which differ
only through some constants, i.e. in formulas of the type

en(T) = n™t n € N,
which means, that there are two positive constants ¢; and ¢y, such that

cgnt < en(T) < con” L, n € N.

The most simple case, which demonstrate many of the significant properties of entropy numbers, is
the operator

id : €)' (R) — £7"(R),
where 0 < p,q < co and m € N. We are interested in estimates of e, (T') in the sense described above,

but with ¢; and ¢y independent of n and m (but possibly depending on p and gq).

Let us mention”, that
en(id : £7(C) = £0'(C)) ~ en(id : £2™(R) = £2™(R)),  n,m €N,
with constants of equivalence independent of n and m, but possibly depending on p and ¢. This
somehow justifies our interest in real vector spaces.
We start with simple cases, it means with
Example 2. id : 072 — 7.
Step 1. Estimate from above.

We denote by B = Bym gy = [—1,1]™ the unit ball of £} (R).

5We denote by A+ B ={a+b:ac Abec B}
Tcf. Exercise 16

10
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We consider the sets
N ok 1 2k _3 1 1 2k _ 1
km — 2k y 2k 7""_?727]@"" Qk

Simple calculation shows, that Ay ,, has

<2’f—1+<2’f—1>+2>m:2k.m

2
elements. Furthermore,
1
-1.1c | v+ op[-11],
.’L'GAkyl

and generally
1
B= |J x+ 5B

ZEEAk,m
This implies, that
. 1
ekm+1(1d : L2 (R) — (2 (R)) < o
So, if n € N may be written as n = km + 1, then
1 1 21/m
enlid) < = = = <2.27Mm

= 9k 2”?_2n/m_

The same estimate follows for all n by standard arguments, namely monotonicity. Let us describe this
in detail. Let

kom+1<n < (ko +1)m+1 (1.4)
—— ~—_——
no ni=no+m

for some kg > 1. Then

np—m n—m

en(id) < eny(id) <2-2770/M = 2. 97w <2.27m =4.27"/™,

Finally, we consider 1 < n < m, which cannot be expressed in the form given by (1.4). But for these
n’s we obtain trivially

en(id) <1<2.27MM <q.27"/m 1< p<m.

Step 2. Estimate from below.

We use volume arguments, which shall be very useful also later on. Let us assume, that

2n—1

B C U yj +eB.
j=1

It means that
vol B = 2m < "m0l B = gmAn—lom,

Hence L
£>27m >27m,
Hence, we got
27 < e (id 07 (R) — (T (R)) <4-277/™  nomeN. (1.5)

Let us mention, that even in this case, we got only estimates from above and from below, which differ
by the constant 4.

11



1.4 Entropy numbers of id : £;' — {7

The second simple case, namely e, (id : 7*(R) — ¢7*(R)) is postponed to the Exercise 11.

To be able to apply the volume arguments also in other (less trivial) situations, we shall need the
Gamma function®

[ee)
I'(s) :/ e 't ds, s> 0.
0

Theorem 9. Let 0 < p,q < oo.

a) Then
r/p+1)"
vol Bgm(R) =2m. L, m € N.
P I'(m/p+1)
b) Then
r(1/p+1) [T(mfg+1)]"" r(m/g+1)]""
—n m m
enlid : (7(R) = (M(R)) > 27" - P q o g-n/m | LA H )
I'(1/g+1) |T'(m/p+1) I'(m/p+1)
with constants of equivalence independent of m and n, but depending on p and q.
c) Then
en(id : (7(R) — (1(R)) 2 27"/ mmt/a=1/p,
Proof. Step 1. Proof of a)
We have
vol BZ;’)”(R) = 2™ vol (Bg'{Un(R) N [0, OO)m) =2m / 1 da:,
where the last integral goes over all x = (1,...,2y) with 21 > 0,...,2y, > 0 and 2§ + -+ + 2, < 1.

Through the substitution ¢; = 2%

> dtj = pmffldmj, this is equal to

2\ [ e
G) I
P e

where the last integral goes over all t = (¢1,...,t,,) with t; > 0,...,t,, > 0and t; +---+t, < 1. This
integral may be evaluated by induction, cf. Exercise 13, and this finishes the proof of a).

Step 2. Proof of b)
Let Bym(r) be covered by 2"~1 g balls in £y'(R) metric. Then

vol BZ;)"(R) S 2n_1€mVOl B[Zn(R).

Hence,
1/m
1—n

vol Bym
e>2 P ®)

vol B o (R)

This, together with a) gives b).
Step 3. Proof of c)

8cf. Exercise 12 for further information about Gamma (and Beta) function.

12
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In view of b), it is enough to prove that

1/m
2—n/m F(m/q + 1) > 2—n/mm1/q—1/p
F(m/p+ 1) ~ ’
ie. y
Plm/a+ ) 170 a1 e, (1.6)
I'(m/p+1) ~

We shall use the Stirling formula?

T
Then /
m =" m Dt1q1/m
LHS (1.6) ~ | 4 e Gy o B () o
LU | (m + 1)%4—1 .
Lf_/ p [IT=e—1/a+1/px]
I II

(1+p)g

1/2
First, we deal with I. Let us observe, that for m = 1, I is equal to [(1 o) ] and for m — oo, I
q)p

goes to 1. Hence, I ~ 1.

We rewrite I as

1/qg+1/m —1/p—1/m my171/m my17—1/m
=) ) o2
q p m m
~1,again ?;sing limits
~ Mgl (p )™ e a P,
O
1.4.1 Remark to interpolation theory
Let F be a linear operator with following properties:
F: Ly(RY) — Lo(RY), (1.7)
F: Li(RY) = Loo(RY). (1.8)

Intuitively, it should follow that

+ - =1

1
F:L,RY > Ly@®RY, 1<p<2,  —+=
p P

This is really the case and is the main subject of the so-called interpolation theory '°.

9The proof of this classical result goes beyond the scope of this script and we reffer to [3, Section 96, page 510] for

details.
10T Jena, a lecture with exactly this title is sometimes offered by PD. D. D. Haroske.

13



1.4 Entropy numbers of id : £;' — {7

Ezample 3. a) A prominent example of such an operator is given by the Fourier transform

FN©) = gmirs [, H)e " d

Then (1.7) follows from the famous Parseval identity
[1F1L2(RD]| = [|FFI LR

and (1.8) follows almost trivially

d
OO G [, ol = LLDEE

b) Another famous application of the interpolation theory is the convolution operator.

Let f € Ly(R?) and put
My(g)(z) = y f(z—y)g(y)dy.

Then we get

105 @I &) = [ [ty @)dn < [ [ 1= powldvds = [ 1ot [ |17~ pldedy

Jgd |f(x)|dx
— / f(@)lde - / 9w)ldy = || FIL1RY]| - lg|L R
Rd Rd
And similarly,
1M (g) | Lo (RY) |<sup/ (@ - 9)g(w)ldy < sup sup |g(= r/ e — y)ldy
R4 z€RC zcR4

= [lg|Loc R - || FIL1(RY)]].

Hence
1M = Li(RY) = Li(RY)|| < [|[fILi(RY)]] and  |[M 2 Loo(R?) = Loo(RY)[ < [ f|L1(RY)]].
By interpolation theory it follows, that
1M : Ly(RY) = LyRY)[| < [|fILa(RY)],  1<p<oo.
Theorem 10. Let X be a quasi-Banach space, Y a vector space and let T : X — Y. Let Yp,Y7 C Y
be two p-Banach spaces with 0 < p <1, let 0 < 0 < 1 and let Yy C Y be a quasi-Banach space with
T € L(X, Yy N Y1), where ||y|Yo N Yi|| = max(|[y[lv;. [[yllv1)- If

1y Yall < [ly[Yoll"~" - [lymill®, y € YonYi C Yy, (1.9)

then
engrm—1(T 1 X = Yy) <2YPel (T X - Yy)- € (T: X = Y1), no,m €N.

14



1 INTRODUCTION

Proof. Let a = (1 4+ €)en,(T : X — Yp) and b = (1 +¢)e,, (T : X — Y1). It means, that there are
Yi, .-, Ygno—1 € Yy such that for every x € By thereis a j € {1,...,2"" 1} with ||Tz — y;|y, < a. We
consider the sets

Bj={x € Bx : [[Tz - yj|ly, <a} C Bx, j=1,...,2"" "

Obviously,
2n071
Bx = |J B,
j=1
We can map each set B; by T' and cover in Y;. So, there are points z!,. .. 227 e Y7 such that for
p J y p 70 [iady}
every € Bj thereis i € {1,...,2™ 71} such that ||[Tz — z;'-||y1 <b.
If zjZ would lie in T'(B;) C Yo N'Y7 C Yy, then we could use the calculation
] i1p(1—0) i 11p0
Tz — Zjlly, < 1Tz — zjly;, Tz — Zl1y; -
/ N————
SUITz—y;l15) +lys—25l15) ~0<(aP+ly; —T(T—12)|[y, )1~ < (2aP)1 =0 <bp?

Unfortunately, this is not necessarily the case. Hence, we choose
w§- € Byl(z;-, b) NT'(Bj).

We may assume, that this is always possible. If not, then we just leave out z]i-, because By, (zé, b) does
not help with covering 7'(B;).

So, to every z € Bx, we find j € {1,...,2" "1} with € B; and then i € {1,...,2" 1} such that

Tz —wi|fhy < (1T — 24115, + |12 — wil B, < 207,

but also
1Tz — wi|f, < ||Tz - y;llf, + lly; — wi|lf, <247,
hence
1Tz — willy, < ||T2 — willy, - 1Tz —wjll§, <2/Pa’~%".
Finally, we let € — 0. B

Theorem 11. Let X be a vector space and let Xo, X9, X1 C X with 0 < 0 <1 and X9 C Xo+ X;. 1!
We define the so-called Peetre interpolation K-functional by

K(t,z) = inf{||xo||x, + t||z1]||x, : © = z0 + z1,20 € Xo, 21 € X1}, xr e Xy, t>0.
Let T : D(T) C X =Y, where Y is a p-Banach space, and let T € L(Xo,Y) and T € L(X41,Y). If
t Kt x) <||z|lx,, t>0, x€ X, (1.10)
then also T € L(Xp,Y) and

engtm—1(T: Xg = Y) <2YPel (T Xg = V)l (T: X1 —Y), no,m €N.

"This means, that every element x € Xy may be written as x = xo + =1, where x¢o € Xo and =1 € X;.
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1.4 Entropy numbers of id : £;' — {7

Proof. The boundedness of T" as an operator from Xy into Y follows easily. Let us take z € Bx, and
e > 0. Then there are g € Xy and z; € X such that z = z9 + z1 and ||zo||x, + ||z1]|x, < (1 +¢) -
just choose t = 1 in (1.10). The we have

17|l < [ Taol” + (1T [|” < (14 &) [IT1L(Xo, VIIP + [ITIL(X1, Y],
hence (if we let € — 0)
IT1£(Xe, V)| < (IIT1£(Xo0, YVIIP + ITIL(X0, Y)[P]P

Let
a=-en(T:Xo—=Y), b=ep,(T:X1—-Y), t=b/a.

Let x € Bx,. Then there are 9 € Xo and x; € X such that
lzollxo + - [lz1llx, < (1+e)K(t,2) < (1+2)t||x]lx, < (1+ )t

Let y1,...,ygmo-1 € Y be a (1 +¢)a net for T(By,) in Y and let z1,...,29n,-1 € Y be a (14 €)b net
for T(Bx,) in Y. Hence, there are j and k, such that

Txg T
s = < (1+ )b
H Yi (1te)o-1 <(1+e¢)

(1+e)t?

<(l+4+¢€)a and H

Y Y

We estimate

Tz — (1 +e)t%y; — (1 +e)t? 1| |8 < |[Two — (14 e)t0y; |18 + ||Txy — (14 )0z |2
< [(1+¢e)%at’? + [(1+¢)%6t 1P = 2(1 + ) *[a' Ob7)P,

ie.
1Tz — (1+&)t’y; — (L + )t aly < 2V/P(1 + )20 .

We observe, that the set
{A+e)t’y + L+t 2},

forms a 2'/P(1 + ¢)2a' =’ net for T(Bx,) in Y with cardinality 2ro—1+m—1, O

Remark 7. e In a typical situation, Y in Theorem 10 and X in Theorem 11 may be taken to be
the space of all sequences or all measurable functions, respectively.

e Theorem 10 deals with interpolation on the target space. A following diagram is somtimes useful.
Yo

/
T:X — Y

pN
Y

The assumption (1.9) follows usualy with the help of Holder’s inequality, cf. Exercise 17.
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e Theorem 11 deals with interpolation on the source space, this time with following diagram.
T . X()
¢
T: Xy — Y
4
T: X1
The assumption (1.10) is usualy more difficult to verify, cf. Exercise 18.

e Although the interpolation theory usually deals with interpolation on both (i.e. source and
target) space side simultaneuously, there is no'? analog of Theorem 10 and Theorem 11 for this
situation. That would correspond to the diagram

T:Xo — Y,
T:Xy — Y
T:X; — Y.

1.4.2 Entropy numbers of id : (7" — (7}

The main purpose of this section is to prove following

Theorem 12. Let m,n € N. Then

1, if 1<n<logy,m,
en(id : /T (R) — (22 (R)) =~ w’ if logym <n <m,
2—n/mm—1’ Zf m < n,

where the constants of equivalence do not depend on m or n.

Proof. Step 1. 1 < n <logym.
The estimate from above is trivial and follows from Theorem 8 (or just the fact, that By C Bem.)

Also the estimate from below is simple. Let us consider the canonical unit vectors

e] = (e{’ 76‘77;”,)7 ] = 17 7m7
where
e’j _ 1, lf 'L = j,
! 0, otherwise.

As ||ef — €F|| = 1 if j # k, each £ -ball with radius strictly smaller than 1/2 contains (at most) one
of these points. Hence, if n < logym (i.e. 2" < m), then we need ¢} balls of radius at least 1/2 ~ 1
to cover Byln.

Step 2. logam < n < m.

12T6 be exact, there is some partial progress in this area connected mainly with the names of M. Cwikel, F. Cobos,
T. Kiithn and others, but the full solution is still missing.
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1.4 Entropy numbers of id : £;' — {7

Let
Apm ={(t1, ... tm) € Z™ - ||t]|1 <k}, k,meN.

The number of elements of Ay, may be estimated from above by (cf. Exercises 14 ¢ and 15)

k
#Apm <27 g (Lo, b1, tm) ENGT Lo 4oty = k) = 12K <k +m> < (2e)F- (m> .

k k
Furthermore,
t 1
t€Ak.m
To prove this inclusion, we consider to each x € By an element & = (1,...,%y) with
- 1 .
a:i:sgn(a:i)-g- | k|| |15, i=1,...,m.
Then |‘$z — f‘zHOO < 1/k‘ and kx € Ak,m~
So, if
m\" 1
21 > (2e)k (1 + k) = ep(id T (R) = (X (R)) < T (1.11)
According to Exercise 19 a) there exists a constant ¢ > 0, such that if
-1
k< on[loga(1+)] (1.12)
n
then n m
T > 10g2(12(1 + ?)),
hence

n m
2% >12(1+ Z)

and this again implies that
> 20(1+ )

from which the assumption of (1.11) follows. Hence, the conclusion of (1.11) holds for all k with (1.12).
Choosing the k as big as possible finishes the proof of the estimate from above.

To prove the estimate from below, we estimate the number of elements of Ay, ,,, from below by

k k k
B Ay > {0 t1, - tm) €N b+ bty = K} = ( +m) > <+m) .

k k
So,
-1 m\k , 1
on-1 < (1+ E) — enlid : (R) = (2 (R) > o (1.13)
From Exercise 19 b) we know, that there is a constant ¢ > 0, such that if
-1
> m .
k:_cn{logQ(l—i—n)} , (1.14)

134f tg 4 - - - 4+t = k, then at most k of t%s are different from zero. The factor 2% corresponds to all possible signs.

1 Just consider m + k points on the real line and all the ways, in which you can scratch m of them. Then t, is the
number of points before the first hole, 1 the number of points between the first and the second hole, aso.

5By |a] we denote the integer part of a real number a, i.e. |a] < a < |a] + 1.

18



1 INTRODUCTION

then

n < klogQ(lJr%),

which further implies

k
9n—1 < on < (1+%) .

So, every k with (1.14) satisfies also the conclusion of (1.13). Taking the smallest & possible finishes
the proof.

Step 3. m < n.

The estimate from below follows by volume arguments given in Theorem 9. We give the proof for the
estimate from above.

We use the estimate of the number of elements of Ay,
m m—+1 m k +m m k™
# A < 2 (bo, b1, tm) ENF o 4o At =R} <27 (5T < (2) <1+E> .

Then we have f 1
on1 > (ze)m(1 n E) — enlid: ((R) = (Z(R) < . (1.15)

Let n > 5m. Then 2%/™~% > 2 and 27/m~4 —1 > 27/m=5_ Qo if

< 2n/m—5 < 2n/m—4 1< 2n/m—1/m—3 —1,

3=

we get
<1 + E)m < 2n—12—3m < (26)—m2n—1
m
and the conclusion of (1.15) follows. If m < n < 5m, the estimate follows by monotonicity.

Step 4. We give an alternative proof of the estimate from above for m < n.

Let 0 <7 <1 and let K, be a maximal set of points from Byp, such that the mutual ¢7-distance of
every two different points is greater then r. This means

[ ] Kr:{y:[,..-,yN} C B[{n’
e ||lyi — yjlloo > 1 for every i # j,

e for all y € By thereis an i € {1,..., N} with ||y — yillcc <7
Let us observe, that if 2 € Bym , then

lyj +rzll < llyjlls +rllzll < llyilh +rmllzllee < 1+ 7m,

which means, that
N

U Yj +rBem C (1+ rm)ngn.
j=1
Furthermore, if 7 # j, then
r r

19



1.4 Entropy numbers of id : £;' — {7

”
This follows by contradiction; if y; + 2; = y; + zj, with z; and z; from 53@0, then ||y; — yjlloe =

||2i — 2j||oc <, which is a contradiction with properties of the set K.

Comparing the volumes, we obtain

N (g)m"")l By < (1 +rm)™vol B,

hence
2™(1 4 rm)™

rMmim)

N <

This leads to implication

N<2mb = e, (id: f(R) — (7(R)) <7

According to (1.16), this is the case, if

gn/m=1/m > (%—f—m)- ! ~ (l—i—m

Vm!

So, if m < n, we may put % ~ m2"/™ which finishes the proof.

T

1.4.3 Extension to arbitrary p and ¢

Also this section has only one main aim, namely

Theorem 13. a) Let m,n € N and 0 < g < p < oco. Then
en(id : €7(R) — £™(R)) & mM/a=1/p . g=n/m » {

where the constants of equivalence do not depend on m or n.
b) Let mn € N and 0 < p < q < oo. Then
L,

m 1/p—1/q

enlid s £7(R) = £7(R)) ~ { [2(E+1) ,

ml/a=1/pg—n/m,

where the constants of equivalence do not depend on m or n.

Proof. 16

77/]‘1/(171/p7

).%.

if n<m,

ml/q_l/pQ_n/m7 Zf m S n,

if 1< n<logym,
if logam <n <m,

if m<n,

(1.16)

(1.17)

a) The estimate from below follows from Theorem 9. The estimate from above for n < m follows by

enlid : €7 (R) — C(R)) < [Jid : £7(R) — (7 (R)|| = m!/a~ .

We give the estimate from above for n > m and p = ¢q. It copies the Step 4. of the proof of Theorem

12.

16Full proof may be comming in some appendix...
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Let again 0 < r < 1 and let K, = {y1,...,yn} be a maximal set from By with mutual £y'-distance of
points greater then r. We obtain again

N
U Y; + T’Bg;n C Qngz
j=1

and - r
Yi+ 5By Nyj+ 5B =0, i#j.

Comparison of volumes leads to

r\m m
N- (5> vol By < 2™vol By,

i.e. Nr™ < 4™, Hence if
8 4

rz 2n/m = 2(n71)/m’

we get 271 > (4/r)™ > N and e, (id : £yt — £3') < and the result follows.
If0 < ¢ < p < oo, then

en(id : 7(R) — €7(R)) < ep(id : 7(R) — €7(R)) - eq(id : £2(R) — (7(R))

<|[id:em (R)— £ (R)||[=m1/a—1/p
S an/mml/qfl/p.

b) Let 0 < p < ¢ < .

The estimate from above for 1 < n < log, m follows again by ngl C Bg;n. The estimate from below

follows by considering the canonical unit vectors e, ..., e™.

If logo m < n < m, we give the proof only for the Banach space setting, i.e. 1 <p < ¢q < o0.
The estimate from above follows by interpolation

en(id : (7 (R) = (2 (R)) < ep 0(id : (7(R) — (Z(R)) - €] (id : (Z(R) — (2 (R))

log(l + %) = 10g(1 + %) v

n n

N

where

Then we interpolate on the target side
en(id : (7(R) = €7'(R)) < e} (i : £7'(R) — 7(R)) - €f (id : £ (R) — €2 (R))

log, (1 + %) o

~Y )

n n

log, (1 + m> Vet

n
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with
110,00

q p o0

We skip the proof of the estimate from below. It is based on combinatorial arguments, quite similar
to the case p =1,q¢ = o0.

If m < n, the estimate from below is supplied by Theorem 9. The estimate from above follows similarly
to the part a). We refer its proof into the Exercise 20. 0

1.5 Eigenvalues and Carl-Triebel inequality

We restrict ourselves to the Banach space setting in this section. The generalisation to the quasi-Banach
spaces may be found in the book [1].

Let X be a complex Banach space and let T' € (X, X) = K£(X). Then the spectrum of T is defined as
o(T)={AeC: (T —A\l) isnot boundedly invertible}.

Here, I is the identity mapping I : X — X and we say, that (7" — AI) is boundedly invertible if
o (T — M)~ !exists, i.e. (T — AI) must be injective and surjective, and
e (T —XI)lisboudned,ie. (T—\)teL(X,X).

If for some A € C, there is a 0 # = € X, such that Tx = Az, then (T — A\I) is not injective and hence
A € o(T). Such a A is called eigenvalue and the corresponding z is called eigenvector . But in general,
not all the elements of o(7T") are eigenvalues, cf. Exercise 21.

We recall briefly the Riesz-Schauder theory of compact operators.
If T e K(X), then

e o(T) is countable,

for all € > 0, there are only finitely many A € o(7T) with |A\| > ¢,

0€o(T),

if A€ o(T)\ {0}, then X is an eigenvalue and

it has finite multiplicity.

We discuss in a bigger detail the notion of multiplicity of an eigenvalue. The geometrical multiplicity

is defined as
dim ker (7" — AI)

and denotes the dimension of the space of eigenvectors associated to A. The so-called algebraic multi-
plicity is defined as

o0

dim |_J ker (T' = A1)

k=1

and is always bigger than (or equal to) the geometrical multiplicity. We refer to Exercise 24b.

According to the Riesz-Schauder theory, we may assign to each T' € K(X) a sequence of all its
eigenvalues

M(T)] = [A2(T)[ = -+ =0,
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where each eigenvalue is repeated with its algebraic multiplicity. If 7" has only finitely many eigenvalues,
fill the rest of the sequence with zeros.

Theorem 14. Let X be a complex Banach space and let T € K(X). We re-order the eigenvalues, as
described above. Then

()] < (TTAN) ™ < inf 235 e4(7) < Ve (1), (118)
j=1

Proof. We give the proof in the most significant case, when all the eigenvalues are simple. The full
proof may be found for example in the book [2].

So, take n € N and |A(T)] > [Mo(T)| > -+ > |An(T)] > 0. Then there are linearly independent

Z1,...,T, € X such that Tx; = Axj,j =1,...,n. We define M = span(z1,...,2,). Then dim M =n
and T (M) = M.

n n
Let us take x € M, i.e. x = Z*ijj withy; € C,j=1,...,nand Tz = Z’yj)\jxj.
j=1 j=1
We define an operator J : M — C", which assigns to each z € M the coefficients 1, ..., vy, i.e.

it 7

n
Jr=|: and Jt:C'— M, J']: :Z’ijj.
Tn Tn J=1
Then Tx = J~'T),Jx for every x € M, where
A O 0
0 X 0
T, = )
0 0 M\

Unfortunately, we wish to apply volume arguments and in this context, R?" seems to be more suitable
space then C™.

Hence, we define J : M — R?>" and J~' : R>® — M by

Re(m) Qaj
Im(lyl) Bl n
Jr = : and J7'| 1 | = Z(Oéj +if3;)x;,
Re(vn) an, J=1
Im(vn) Bn

where Re(z) denotes the real part of a complex number z € C and Im(z) its imaginary part. Then
Tx =J 'T,Jx for all z € M, where

Re()\l) —I’I?’L()q) 0 0 0 0
Im(A)  Re(A) 0 0 0 0
0 0 Re()\z) —Im()\Q) 0 0
']I‘n — 0 0 Im(Ag) Re()\g) 0 0 ,
0 0 0 0 Re(An) —Im(\)
0 0 0 0 Im(\,) Re(\n)
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1.5 FKigenvalues and Carl-Triebel inequality

while

Tz = (Re(N;) +iIm(N;))(Re(y;) + i Im(\;))x;
j:l

= Z{Re DRe(vj) — Im(N\;)) Im(v;) + i (Re(N\;) Im()\;) + Im(N\j)Re(\;)) }a;.

We define a measure p on M by
uw(K) = vol (J(K))
for all K C M, for which J(K) C R?" is Lebesgue-measurable. 7
With the help of the notation introduced so far, the proof becomes simple.

For every K C M, we get
IT(K) = JI7'T,J(K) = T, (J(K)),

hence

W(T(K)) = vol (JT(K)) = vol (Tn(J(K)))

=det (T,) - vol (J(K))
‘ e(A1) —Im(\) .'Re()\g) —Im(Ag) ._.‘Re(/\n) —Im(An)| (K)
m(A1)  Re(M) | |[Im(\a)  Re(Ma) Im(\y)  Re(\n) | F

- (H R

Let us mention, that this formula (with a slightly more technical proof, which uses the Jordan canonical
form of T') holds also for eigenvalues with higher multiplicity.

Let k € N and let

ok—1
T(Bx) c | yj +¢Bx,
j=1
where & > e (T) is arbitrary. Then
ok—1
T(Bx N M) cC | J(y; +eBx)nM.
j=1

If (y +eBx) N M = (), then we may leave out this j. Otherwise, we find zj € M, such that
yj +eBx C zj + 2¢Bx. Then

2’671 21@71
T(Bx N M) C | (2 +2eBx) N M = | J 2 +2e(Bx N M).
j=1 j=1

Comparing the p-volumes, we obtain

<H Y y2> (B N M) = u(T(Bx N M)) < 28" p(2e(Bx N M)) = 2871 (26)?" . u(Bx N M).

2
170f course, vol denotes the Lebesgue measure on R?".
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Dividing by u(Bx N M) and taking the 2n-root, we get

n n
ATT N = 2 TT N2 < 2% 26 <2290 -
J J
i=1 =1

As we may take e arbitrarily close to ex(T), we get

We use the so-called Carl’s trick to improve the constant, namely we apply the obtained result to T"
and k' = kr and take r — oco. This leads to

n kr kr
AT = o TN < 2- 250 e (T7) < 2- 250 6 (T).
j=1 j=1

Taking the 1/r power gives

and we let r — oo to finish the proof. O

1.6 Applications of entropy numbers

In this section, we describe two of the possible applications of compactness and entropy numbers. This
concerns the area of signal processing and the spectral theory of partial differential equations.

1.6.1 Applications to signal processing

Let T: X — Y be compact, let n € N and let £ > e,(T : X — Y'). Then

2n71

T(Bx) C | J vj +¢By.
j=1

This means, that for every = € By, there is a j € {1,...,2" '} with ||Tz — y;||y <e.
We may define a mapping

f:Bx —{1,...,2" 1, f(z) =37 with [|[Tz —ylly <e.
If there are more j’s with this property, we choose one of them arbitrarily. This means, that

o ||z —ypamlly <eforallz e X,

e we need only n — 1 bits to specify f(z).
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This may be used in an obvious way. If A and B are two different people or places and we want to
transfer the information about an element © € By and are ready to accept accuracy € > 0, then we
need to transfer only n — 1 bits, where e, (T') < . The price for this is, that both A and B has to know
in advance the “lexicon” yi,...,ygn—1.

N 2
S e RN,
2,7=1

where N =~ 1000. For example, z; ; € [—1,1] may give the gray scala going from z; ; = —1 (black)
to x;; = 1 (white). To deal with colorful pictures, we need the same approach for all the three
RGB-channels, i.e. m = 3N2.

We demonstrate this idea in connections with image processing. In this case, x = (:c”)

It is a central observation of image processing, that expressing the vector x = {xi7j}£vj:1 € Kév ina

N

different orthonormal system leads to an element {y;;};";,_; with the same ¢ norm, but (usually)

with essentially smaller Ei,v : norm, where p < 2 (usually even p << 1). This means, that only few of
the coefficients are large and many of them are very small, cf. Picture 1.

We return to this orthonormal system later on, but show immediately, what it means for further
processing of the image. Using n bits of information, we may decode the element y € ¢ * with the
oy *—error smaller or equal to

1/p—1/2

. 2 2 log 1+N72
HyH%Vz cen(id : ) (R) = )" (R)) < Hyu%ﬂ : [2()

where we have assumed that
logy N2 < n < N2, ie. 2-logy1024 =20 < n < 1024

which is definitely the typical case. We observe, that

e The success of the compression depends on the picture - “simple” picture is supposed to have
|1y][,v2 small also for p << 1 small.
P

e The decay of the error is surprisingly fast and improves with p getting smaller, for example (up
to the logarithmical factor) n=2 for p = 2/5.

1.6.2 Haar bases

We return to the construction of the orthonormal system, which (at least for “simple” pictures) should
lead to smaller /,-quasi-norms.

First, we construct a Haar basis on [—1, 1]%. We start with d = 1 and set
RY(t) =1, te[-1,1]

and
0, if |t > 1,
R(t) =< 1, if —1<t<0,
-1, if 0<t<I1.

The function h8 is usually called father wavelet and the function hY is called mother wavelet . All the
other vectors of the Haar basis are derived from the mother wavelet by

hot) =hY(2 1+ 27— (2i+ 1)),  je{23,...}, i€{o1,..., 277" 1}
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It is easy to see, that
{hi} with j=i=0 or je€{1,2,3,...}, i€{0,1,...,.277" -1}

are mutualy orthogonal. So, after a proper normalisation, we obtain an orthonormal basis in Ly ([—1, 1]).

If d > 1, the situation becomes more interesting. There are namely two ways, how to generalise this
construction to higher dimensions. The first is to consider the tensor products.

Let ©'(),...,0%t) € La([~1,1]). Then we set

('@ @D (t1, ... tg) = (t1) ... N tq), (t1,...,tq) € [-1,1]%

The following lemma then provides the way to construct an orthonormal basis in higher dimensions.

Lemma 15. Let
{90;}7 .] € I\IO
be for each i =1,...,d an orthonormal basis of La([—1,1]). Then

{(pjl1®"‘®¢?d}7 j:(jlau-ajd)eNg

is an orthonormal basis of La([—1,1]%).

We leave the proof of this lemma to the Exercises.

The second construction works with several mother wavelets. We present the main idea in d = 2. We
set
ho(ti,t2) =1, —1<t;,t5<1

and
-1, if 0<t; <1,]to| <1,
h171(t1,t2): 1, if —1 <t <0, ’tz‘ < 1,
0, elsewhere,

_17 it 0 <ty < 17 |t1| < 17
hia(ti,t2) = 41, if —1<#<0,[H]<1,

0, elsewhere,

-1, if —1<t <0,-1 <ty <0,
_17 if 0§t1§1,0§t2§1,

hia(ti,t2) = < 1, if —1<<0,0<t<1,
1, if —1<ty<0,0<t <1,
0, elsewhere.

\

This definition is motivated by the observation, that the matrices

1 1 -1 -1 1 -1 1 -1
1 1)’ 1 1)’ 1 -1/’ -1 1
form an orthogonal basis of R?*2.
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The other wavelets are again produced from the mother wavelets, namely by the formula
Rt t2) = hap(277 (b, f) 4+ (2771 = (200 + 1), 2771 — (2i0 + 1)),

where ,
je€{2,3,...}, i1,ip€{0,1,...,27 1}, ke {1,2,3}.

We put also h(l)’[l) = hi1, h(l):g = hi 2, h?:g = h1,3. Now the orthogonal basis in La([—1, 1]?) is

{ho}u{h“ ik with e {1,2,3,...}, iz e {0,1,...,277  — 1}, ke {1,2,3}).

Both these constructions may be directly generalised to sequence spaces. For example, for R**% we
consider the father-matrix and three mother-matrices

11 11 -1 -1 -1 -1 11 -1 -1 11 -1 -1
11 11 -1 -1 -1 -1 11 -1 -1 11 -1 -1
11 1 1f° T 1 1 1|’ 11 -1 —1}” -1 -1 1 1
11 11 11 1 1 11 -1 -1 -1 -1 1 1
together with
-1 -1 0 0 00 -1 -1 0 0 00 00 0 O
1 1 00 00 1 1 0 0 00 00 0 O
0O 0 0 0]’ 00 0 0]} -1 -1 0 0}’ 00 -1 -1
0 0 00 00 0 o0 1 1 00 00 1 1

and further 2 x 4 matrices for the other two mother wavelets, i.e. alltogether 16 matrices.

Remark 8. Surprisingly enough, the second approach (based on several mother wavelets rather than
on tensor constructions) is easier to handle and is usualy used in the literature.

1.6.3 Applications to PDE’s

In this section, we present applications to (partial) differential equations, which are based on the Carl-
Triebel inequality (1.18). First, we show on one example the importance of eigenvalues in mathematical
physics.

Let
Q C R? be a C* domain,

o ['=09Q,

e p(z) be the external force,

v € C?(Q) trrv = 0 be the elongation of the membrane fixed on I' and caused by the force p(z),

F be the surface described by v(x), i.e. F = {(z1,22,23) : v(z1,22) = x3}.

We denote by AF = |F|—|Q| the enlargement of the area caused by the force p. The resulting function
v is given by an interplay between the force p and the inner force of the membrane (which depends on
AF'). This idea is mirrored in the corresponding potential

_ AR / 2)dy = / \/ 8:101 2+<§;’2($>>2— L —p@)o(e)dr.

—[9

—|F|
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If both the partial derivatives are small, we may use the formula /1 + 2 ~ 1+ 5 and get
~ 1
J(v) = J(v) = /Q §|Vv(x)\2 — p(x)v(z)dz.

We are looking for a function v, where the potential J(v) is minimal. If ¢ is an arbitrary smooth
function (for example ¢ € C3(2) or ¢ € C5°(Q)), then it must hold

Jw+ep)>Jv), c€R.

This leads to

d

d -
0=—Jw+ep) =-—
e=0 de

d < /Q %‘W(:ﬂ) +eVp()]® — pla)(v(z) + w(x))dx>

_d(fL 2 _ v O v dpy
= ([ 37e@P —petonts ve [ (55 58+ I D) pladela)ds

82
+5 [vewpa)|
—0+ /Q (Vo)) - (V) (&) — pla)p(a)dz + 0

This means, that
/Q (Vo)(&) - (Vo)) — pla)p(e)dz = 0

for every ¢ from (let us say) C§°(Q2). Using the Green’s theorem, this is equivalent to

| #la)=tota) = pla)dz =0
and as this is supposed to hold for every ¢, we arrive to the Dirichlet problem

Av(z) = —p(z), x €, (1.19)
v|gq=0-

The solution of (1.19) is sometimes called stationary solution. It means, that if the membrane is in
this stage and does not move (position is equal to v, velocity is equal to zero), then the combined
action of the external force p and the action of the internal force caused by tension in F' cancel each
other. Or we may put it other way: if the surface F' is described by v, then action of the tension of F
is the same as the action of an external force p(z) given by p(z) = Av(x).!®

Now we consider, that the membrane oscilates (hence v = v(x,t) depends also on the time ¢ > 0) and
there is no external force p. The tension of the surfaces gives the surface acceleration

‘ 0?v(x,t)

where m(x) is the mass density (which we shall put equal to 1 for simplicity).

This leads to the equation
0?v(x,t)

AIU(.CU, t) = T

8Note the plus sign!
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1.6 Applications of entropy numbers

We look first for solutions of the type
v(z, t) = eMu(x),

where

e )\ is the main and only time frequency of this solution,
e u(x) is its amplitude at the point z € Q,

e u(x) =0 for all x € 9.

This leads immediately to ' '
eMAu(x) = —NZeMu(z),
i.e.

Au(z) = —\u(z), U|BQ: 0. (1.20)

The general solution is then a linear combination of these particular solutions uy(z)e’**. The ad-
dmisible \’s (also those \’s for which a particular solution of (1.20) exists) are called eigenfrequencies.

Remark 9. For Q = B(0,1) (and some other special domains) we may solve the problem explicitly.
For general domains it is impossible. Nevertheless, one would still like to compute/estimate the
eigenfrequencies.
When dealing with this question, we may immediately observe two problems.
First problem.
The operators

d2 : LQ([—I, 1]) — LQ([—L 1]); d2<u) = UH
or

D, : LQ(Q) — LQ(Q), Dg(u) = Au

are not even boudned (and hence very far from being compact).

A huge portion of functional analysis is therefore devoted to the study of unbounded operators. These
are operators defined on a subspace of some Banach space X with values in the same space. For
example

T :dom(T) C Lo([—1,1]) — Lo([-1,1]),

where
dom(T) = {f € C*(|~1,1)) : f(~1) = f(~1) = 0}
and

Tf=f"eC(-1,1]) C La([-1,1)).
If Tf(z) = f(x) = g(x), we get f'(x) = [} g(t)dt and

f(ac)—/j /_ig(t)dtdu—/_xl o(t) /t ldudt—/jg(t)-(w—t)dt.

This means, that

T

(Tg)(x) = / 0(0)- (= )dt, T La([=1,1]) = La((=1.1)
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is the inverse of T' and the domain of T" may be enlarged to
dom/(T) := {f € La([-1,1]) : 3g € Lo([~1,1]) with T 'g= f}.

One observes that

e The eigenvalues \ of T are the reciprocal values of eigenvalues of 771,

e T~ !is compact.

At this stage, one may apply Carl-Triebel inequality to 7.

Second problem.

The second problem is that we were (almost) able to calculate the entropy numbers of id : £*(R) —
&T((C), but to estimate the entropy numbers of T, we need some information about function spaces.
Obviously, it would be very useful to find some way, how to transfer our results about sequence space
to function spaces. The most simple example of such an approach are the Fourier series in Lo([—m, 7]).

The set
~{ o Jremne e}
cosnz, sin nx
f \/7

is an orthonormal basis of Ly(—m, 7). This means, that

n=1

(F.9)= | f@gdr =0

forall f,ge B, f #gand (f,f)=1forall f € B.

Let f be a measurable function on (—7, 7). Then f € Lo(—m, x) if, and only if, there are two sequences
{an}2 € 2 and {b,}5°, € {2, such that

cos nx sin nx

n ﬁ )

fz) =

with convergence in Lo(—m,7) and

1/2
|| Lo(—m, )| = (Za +Zb2> = (llaltsl[? + [[ple2]2) 2.

n=0

In the same way, one may consider the system

Bl 1 cos nx sin nx >
Ver' /(T +n?)r’ /(1 +n?)r - '
This is an orthonormal base in the first order Sobolev space
W21(_7T77T) = {f S AC(_Waﬂ-) : f7 f/ € LQ(_T(vﬂ-)}

equipped with the scalar product

m [

(f:9wy = | flx)g(a) + f'(z)g'(z)dz.

—T
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1.6 Applications of entropy numbers

Again, f € W3 (—n,7) if, and only if, there exist two sequences {a,}°, € f5 and {3,}°%, such that

cosnx sin nx
J@) = J=+ Z

\/l—l—n2 \/ —{—n2

with convergence in W (—m, ).

Using the fact, that B and B’ differ only by constant, we get

Bn
= —2m =
vV1i+n V14 n?

Hence,
[e's} 00 1/2 [e's) [e's) 1/2
|| f W (=, )| = (Z ap + Zﬁi) = (Z(l +n)ap + Y (14 nQﬂ?i) :
n=0 n=1 n=0 n=1

Remark 10. e This may be generalised to define

1/2
Lf W3 (=m,m)|| := q f € La(—m,m) :<ao+zl+n a+b2)) < o0

for arbitrary s > 0.
e For p # 2 goes everything wrong. Especially L, # {f : (3] ah + bﬁ)l/p < o0}

e One may proceed very similar (using tensor products) for W ((—m,7)%), but Ws(£2) needs es-
sentially new ideas.

e The embedding id : Wy (—n,7) — Lo(—m, ) is compact, cf. Exercise 26c.
We show, how we may use our results obtained so far, to estimate the entropy numbers of
en(id : Wi (=, m) = Lo(—, 7)), n € N.

We denote by
SO Lo(—m,m) = £o(Z)

the operator, which assigns to each f its Fourier coefficients in the base B, i.e.

_7; \/12? f(x)dx, for n=0,
(S°f)(n) = / C‘is/;” f(a)da, for neN,
/7r Sij;ixf(a:)d:c, for —neN,

and by
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a similar operator with respect to B’, i.e.

/ \/12—~f(w)d:v, for n—0,
—Tr vie
SOf)(n T cosnx
S = e = | i e o el
T gsinnw
——=[(7)dz, for —neN.
Ty e for e
Hence, we have a following commutative diagrams
W21(—7T,7r) i, Lo(—m,m) W21<_7r77r) _d Lo(—m,m)
Sll T(SO>—1 (Sl>—1T lSO
05(Z) SN l5(2), l5(Z) D 0>(Z),

where the diagonal operator D : lo(Z) — l5(Z) is defined as

The first diagram leads to

en(id) = en((S°) ™" 0 D o §1) < [|(S°)THL(L2(2), La(—m, m))l| - en(D) - [|SHL(Wy (—7,m), £2(Z))]

=en(D)

and the second to

en(D) = en(S” 0id o (S1)71) < ||S°|L(La(~m, ), 2(Z))|| - en(id) - [|(S")THL(E2(Z), Wy (=, 7))

= ey (id),

hence e, (D) = e, (id).
We shall consider the (notationaly simpler) operator D’ : ¢5(N) — ¢2(N) defined by

Tn

D'({znoe) = {71}

n

and show, that e, (D’) ~ =. We split D' = D,, + D", where

1
n
r1 X9 In

Dn({2ntnen) = (T’ . ,0,0,...), D"=D' —D,.

The estimate from below follows very quickly

1
en(D') > en(Dy) > — - en(id : 05 — 15) =~ o

S|

where we used Theorem 13 in the last step.

For the estimate from above, we use first

1
en(D,) <en(Dn) +|[D"] < en(Dn) + n
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1.6 Applications of entropy numbers

To estimate e, (D)) from above, we assume, that n = 2™ m € N and split D,, into dyadic blocks
D, =A1+As+---+ A, where

1 I9
Ar:{zn ey — (T ? ) )
Ao : {20} nen — (0,0 3 x‘* ,0,0,. )
T5 336 $7 xrs
Ag:{ajn}neN%(00005 =25 20,0,. )
gt {wnbnen = (0.,0, 5 T2.0,0,0. ),

. x2mfl+1 Tom
Ap {2 bnen — (0,...,0, T ,0,0,...),

and use the subaditivity of entropy numbers, i.e.
ecn(Dn) < eny (A1) + eny (A2) + -+ + €n,,, (D).

We need to choose the natural numbers nq,...n,, so, that

m
an <c2™
j=1

and
m

Zenj(A)qum.

j=1

Let us choose n; = (1 +¢)(m —j +1)2771 j=1,...,m.!% Then it holds (¢ > 0 is fixed and does not
tend to zero):

m m m
an l+e¢ Z m—j+ 127 T (1 +e ZlQm L — (1 4 ¢)2mH! ZZQ_Z <c(l+e)2™
' j=1 =1

and by Theorem 13

m . 2j71 2]'71
9 9 en(id: 5~ — 05 )
g en; (8j) < en, (id : €5 — £3) +Z : 571

J:

m
<ec Zg—na‘/zj’l S Z (1+e)(m—j5)—j+1
i=1 i=1
m
— Cl 2—(1+6)m Z 2]5 ~ 2 m.
j=1

This proves, that e.,(D,) < ¢//n for some two absolute constants ¢,¢ > 0 and n = 2™ m € N. The
rest follows by monotonicity arguments.

et us first ignore the fact, that with this choice the numbers n; are not natural.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Remark 11. The technical problem, that n; must be natural numbers may be overcomed in two ways.
The first is to take the integer part of (1+¢)(m —j +1)2/71. The second is to define e, (T') for all real
> 1by e, (T) = ey (T). We do not go into (rather technical) details.

Finally, we show, how we may use the entropy numbers of embeddings of function spaces to estimate
the entropy numbers (and eigenvalues) of some differential operators.

Let d : domd C Lao(—m, ) — Lo(—m,m) be given by

domd = {f € AC(—m,m): f, f € Lo(—7,7), f(—7) =0} = {f € ng(—ﬂ,ﬂ) : f(=m) =0},
(df)(t) = f/(t)7 le (_ﬂ-vﬂ')'

As d is unbouded, we estimate the entropy numbers of its (compact) inverse operator
(d71f)(z) = f(tydt, d':Lo(—m,w) — dom (d) C Lo(—m, ).

We use the following diagram

and get
en(d™l i Ly — Lo) <||d': Ly — W| - en(id : Wi — Lo) < ¢/n, neN.

The estimate from below follows by

{f € Wi(—m,7): f(—m) =0} il Lo(—m,7)

and
c/n <en(id: W3 — Lo) < ||d: W3 — La||-en(d™ : Ly — Ly), n€N.

Combined with Carl-Triebel inequality, this implies the estimates of eigenvalues of d~! from above,
hence estimates of eigenvalues of d from below.

2 Approximation, Gelfand and Kolmogorov numbers

This section is devoted to other ways, how to measure and describe compactness. Unfortunately,
there are too many of them and a detailed treatment would clearly go beyond the scope of this script.
Therefore, we concentrate on three of them, which seem to be most useful in approximation theory,
namely approximation, Gelfand and Kolmogorov numbers.

2.1 s-numbers

The general theory of s-numbers was created and developped by Pietsch in [4] and [5]. We quote
(almost literarily) the Definition 2.2.1 from [5].
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2.2 Approximation numbers

Definition 16. A rule
s:T = {sn(T)}2

n=1»

which assigns to every operator a scalar sequence, is said to be an s-scale if the following conditions
are satisfied:

() [ITICCE V)| = 51(T) > 52(T) > s5(T) > -+ > 0 for T € £(X, V),
(ii) Smtn—1(S+T) < 5m(S) + s,(T) for all S,T € L(X,Y),

(iil) sp(ThTTo) < ||To|| - sn(T) - ||T1]| for Ty € L(Xo, X), T € L(X,Y) and T} € L(Y,Y7),
(iv) if rank T' < n, then s,(T") =0,

(V) splid: 03 — 05) = 1.

Remark 12. (i) For T' € L(X,Y), we denote by rank 7" = dim 7'(X) the dimension of its range. If
rank 7' < oo, then T is called finite dimensional.

(ii) Of course, in this definition are X and Y assumed to be Banach spaces. We generalize this definition
to suit also quasi-Banach spaces. Also the property (iii) shall be slightly generalized.

(iii) It is the property (iv), what excludes the entropy numbers of being s-numbers. This lead Pietsch
in [4, Chapter 12] to replace the axioms (i)-(v) with a different set of axioms leading to the so-called
pseudo s-functions. We omit any details.

Definition 17. Let X,Y, Z be three quasi-Banach spaces and let Y be a p-Banach space with 0 <
p <1. Therule s : T — {s,(T)}52, is called an s-function, if

n=1

1) ITIL(X, V)| = s1(T) > s2(T) > s3(T) > --->0forall T € L(X,Y),
(ii) 88 1 (S+T) < spu(S) + sh(T) for all S,T € L(X,Y),

(iii) Spman—1(RoT) < sm(R) - s, (T) for R€ L(Y,Z) and T € L(X,Y),
(iv) if rank T' < n, then s,(T") =0,

(v) sp(id: 05 — 05) = 1.

Furthermore, we call s, (T") then n-th s-number of T'.

2.2 Approximation numbers

The most important s-numbers are the approrimation numbers.

Definition 18. Let X, Y be two quasi-Banach spaces and let T' € £(X,Y). Then we set
an(T) = inf{||T — A|L(X,Y)|| : A€ L(X,Y),rank A < n}.
Theorem 19. The approzimation numbers a,, form an s-function.
Proof. The proof of (i) is immediate. Let us just recall, that the operator A € L£(X,Y) defined as

Az =0 for all x € X has the range {0} € Y, which (according to the usual definition) has dimension
0.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Also the proof of (ii) follows by standard technique. Let e > 0 and let A, B € £(X,Y") be such, that

15 = AILX, V)| < (L+2)am(S),  [IT = BIL(X, V)| < (1 4 €)an(T).

Then
IS —A+T - BIL(X,Y)|]P = sup [|(S— Az + (T - B)z|ly
r€Bx
< sup ||(S — A)z|ly + sup [|(T — B)z|ly
:L‘EBX JTEBX

< [[S = ALK + [T = BIL(X, Y)|]?
< (L+e)"{af(5) + an(T)}

Finally, we recall from linear algebra, that rank (A+ B) <m —1+n— 1.
To prove (iii), let again ¢ > 0 and A € L(X,Y), B € L(Y, Z) be such, that

1T = AIL(X,Y)|| < (1 +¢€)an(T), [[R—BIL(Y,Z)|| < (1 +¢€)am(R).
Then

|IRoT—(RoA—BoA+ BoT)|L(X,Z)||=||(R—-B)o (T - A)|L(X,2Z)]]
<|IR = BIL(Y, Z)|| - |IT — AIL(X,Y)]| < (1 + €)*an(T)am(R).

Let us also remark, that rank [(R—B)o A+ BoT|<m+n— 1.

The proof of (iv) is trivial, as well as the proof of

anlid : 03 — 03) < 1.

Finally, the lower estimate follows from the following Lemma. O

Lemma 20. Let X be a quasi-Banach space with dim(X) > n. Then ay(id : X — X) = 1.

Proof. Let ay(id: X — X) < 1. Then there is an operator A € £(X, X), such that
llid — A|L(X,X)|| <1 and rank A <n.

Then the Neumann series? of A = id — (id — A) shows, that A must be invertible. Hence dim X =
rank A < n. O
Another interesting property is that a, are actually the largest s-numbers.

Theorem 21. The approximation numbers yield the largest s-function.

Proof. Let T € L(X,Y) and let n € N be fixed. Then for every € > 0 there is an operator A € L(X,Y),

such that
1T —ALX,Y)|| < (14+¢€)a,(T) and rank A < n.

Then, for an arbitrary s-function s, it follows for suitable 0 < p <1

sP(T) < ||IT = AIL(X,Y)||P + sE(A) < (14 ¢e)Pab (T).

20¢f. Exercise 27
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2.2 Approximation numbers

Remark 13. (i) It is very well known, that the identity on every infinite-dimensional Banach space is
not compact. This is true also for quasi-Banach spaces - the reader may consult [1].

(ii) The relation between the set of all compact linear operators from X to Y (denoted by K(X,Y))
and all continuous linear operators £(X,Y) may be very interesting. We quote (without proof) the
Pitt theorem, which states that for 1 < ¢ < p < oo the following identity is true: L(£p, ;) = KC(£p, {y).
Hence, every bounded operator from ¢, into ¢, is also compact. Also L(cg,¥,;) = K(co,4y).

(iii) If an(T) — 0, then T is compact, cf. Exercise 26. It was one of the most famous open problems,
if also the converse is true. The counterexample was constructed by P. Enflo (and awarded live goose
in Warsaw by Mazur). Nevertheless, the counterexample is very sophisticated and for “usual” spaces
the converse is really true. Nevertheless, there are also exceptions. For example, if H is a separable
Hilbert space, then £(H) does not have the approximation property.

Theorem 22. Let X be a Banach space and Y a separable Banach space. If there is a sequence
{Sn}52, C L(Y) of finite-dimensional operators, such that

lim S,y =y
n—oo

for everyy €Y, then F(X,Y)=K(X,Y).

Proof. Let T € K(X,Y). Then S, T € F(X,Y) and it is enough to show, that
||S,T —T|L(X,Y)|| — 0.

According to the Theorem of Banach-Steinhaus, there is a K € R, such that sup,, ||S,|L(X,Y)|| <
K < oc.

Let £ > 0 be arbitrary and let {y1,...,y,} C Y be such that

.
T(Bx) C y; + eBy.
=1

J

Then there is an N € N, such that ||S,y; — y;|ly <e forall j=1,...,r and all n > N. This leads to
ISnTz — Tz|ly <|[Sn(Tx —yj)lly +|[Sny; — yslly +lly; —Tally < Ke+e4e=(K+2)e
for all x € Bx, all n > N and appropriately chosen j € {1,...,7}. O

Remark 14. (i) The assumption of this theorem is satisfied for example for the spaces Y = ¢y, Y =
£y, Y = L,([0,1]) with 1 <p < oo or Y = C([0,1]).

Theorem 23. Let 0 < p < oo and let 0 = (01,09,...) with 01 > 09 > --- > 0 be a non-increasing
sequence. We define the diagonal operator D, as

Dy : by, = £y, Dyx = (0121,0222,...).

Then
an(Do) = Onp, n € N.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. Step 1. Estimate from above
Let n € N. We denote by D?~! the (n — 1)th sectional operator
D?_lx = (0121, .., 0n-1Tn—1,0,0,...).

Then
an(Ds) < || Do — Dg_l‘ﬁ(epaepm = On-
Step 2. Estimate from below

For the estimate from below, we use the following operators

D((Tn) : gg — [;7 DU")ac = (lel,Ugl'Q, ce ,Un_l.’Bn_l,O'nxn),
Ly by — 0y, Li(w1,. . xn) = (21,05 Tn),
I Zg =Ly, Jn(z1,...,2n) = (T1,...,20,0,0,...),
Poily =0y, Po(z1,. . Tny Tng, -0 ) = (01,22, .., Tn).

We may assume, that o, # 0 - otherwise, there is nothing to prove. Then we may calculate

1 < ap(I}) = a, (DY)~ o DI < ||(DS >1r| (DY)

O'

=0 lan(D( ))—‘7 an(P o DyoJy) < o ||P|| an(D, 0)'|‘Jn|‘zarzl'an(Do)'

2.3 Gelfand and Kolmogorov numbers

In this section we define the Gelfand and Kolmogorov numbers, prove their basic properties and study
their relation to approximation numbers.

Definition 24. Let X,Y be two quasi-Banach spaces and let T € £(X,Y).
(i) We define the n-th Gelfand number of the operator T as

cn(T) = inf{||T o Jiy|L(M,Y)|| : M C X, codim M < n},

where J ﬁ : M — X denotes the canonical embedding of a subspace M C X into X.
(ii) We define the n-th Kolmogorov number of the operator T' as

dn(T) = inf{||Q% o T|L(X,Y/N)||: NCY, dim N <n},
where QY : Y — Y/N is the quotient map.
Remark 15. (i) On many occasions, one uses an equivalent definition of ¢, namely

en(T) = inf sup ||Txly.
codim M<n ||$H€)?4§1

(ii) The quotient space Y/N is the space of cosets § = {y — z : z € N} equipped with the quotient
(quasi-)norm
[IY/N|| = inf{[ly — 2|[y : z € N}.
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The quotient map Q% is defined as Q%y =7.

Using this terminology, we may rewrite the definition of Kolmogorov numbers as

dn(T) = nf  sup HWIY/NHZ.]gng sup  inf [T —2ly-
dim N<on||X§1 dim N<n||l‘HX§1

(iii) Observe, that all the structures used so far (canonical embedding, quotient space, quotient map-
ping) are well definied also for quasi-Banach spaces. Nevertheless, if X and/or Y are Banach spaces,
then there are numerous equivalent definitions of Gelfand and Kolmogorov numbers. We shall see
some of them later on.

(iv) The definition of approximation numbers was based on a linear approximation of an operator 7" on
the whole space X. Both the Gelfand as well as the Kolmogorov numbers involve certain nonlinearity
(which shall be discussed later in the Exercises) and therefore the following proposition should not be
really surprising.

Proposition 25. Let X and Y be two quasi-Banach spaces and let T € L(X,Y). Then

en(T) < an(T) and dn(T) < an(T) forall neN.

Proof. Let € > 0 be arbitrary and let A € £(X,Y") be such, that ||T— A|L(X,Y)|| < (1+¢)a,(T) and
rank A < n.

Step 1. dp(T) < an(T).
We put N = A(X). Then dim N =rank A < n and

dn(T) < sup inf ||[Tz —y|ly < sup |[|[Tz — Az|ly = ||T — A|L(X,Y)|| < (1 +¢)a,(T).
rEBx yeN r€Bx

Step 2. cp(T) < an(T).

We put M =kern A = {z € X : Az = 0}. Then we have

en(T) < suwp |[Tally = sup |[To— Aally < |IT— AL, V)| < (1+2)an(T).
z€kern A z€kern A
[lo]| x <1 ||| x <1

The last thing, which one has to consider is to show, that codim M < n. We postpone this (rather
algebraic) proof to the Exercise 28. 0

Theorem 26. The Gelfand numbers as well as the Kolmogorov numbers form an s-function.

Proof. Step 1. Gelfand numbers

The proof of (i) follows from the observation, that the only space M C X with codim M < 1 is the
space X itself. And then
ci(T) = sup |[Txz[ly = [|T|L(X,Y)|].

rEBx
The proof of the property ¢;(T") > ¢;j41(T') for all j € N is trivial.
To prove (ii) we take e > 0 arbitrary and find

M; Cc X with codim My <m:zxz € M, — HSxHy < (1 +€)Cm(S)HxHx,
My C X with codim My <n:z € My = ||Tz|ly < (14 ¢€)en(T)]|z||x-
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Then we obtain
(S + T)al[y < 1Szl + [Ty < (1+ )|l (], () + e (T))
for all x € My N Ms - a subspace of X with codimension smaller then m +n — 1.
The proof of (iii) follows similarly.
My c X with codim My <n:ze M = ||Tz|ly <1+ ¢e)en(D)||2||x,
M, CY with codim My <m:y e My = ||Ryl||z < (1+¢€)em(R)||ylly-

Then
IR(Tz)||z < (1 +&)em(R)||Tz|ly < (1+e)%em(R)ea(T)|2||x

for all € X with 2 € My and Tx € Ms, ie. for all z € My NT~Y(My) - a subspace of X with
codimension smaller then m +n — 1, cf. Exercise 28.

To (iv): if rank T < n, then codim kern T' < n and T |xern 7 = 0, hence ¢, (T") = 0.
Finally (v) follows from Lemma 27.
Step 2. Kolmogorov numbers

The only subspace N C Y with dim N < 1 is the space {0} C Y. Hence

di(T) = sup [Tz = Ofly = [|TIL(X, Y)]].

fDEBX
The inequality d;(T) > dj;+1(T),j € N is again trivial and the proof of (i) is therefore complete.
To prove (ii) we take € > 0 arbitrary and find

NiCcY with dim Ny <m:xe€X = FJy1 € N1 :||Sz—uilly < (1 +¢e)dn(9)||z||x,
NoCY with dim No<n:ze€X = Jyp € No:||[Tx — yally < (1 +¢)dn(D)||z||x-

Take z € X and find corresponding y; and ys as described above. Then we obtain
(S +T)z —y1 — 2l < ISz —wlly + [Tz — plly < (1+ )|zl (d7,(S) + dr(T)).-

Here, y = y1 + y2 € N1 + N» - a subspace of Y with dimension smaller then m + n — 1.

The proof of (iii) follows similarly.

NiCY with dim Ny <n:zeX = Jyge Ny :|[Te—7lly <1 +¢e)dn(D)||z]|x,
Ny CZ with dimNo<m:y €Y = 3z€ Nay:||Ry —z||z < (1 +¢)dm(R)||y|]y-

Let us take z € X. We find 5 to Tz as described above and z to R(T'xz — %) instead of Ry. Then we
may estimate

|1R(Tz) = R(Y) — 2|z = ||[R(Tz = 7) — 2|z < (1 + e)dm(R)|| Tz = Glly < (1+¢)*du(R)dn(T)l|z||x,

where R(y) + z € R(N1) + N2 - a subspace of Z with dimension smaller then m +n — 1.
To (iv): if rank T' < n, then dim T'(X) < n

dn(T) < sup inf [Tz —y|ly =0.
z€Bx YET (x)

Finally (v) follows from Lemma 27. O
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Lemma 27. Let X be a quasi-Banach space with dim(X) > n. Then c,(id : X — X) =d,(id : X —
X)=1.
Proof. Let n € N and let X be a space with dim X > n.
Step 1. Gelfand numbers
Let M C X be a subspace of X with codimension smaller then n. Then M # {0}. Hence
- _ , -1
en(id: X — X) ]\}IéfX sup ||id(x)|ly > 1

codim M<n H§||X<1

Step 2. Kolmogorov numbers

Let € > 0 and let N C X with dim N <n. Then N # X and accordning to the Riesz’s lemma, there
isan zny. € X \ N, such that ||zny.||x =1 and ||zne — y||x > ﬁ for all y € N. Hence

~ NCY 1+¢

d(T) > inf inf ||[Tay. —yl| >
yeN
dim N<n

O

Theorem 28. a) Let X andY be two Banach spaces and let T € L(X,Y). Then T is compact if, and
only if, en(T) — 0,

b) Let X andY be two quasi-Banach spaces and let T € L(X,Y). Then T is compact if, and only if,
dn(T) — 0.
Proof. Step 1. Gelfand numbers

Let T be compact, i.e. for every € > 0

J

T(Bx) C | Jy; +eBy (2.1)
j=1

for suitable J € N and {y1,...,ys} € Y.
According to the Hahn-Banach Theorem, there are functionals 5; € Y’, such that

185 (i)l = llyjlly and [[Bjllyr =1, j=1,....J.
We define oj € X' by aj(z) = 6(T(x)),j=1,....,Jand M = {z € X : oj(x) =0forall j=1,...,J}.
Then,?!
for x € M with ||z||x <1 and an appropriate j € {1,...,J},

| Tzlly < [[Tz=yjlly +llyjlly <e+[8i(y)] < e+[Bi(Tz—y;)[+[B;(Tz)] < e+[|Bjlly-[[Tz—y)lly < 2e.

Conversely, let ¢,(T) — 0. Then for every ¢ > 0, there are J € N and ag,...,a; € X’ such that for
every

J
xeM:ﬂkernaj:{xEX:Oq(x)Z"':OéJ(»’U):O}
j=1

A detailed investigation of the next line show, that ||y;||y < e, which seems to be in contradiction with (2.1), but
this holds only for those y;’s, which play a role in covering of T'(M).
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the following inequality holds
| T]ly < ell|x.
We show, that this implies, that 7" is compact (and hence also T').

Let S € By:. Then T’ € X' and (according to the Hahn-Banach Theorem), there is a functional
6 € X' such that 0(z) = T'(z) for every x € M and

10]]x7 = sup |0(z)| = sup [0(z)

$EBX

= sup [(T'B)(x)| = sup [B(Tz)[ <||Blly - sup [|Tz|| <e.
M M

reM zeM e e
llz||x <1 [z x <1 [z x <1 o] x <1

We define {\Z = Lin(ai,...,a;) C X'. As (0 = T'B)(z) = 0 for all x € M, we conclude, that
0 —T'8e M.Hence, '8 =(T"8—-0)+60 € M +eBy:.
This holds for all 5 € By, hence

T/(BY/) C M +€Bxl.

But if 778 = 1 + ey with /. € M and y € By, then
[l x < 1778l xr +ellxllxr < |1T[LY, X - [[Bllyr +e.

Hence even
T'(By:) C ||T"|L(Y", X")||Bx: " M + eBx.

The set ||T|£(Y’, X")||Bxs N M is a bounded set in a finite-dimensional space M and may be covered

like
K

IT'|£(Y", X")||Bx N M C | v +eBx,
k=1

which leads to

K
T'(By:) C | & + 2eBx.
k=1

Step 2. Kolmogorov numbers

Let T be compact, i.e. for every € > 0

J
T(Bx) C | Jvy; + By
j=1
for suitable J € N and {y1,...,ys} € Y. Put N = Lin(y1,...,yJ).

Then
dj11(T) < sup inf [Tz —y|ly < sup inf [Tz —y;lly <e.
r€Bx yeEN rEBx 7=1,...,

Let on the other hand d,(T") — 0. Then for every ¢ > 0 there is a finite-dimensional subspace N C Y,
such that

sup inf ||[Tz —y|ly <e.
rEBx yeN

This may be rewritten as
T(Bx) C N + eBy.
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2.3 Gelfand and Kolmogorov numbers

But if Tx =y + ez with y € N and z € By, then
ol < |[Talfy +
for a suitable 0 < p < 1. Hence also
T(Bx) € NN (||T|L(X,Y)|]P +P)/PBy +eBy.

The set N N (||T|L(X,Y)|[? + eP)/PBy is a bounded set in finite-dimensional quasi-Banach space N
and may be therefore covered

m
NN (|T|L(X,Y)|P +eP) By C | ] zj +eBy

j=1
for appropriate m € N and z1,..., 2, € N. Hence
m
T(BX) C U zj + 21/p71€By
j=1
and T is compact. O

When dealing with Hilbert spaces, the situation is usually much simpler - some (or even all) of the
s-numbers coincide.

Theorem 29. Let X and Y be two quasi-Banach spaces and let T € L(X,Y).
a) If X is even a Hilbert space, then c,(T) = a,(T).

b) If Y is even a Hilbert space, then d,(T) = an,(T).

c¢) If both X andY are Hilbert spaces, then c,(T) = dn(T) = an(T).

Proof. Of course, c) is a simple corollary of a) and b).
Step 1. Gelfand numbers
Let n € N and € > 0 be arbitrary. Then there is a subspace M C X with codim M < n, such that

reM = ||Tz|ly <1+ ¢e)en(T)||z||x-

We define the space M+ = {y € X :< z,y >x= 0 forall z € M} of all elements orthogonal to
the all elements of M. Finally, we denote by P,;. the orthogonal projection of X onto M~ and set
A =To PMJ_ .

Then
an(T) < |IT = AL(X,Y)|| = sup [Tz — Az|ly = sup |[Tz —T(Pyiz)ly
$€BX Z‘EBX
= sup |[|[T(x — Pyo2)|ly < (14¢€)en(T) sup ||z — Pyrzxllx < (1+e)en(T).
r€EBx S—— rEBx

eM

Finally, we let ¢ — 0.

Step 2. Kolmogorov numbers
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Let n € N and € > 0 be arbitrary. Then there is a subspace N C Y with dim N < n, such that
z€X = inf ||Tz—ylly < (1+e)dn(T)llallx.
y

We set A = PyT, where Py is again the orthogonal projection, this time of Y onto N. Then
an(T) < [|T = AIL(X,Y)|| = sup |[Tz — Azlly = sup ||Tz— Py(Tz)|ly
r€Bx r€Bx

= sup inf ||Tx —ylly < (1+¢€)d,(T)

and we let again ¢ — 0. O

Also the relation of interpolation theory to Gelfand and Kolmogorov numbers is easily seen.

Theorem 30. Let X, T, Yp,Yp, Y1 C Y, 0 < p <1 and 0 < 0 < 1 satisfy all the assumptions of
Theorem 10. Then

Cnotn-1(T: X = Yg) <ch (T X - Yy) - (T:X Y1), mno,m €N.

Proof. Let My, My C X be two subspaces of X with

codim My <ng and z€ My = ||Tx|ly, < (1+¢)cy, (T : X — Yo)l|z||x,

codim M; <n; and ze€ M, = ||Tz|ly; < (1+4¢e)en, (T : X — Y1)||z]|x.
Put M = Myn M;y. Then codim M < ng+mnj; — 1 and for x € M
Tallyy < ITal 520 el < (14 o)llzllxchs® (T X = Yo), (T X = Y1)

and the result follows. O

Theorem 31. Let X9, Xg, X7 CX, T,Y,0<p <1 and 0 < 60 <1 satisfy all the assumptions of
Theorem 11. Then

dngtn—1(T : Xg = V) < 2YPA (T : Xog - V) -d) (T: X1 —Y), no,m €N.

Proof. Let us abbreviate dp,, = dn, (T : Xo = Y) and dy, = dp, (T : X1 —Y)
Let Ny, N1 C Y be two subspaces of Y with
dim Np <np and z¢€ Xy = in]\ff | Tz —ylly < 1+ ¢e)dn,llx||x,,
yE€No
dim Ny <n; and ze€X; = inj\i; |Tx —ylly < (14 ¢e)dn,||x||x,-
YyENL
Put N = Ny + Ni. Then dim N <ng+n; —1. Let x € X and ¢ > 0 to be chosen later on. Then we
find g € Xy and z1 € X such that
z=wo+z1 and ||zollx, +tllz1l[x, < t|z]|x,
and yo € Ng and y; € Nq, such that
I Tzo — yolly < (14 &)dnllzollx, and [[Taz1 —ylly < (1 +&)dn, [|21]lx, -

Finally, we arrive at
Tz = (yo + y)Il§ < [IT2o — ol + [[T21 — a1l < (1 +e)(dn [lzoll, + dn, [l l,)
0 0— —0) jpb
< (1), 7 lall, -+, 70 Vfal %, ) < 2000,

where we have chosen ¢ = d,,, /d,,. From this, the result follows. O
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2.3.1 Duality

In this section, we consider the relation between ¢, (T) and d,,(T") (and briefly also between a,,(T") and
an(T")). Some of the main ideas were already hidden in the proof of Theorem 28, but here we are
going to discuss the concept of duality and its connection to s-numbers in detail.

In this whole section we assume X and Y to be Banach spaces, so that we can
e work with X’ and Y,
e apply the Hahn-Banach theorem,
e consider the dual operator 7" € L(Y’, X') for every T € L(X,Y).

Let us recall the basic facts from functional analysis about duality.

If X and Y are two Banach spaces and T' € £(X,Y"), then we define 7" € L(Y', X’) by

[T'()l(z) = @(T(x))

for every ¢ € Y/ and x € X. It is quite simple to see, that with this definition the operator T” is really
linear and bounded (even with ||T|L(X,Y)|| = [|T"|L(Y’, X")||). According to Schauder’s theorem we
know, that T' is compact if, and only if, 7" is compact.

If X is a Banach space and X’ is its dual space, then we denote by X" the second dual space. The
canonical embedding of X into X" is defined as

ex : X = X", ex(z)(p) = p(z)
for every x € X and ¢ € X'. If ex is even an isomporhism of X onto X”, then X is called reflexive.

Definition 32. Let X be a Banach space and X' be its dual space.
a) If L C X is a subspace of X, we define

Lt ={pe X" :p(x)=0foral e L}

b) If M C X' is a subspace of X', we define
M, ={ze X :¢(x)=0forall p € M}.
Both Lt and M, are called annihilators.
Theorem 33. Let X, X', L and M be as above. Then
(LY, =L, (M)t =M v~
Here L stands for the closure of L and M “* is the so-called weak-star closure of M.

Proof. Step 1. (L*), = L.

a) Let z € L and let ¢ € L. As ¢(L) = 0 and ¢ is continuous, then also ¢(z) = 0. Hence ¢(z) = 0
for all ¢ € L, which means, that x € (L*), .

b) Let x ¢ L. According to the Hahn-Banach Theorem, there is a ¢ € X', such that ¢(L) = 0 and
¢(x) # 0. Hence, = & (L) ).

46
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Step 2. Lt is weak-star closed in X’ for all subspaces L C X.
Let us recall, that the set O C X' is weak-star open if, and only if,

VoeO3Je>03zy,...,2n€ X {tp e X 1 |h(x;) —p(x;)| <eforalli=1,....,n} CO.

Of course, a set C C X' is weak-star closed if, and only if, its complement is weak-star open, i.e.

VogC3e>03xy,...,zn€ X : {tb € X' |(z;) — o) <eforalli=1,...,n}NC=0.
So, let us take ¢ & L*. Then there is 2o € L, such that 0 < |¢(xg)| =: € and we observe that

{ € X" : [y(m0) — ¢(z0)| < e} N L+ = 0.

Hence, L+ is weak-star closed.
Step 8. M «* C (M,)*
Obviuously, M C (M )*. But the later set is weak-star closed (cf. Step 2.) and the inclusion follows.

Step 4. (M )+ c M «*

Let ¢ ¢ M «*. Then we may apply the Hahn-Banach Theorem with respect to the weak-star topology
on X’ and find ¥ € (X’,w*)’, such that ¥(p) # 0 and U(M «*) = 0. It is a standard fact from
functional analysis, that (X', w*) = ex(X) € X”. Hence ¥ may be represented by an z € X with
¢(x) # 0 and (x) = 0 for all ¢» € M “* - especially x € M, . Hence ¢ & (M, )*. O

The relation between annihilators and approximation theory is given in the following fundamental
Lemma.

Lemma 34. a) Let X be a Banach space, x € X and let L C X be a subspace of X. Then

inf lo — yllx = max{lp(z)| : ¢ € LT, [|pllxr < 1}. (2.2)

b) Let X be a Banach space, X' its dual space, let M C X' be a weak-star closed subspace and let
p € X'. Then
min e = ¥llx = sup{le(@)] : & € My, [|z]|x < 1}. (2.3)

Proof. a) We may assume, that L is closed - i.e. both sides of (2.2) do not change, if we replace L by
L. If x € L, then there is nothing to prove. So, we may also assume, that « ¢ L.

Let L = lin{L,x} C X. It means, that every element w € L may be written (in a unique way) as
w= Az +y, where A € R and y € L.

Let ¢ : L — R be linear and continuous, such that ¢(L) = 0, ¢(z) > 0 and el gy = 1.

Then for every e > 0 there is z. € L, such that
lollx =1 and (=) = (1—e)llgll gy = 1.
We decompose z: = Az + ye. Then ¢(z:) = Acp(z) + ©(y:) = Aep(x) > 1 — €.

Ly =+ <
= . A X:—_
g =5

()
1—¢

Ze

Ae

Ye
Ae

-+
X
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And the result follows by

Ye
ZL’+/\

£

< inf o()
O<e<11l —¢

= ¢(x).

inf — < inf
inf [lo —yllx < inf,

To prove the second inequality in (2.2), we calculate for arbitrary y € L:

llx —yllx = sup |p(z—y)| > sup |p(z—y)|= sup |p(z)|
PEBy et pelt
llellyr <1 llllyr <1

Let us remark, that it also follows from the proof, that the maximum on the right hand side of (2.2)

is attained - namely by the ¢ constructed above.
b) Let M C X', o € X’ and let M C X' be a weak-star closed subspace of X’.
It follows from Theorem 33, that

heX' :0eMe0(M)=0.

We put
0 = sup{|p(e)| : w € My, |2l [x <1} < 0.
Then
o —llxr = sup |p(z) —¢(z)] > sup |p(z)|=a
r€EBx IGMJ_
[lz||x <1

holds for all v € M and hence also for the infimum.
On the other hand, we apply Hahn-Banach Theorem to obtain 1) € X’ with

Y(x)=p(z) forallz € M and ||¢||x = a.
We put 6 = ¢ — 1. Then (M) = 0 and hence § € M. But also

lp = Ollx = [¥llx = a.
Hence the minimum on the left-hand side of (2.3) is attained (in 0).

Theorem 35. Let X,Y be two Banach spaces and T € L(X,Y).
a) Then

and

b) If T is even compact, then

Proof. Step 1. Proof of (2.4)

Let M C X be a subspace of X with codim X <n. We set N = M+, Then N; = (M),

sup [[Tz|ly = sup  sup |p(Tw)|= sup  sup |(T'¢)(w)]

xeM xeEM @Y peY’ zeM
[|z]|x <1 ol x <1 |||y, <1 lllyr <1 llzllx <1
/ /
= sup sup [(Tp)(z)| = sup sup |[T¢ —¢[[x.
peY’  TENL peY’ YeEN
llellyr <1 |zl x <1 [lellyr<1
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Taking infimum over all M finishes the proof.
Step 2. Proof of (2.5)
Let us recall, that

do(T) = inf inf ||Ta —
n(T) = inf xsé%pX;gNH z —ylly,

dim N<n
cn(T) = inf sup ||T¢|lx =  inf sup sup |p(Tz)|.
Mcy' M Mcy’ pEM z€Bx
codim M<n llgllyr <1 codim M<n llgllyr <1

Now let € > 0. Then there is a subspace N C Y with dim N < n, such that
Vo € Bx 3y € N : ||Tz — y|ly < (14 ¢)dn(T). (2.7)
We put M = Nt and fix # € Bx and y € N according to (2.7) and obtain

sup sup |[p(Tz)]= sup sup |p(Tx—y)|< sup sup [|[¢lly - [|[Tz —yllx < (1+¢)dn(T).
peNL zEBx peNL zEBx peN+ z€Bx
llllys <t llollyr <t llellyr <t

Hence ¢, (T") < (1 +€)d,(T) and we let € — 0 to finish the proof.
Step 3. Proof of (2.6).

This is the most complicated step. If X and Y would be reflexive, then the proof would be trivial,
because then d,,(T) = d,(T") < ¢, (T"). If this is not the case, we use the principle of local reflexivity.

Lemma 36. Let Y be a Banach space and let M C Y" be a finite-dimensional subspace of Y". Then
for every e > 0 there exists R € L(M,Y), such that || R|L(M,Y)|| <1+4+¢ and Reyy =y for ally €Y
with eyy € M.

We now come back to the proof of (2.6).
We already know, that ¢, (T7") = d,(T"). So, it is enough to prove, that d,,(T") > d,,(T).
Let € > 0. Then there is a subspace N C Y with dim N < n, such that
inf ||T"z — y|ly» < (1 +&)d,(T"). (2.8)
yeN
Let {x1,...,2} C X be such that {Tz1,...,Tx,} is an e-net for T(Bx). Let M C Y” be the span
of N and {ey(T'z1),...,ey(Tzr)} and let R € L(M,Y) be the mapping from the principle of local

reflexivity, i.e.

|RIC(M,Y)||<1+e and Rey(Tx;) =Tz, i=1,...,k.
Finally, let L = R(N) C Y be a subspace of ¥ with dimension smaller than n.
According to (2.8), we find z1,..., 2, € N, such that

| T" (exi) = zillyn < dn(T").
Altogether, we get for alli =1,...,k
inf |[Tz; —ylly = inf ||Rey (T;) —lly = inf || R(T"ex20) ~ Iy

< ||R(T"exa:) - R(z))lly < |[RICOLY)| - |1 T"exa; — zillys
< (14 )%, (T").
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If x € Bx, we get for appropriate i = 1,...,k

inf ||Tz —y|ly <||Tx — Txi|ly + inf ||Tz; —ylly < e+ (14 ¢)2d, (T")
yeL yeL

and the result follows. O

Remark 16. The inequality (2.6) does not hold for arbitrary linear operators. The classical coun-
terexample is the identity id : ¢1 — ¢o with id’ : {1 — ls. It may be shown, that d,(id) = 1 and
cp(id) =1/2 for alln =2,3,....

Theorem 37. Let X and Y be two Banach spaces and let T' € K(X,Y). Then

an(T) = a,(T"), n€N.

Proof. We prove only the easy part, namely a,(T") < a,,(T'). The proof of the reverse inequality uses
again the principle of local reflexivity and resembles the proof of Theorem 35.

Let P € L(X,Y) with rank P < n. We consider P’ € L(Y’, X') defined, as usually, by

(P'p)(z)=¢(Px), z€X, peY

Then
I1T" = PILY, X" = sup [[(T" = P')(¢)llx = sup sup [[(T" = P')(¢)](z)|
pEBy pEBy) x€EBx
= sup sup [p((T" = P)(2))| < sup sup [|¢lly - [(T = P)(@)|ly
pEBy ) t€Bx pEBy ) x€Bx
< sup [[(T'= P)()|ly = ||T - PIL(X,Y)][.
rE€Bx
Taking the infimum over all P’s finishes the proof. O

2.4 Approximation, Gelfand and Kolmogorov numbers of id : (' — (7"

Theorem 38. Let 0 < p < oo and let 0 = (01,09,...) with 01 > 09 > -+ > 0 be a non-increasing
sequence. We define the diagonal operator D, as

DU 2£p—>£p, D(,x:(olzz:l,agwg,...).

Then
cn(Dy) = dn(Dy) = o, n € N.

Proof. The proof follows the same pattern as the proof of Theorem 23. O

2.4.1 Extreme points and the Krein-Milman theorem

Definition 39. Let X be a vector space and let K C X be convex. Then
a) ' C K is called side, if F' is convex and it holds

21,02 € K,0< A< 1L, A1+ (1= Nagy € F = z1,29 € F.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

b) z € K is called extreme point, if {x} C K is a side of K. In other words, if
21,02 € K,0O<A<LAri+(1=Nza=2 = z1 =z =1

holds.
The set of all extreme points of K is denoted as Ext K.

Theorem 40. Let X be a Banach space.??> Let K C X be compact, convex and non-empty. Then

a) Ext K # 0,
b) K =conv Ext K.

Proof. Let F denotes the set of all closed, non-empty sides of K. Then the following holds:

o F #, while K € F,

o if {F,}oea C F is a subsystem of F with F,, C F, or F, D F, for every a,a/ € A, then

ﬂFa e F,
acA

e F is inductively ordered with respect to inclusion.

According to The Lemma of Zorn, there is a minimal element Fy € F.
We show, that Fy consists of only one point.

Let xo,y0 € Fy with zg # yo. Then (Hahn-Banach!) there is an 2/ € X', such that
Re 2'(z9) < Re 2'(yo).

Then the set
Fy ={x € Fy : Re 2/(z) = sup Re 2/(y)}
y€Fo

is non-empty (Fp is compact and ' is continuous). Further is Fj closed and a side of Fj and hence
also of K, i.e. I} € F. But zg € Fi - which is a contradiction with minimality of Fj.

To prove b), put
K, = conv Ext K. (2.9)

Then K; C K is closed (and hence also compact) and (according to a) also non-empty. If K # Kj,
then there are z € K \ K1, € > 0 and (Hahn-Banach!) 2’ € X', such that

Re 2/(z) < Re 2'(zg) —¢ for all z € Kj.

We consider
F={r e K:Rea2(r) =supRe 2/'(y)}.
yeK
Then one may show as above, that F' is a closed, non-empty side in K. According to a), Ext F # ().
Because of Ext F C Ext K, there is an e € Ext K with e € K, which is a contradiction with (2.9). O

22The theorem holds also for locally convex Hausdorff spaces(with the same proof), which enables to apply the statement
also to weak topologies.
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2.4 Approximation, Gelfand and Kolmogorov numbers of id : £;' — (7"

Lemma 41. Let N be a subspace of 02 with codim N < n. Then there exists v = (z1,...,%m) € N,
such that ||z||ec =1 and #{k : |zx| =1} > m —n+ 1.

Proof. Let z be an extreme point of Bym N N. Let
K :={k:|zg| =1} and M :={yell :y,=0for ke K}.

Clearly #K +dim M = m. Suppose, that # K < m—mn. Then dim M > n and therefore M NN # {0}.
Hence, there is an y € M NN with ||y||ec = 1.
As
§:=1—max{|zk| : k € K} >0,
it follows, that x & dy € Bem N N. Hence, x cannot be an extreme point, which is a contradiction. [

Lemma 42. Let 0 < ¢ < p < co. If |xpt1] < min(|z1],...,|zn]), then

1
n+1 /a n

> gl > gl

|

1 =
n+1 /p n

> gl > Jayl?
j=1

Proof. Let
1/p 1/q

n n
a= Z |z |P and (= Z EAIK
=1 =1

As p > ¢, we have

q P
J < J forall j=1,...,n.
Tn+1 Tn+1
Summing over j = 1,...,n gives

(o) = (o)
|Zn1] |Zn 1]

q\ P/4q e q E | P
ntl] ) 21+(”+1> 21_,_(7”‘1).

and

154 Qo
Finally, we get

= (B DY B+ [ /60 5

nt1 Ve (aP g P)VP ol + g P/aP) P Tl
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Theorem 43. Let 0 < g < p < o0o. Then
an(id : (7 — ) = cp(id : 07 — (7)) = (m —n + 1)/971/P,
If1 < q<p<oo, then also
dp(id : 0" — (1) = (m —n + 1)/7P,
Proof. For the estimate from above, we consider the operator
P 0 =00, Poa(z1,..y2m) = (01,0, 00-1,0,...).
This shows, that
Cn(id s 00 — 0 < ap(id : € — €0) < |[id — Py | L0, 0)]| = (m — n + 1) 1p,

The estimate from below is the tricky part. Let M C £ be a subspace with codim M < n. Then
Lemma 41 implies the existence of x = (z1,..., %) with ||z||c = 1 and #{k : |zx| =1} >m —n+ 1.
Then we get by Lemma 42

m 1/q 1/q
> gl D fagl
, [|llq i=1 JEK 1/g-1/
\lid : M — €3]] > = > > (m—n+1)7/97/P,
X

! [E2 m L/p Lp
>yl >l
j=1 JjeEK

hence
ca(id s " — £0") > (m —n + 1) VP,
If p = oo, only notational changes are necessary.
The result for the Kolmogorov numbers then follows by duality. O

Definition 44. Let H; and Hy be two (separable) complex Hilbert spaces and let T' € L(Hj, H2).
Further let {u;}icr be an orthonormal basis of Hy. Then the Hilbert-Schmidt norm of T is defined as

1/2
TS| = (Z HTuillfHZ) -

i€l
Remark 17. The Hilbert-Schmidt norm does not depend on the choice of the orthonormal basis {u;}icr,
cf. Exercises 33.

Theorem 45. Stechkin 1954.

m—-—n-+1

ap(id : 07" — £5') = < -

1/2
) form=1,...,m.

Proof. Step 1. Estimate from below.

Let
Le (", ¢3') with rank L <n.
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2.4 Approximation, Gelfand and Kolmogorov numbers of id : £;' — (7"

Let P € L(¢3",¢5") be the orthogonal projection of £5* onto the orthogonal complement of the range of
L,i.e. kern P = L(¢3").

Then ||P|&|> > m —n+ 1 and
m
> lPel > = m —n+1,
k=1

where {ej}}" , are the canonical unit vectors of R™.

Finally,

a1\ M2
lid = LI 1| = 1PGd = DIEE )] = max{|[Pelef b =1,...m) > ("=250)

Step 2. Estimate from above.

According to the Theorem 29, we have
an(id : 07" — 05") = dy(id : 07 — £5") = inf{||id — P o id| LT, 05)]| : rank P < n},

where the infimum runs over all projections with rank P < n.

Using the fact, that
AL )] = max[|Ac; |2

=1,...,

we may rewrite this as

an(id : 07" — 05") = inf{ max ||(id — P oid)ej||2 : rank P < n}.
j=1,...m

Finally, using orthogonality of P, we get

an(id : 07" — 05') = inf{ max (1 — ||Pej\|§)1/2 :rank P < n}. (2.10)
]:

1,eym
The proof is then easily finished with the help of
Lemma 46. Let 1 <n <m and {m;}]", with
m

27'["72.:’)’]/ and 0<m; <1 for j=1,...,m.

j=1
Then there is an orthogonal projection P : {5 — (5" with rank P = n and

||Pejlla =mj, forall j=1,...,m.

It is enough to choose 7TJ2» = =1 and (2.10) becomes

m—n+1)1/2

onlid: 6 ) < max (1~ [|Pes| Y =
7j=1,....m m

We return to the proof of Lemma, 46.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. The proof goes by induction over n. If n = 1, then we set
Py=<zx9y>x,

where x = (m,m2,...,Ty). Then rank P =1 and

1Pesl =] <zie;> - llal3=n2, j=1,..,m.

We suppose, that the assertion has been proved for some n and consider the sequence
m
1>m>--->m, >0 with ZW]Z:n—i—l.
j=1
Then there exists a natural number & (which we shall fix for the rest of the proof), such that

k+1

k
Zﬂ'jz <1< Zﬂ?
Jj=1 J=1

We define
T, ’izl,...7k—1
1 1/2
1-> 7 . i=k,
o; = =1
' k+1 1/2
> wf - . i=k+1,
j=1
iy i=k+2,....,m.
Then
k m m
Zajzzl and ZO’?ZZTI‘?—lZH.
J=1 Jj=k+1 j=1

Hence, there is an orthogonal projection P with rank P =n and
||Pejll3=0if j=1,....k and ||Pej|[3 = U? ifj=k+1,...,m.

We define
xo=(01,...,0%,0,...,0) € R and Py =< z9,y > z9 + Py.

Then
o [[xoll2 =1,
e Pxy=0,

e [ is an orthogonal projection,

rank Pp=n+1,

|| Poeill3 = o2 for i =1,2,...,m.
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2.4 Approximation, Gelfand and Kolmogorov numbers of id : £;' — (7"

For 0 < o < 1, we define the orthonormal sequence {u;}", by

€, i=1,....k—1
uo = (1—a2)1/26k+aek+1, 1=k,
' —a€k+(1_a2)1/2€k+1, Z:k+17
€, i1=k+2,...,m.
Hence,
€, i1=1,...,k—1 €5, i=1,...,k—1
ek, 1=k, €k, i=k,
u?: F ] and u} = P i
€k+1, 1=k+1, —ep, 1=k+1,
€, i=k+2,...,m, €, i=k+2,....m

and uf' represents a continuous way between these two extrema.

As
(T i) (R i) =0 1)

(7 ) (U i) =G )

we see, that the operator

m
Uyy = Z < e,y > ud
i=1

is unitary. It follows, that if P, = U} PyUq,% then

<x— Pyx, Py > =<z —U;PUyx,U;PoUyy >=< Uyz — U U; PyUpnx, U UL PoUyy >
=< Uypx — PhUyx, PhUyy >= 0.

Hence, P, is an orthogonal projection for every 0 < o < 1. Furthermore, we have

o ||P|3=0?=rforalli=1,....,k—landi=k+2,...,mand all 0 < a <1,

2
o ||Poer|l5 = o7,
o ||Prex|l5 =074,

2 2 2 2
® O) 2 M 2 Meyy = Ojoyq-

Since || Pye||3 depends continuously on «, there is an & € [0, 1] with || Pxeg||3 = 77, which implies also
||Paers1ll3 = 72, - Hence Ps is the desired projection. O

Theorem 47.
an(id: 0y —co) =1 for n=1,2,....

23Note7 that Py according to this new definition coincides with the Py defined above.
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. The estimate from above is trivial. For the estimate from below, we consider an arbitrary
A € F(l1,cp). Then A is compact and

N

A(By,) C U ¥ + By,
j=1

for every € > 0 and suitable N € N and y',...,y" € .

We choose an n € N, so that |y7,| < ¢ for all j = 1,..., N. Then for some j' we have ||Ae, — y'||oc < &
and hence

llid = AJL(t1, o)l = ||(id = Aenllos = |1 = (Aen)nl = 1= | = |y — (Aen)n| 21— 2e.

This proves, that
||’ld - A‘ﬁ(fl,CO)H Z 1.

O
Theorem 48.
an(id : by = log) =1/2 for n=2,....
Proof. Let
T (o.9]
Aoy =5 - Zl‘zyu
=1
where x = (1,1,1,...). Then rank Ap = 1 and
, 1
lid = AJL(l, boo) ] = 5.
To prove the estimate from below, we suppose, that there is an A € F ({1, (), such that
llid — A|L(41,40)]| = sup |(ej — Aej)r| < 1/2.
J,keN
But the estimate
||Aej — Aelloo = [(Aej)i — (Aeg)kl = |1 — (Aej)k — (1 — (Aeg)i)| = 1 — [(Aej)u] — |1 — (Aeg)xl
>1=2||id — A|L({1,45)]| > 0.
Hence A(By,) is not precompact in ¢, which is a contradiction. O

Next, we consider the approximation numbers of id : ¢1* — (2. We start with the following simple
observation

Lo7eo k=1,....m

=1,... sv=Lyeeey

HZd—A’E( m m)H = '_InaX H(Zd—A)e]Hoo :jkr_naxm\ejyk— (Ae])k| :j max ‘5%—14]{7]’

The last expression is to be minimalised through all matrices A = (A;;){%_; with rank A <n.

The following lemma describes an easy way, how to produce a (symmetric) matrix A with small rank.

Lemma 49. Let 1 <n <m and let x1,...,x,, € R". Then the matrixz
A= (Ai,jx?:;‘:l with Ai,j =<, >

has rank A < n.
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2.4 Approximation, Gelfand and Kolmogorov numbers of id : £;' — (7"

Proof. Let y = (y1,...,Ym) € R™ and write

m m m m n n m m
Ay = ZZ < T, Ty > Yje; = Zzzxi:k%’f <Yy,e; > e = Z <y, ijykej > in,kei
i=1 j=1 i=1 j=1 k=1 k=1 j=1 i=1
n
= <Y Xk > Xk
k=1
m
where y = Za:j’kej e R™. O
j=1
So, for the estimate of a,(id : (" — ¢2}) we need to construct m vectors xy, ...,z in R”, such that
o ||zillo =1, ie (zj,z;)=1foralli=1,...,m,

e | <uz;,x; > |is as small as possible for ¢ # j.

We shall give two such constructions. One probabilistic, based on Khintchine’s inequalities and another
explicit, based on polynmials on GF(p).

Lemma 50. Khintchine’s Inequality Let
rn(t) = sign sin(2"nt), neN, te]0,1].

Then for every 1 < p < oo, there are two constants A, and B,, such that

m 1/2 1 P 1/p m 1/2
()" ([ ] )< (S0
n=1 n=1

for everym € N and all ay,...,am € R.

Z anrn(t)
n=1

Proof. See [HHZ, pp. 205-206]. O

Remark 18. a) Let us remark (without proof), that B, < ([p/2] + 1)'/2.

b) The Khintchine’s inequality may be rewritten using sums. Then it reads

m 1/2 ) 1/p m 1/2
4, (Z |an|2> <|gn X I<ae>dt] <B, (Z |an|2>
n=1 ec{—1,+1}m n=1
for every m € N and every a € R™.
Lemma 51. There are x1,...,Ty € {5 such that ||z;||2 =1 for alli=1,2,...,m and
log, m 1/2
(| < 2[5  for it
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2 APPROXIMATION, GELFAND AND KOLMOGOROV NUMBERS

Proof. If m < n, then we may take an orthonormal family (z1,...,z,) C R". Let us suppose, that
m > n and that the result has already been proved for this m. Then

m
Z Z | <zj,e > [P < BIm2™.
i=1 ee{—1,+1}"
Hence, at least for one e € {—1,41}",
m
Z] <z, e> P < Bim.
i=1
We put Zp,41 := n~/2e. Hence [|Zm+1]l2 = 1 and
| < TjyTpyr > | < Bpml/pv”fl/2 for 1=1,2,...,m.
By choosing p := logy m, we obtain

log, m

1/2
|<5L’i,xm+1>§2[ } for 1=1,2,...,m.

n

O]

Lemma 52. Let 0 < A < 1. Then there is a constant cy > 0, such that for every m* < n < m, there
are m unit vectors x1,Ta, ..., Ty n ly, such that

(&Y . .
|(xi>xj)|§mv ’57&]-

Proof. Let p be a prime number and let GF'(p) be the Galois field, i.e. theset {0,1,...,p—1} equipped
with addition and multiplication modulo p. Let k € N and let Py, denotes all the polynomes over GF'(p)
with degree smaller or equal k. For every m € P, we define a vector

1 if w(i) = 4,
x’reﬂgg, Ti ;= (i) . J
0 otherwise.

Hence

e |[27||2 = \/p for every 7 € Py,

e [(z7™,27)| <k for all 7,0 € Py, with 7 # o,

k+1

e one obtains #Pr = p vectors.

Hence the system

has all the desired properties for
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2.4 Approximation, Gelfand and Kolmogorov numbers of id : £;' — (7"

Using the vectors of Lemma 51 and Lemma 52, respectively, one proves
Theorem 53. a)

1/2
an@d:e;n—wgg)gs.[l"gz’(w] -

n

b) Let 0 < XA < 1. Then there is a cx > 0, such that

. c
an(id : 47" = 12) < 1)/‘2, m* <n < m.
n

Proof. Step 1. Proof of a)

Let 21, ...,z be the vectors constructed in Lemma 51 and define A = {4; ;}[;_; = {< zi, z; >}
Then

m
ij=1"

1/2
Guna(ids 7 -5 (2) < [id — Al ]| < 2 |25 <5

15%0

logy(m + 1) 1/2
n+1 '

Step 2. Proof of b) follows in the same way. O
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